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4.3.1 Almost sure convergence

Definition 1 Suppose that ¢ and {&,,n > 1} are
random variables defined on a common probability
space ({2, F, P).

If there exists a )y € F such that P(€) =0 and
for any w € 2\ Qp, &, (w) — £(w), (n — 00), then
we say that &, converges with probability one or
almost surely to &, denoted by &, — £ a.s.
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4.3.1 Convergence in probability

Theorem 1 Suppose that £ and {,,n > 1} are random
variables defined on (2, F, P).
&n(w) = &(w) a.s. iff for any € > 0,

lim P(sup|{, — & >€) =0
n—oo kzn

i.e., lim P(|_J(& — € = ) =0.

k>n
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Corollary 1

& as =& B¢

Corollary 2. If for any € > 0,
Y P(|& — €| > €) < o0, then

& — & as.
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4.3.1 Convergence in probability

Corollary 1

& as =& B¢

Corollary 2. If for any € > 0,
Y P(|& — €| > €) < o0, then

& — & as.

Proof. Note that
P& — & > ) <P(| (& — €l =€)

k>n

<Y P(lé— ¢l = o).
k=n
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4.3.1 Convergence in probability

Proof of Theorem 1. For any € > 0, let

A ={l&€, —&] > €} and A° =N, Ugsp, A5. Then

&n(w) # &(w) is equivalent to that, there is an ¢y > 0 such
that for any N there is a n > N for which |¢,(w) — &(w)| > €.
This is also equivalent to that, there is an m such that for any
n there is a k > n for which |, (w) — &(w)| > 1/m. So

{eprag=Ja=Jam

e>0
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4.3.1 Convergence in probability

Proof of Theorem 1. For any € > 0, let

A ={l&€, —&] > €} and A° =N, Ugsp, A5. Then

&n(w) # &(w) is equivalent to that, there is an ¢y > 0 such
that for any N there is a n > N for which |¢,(w) — &(w)| > €.
This is also equivalent to that, there is an m such that for any
n there is a k > n for which [£;(w) — &(w)| > 1/m. So

{&Agy=a =] 4"
e>0 m=1
By the continuity theorem, we have
P(A°) = P(( | 40) = lim P(| ] 45)

n—00
n=1k>n k>n

which implies that the following relations hold:
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4.3.1 Convergence in probability

0=P({& A&} = P(|JAm) =0

& P(Aw)=0,Ym>1
& Pl Ar) = 0,¥m > 1
k>n
1
& P(Jl&—€=—) = 0ym=>1
k>n

& P(|J(I& - € =€) = 0,¥e > 0.

k>n
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If &, £> &, then there exists a sub-sequence {&,, }
such that

En, — € a.s.




Chapter 3 Probability Limit Theorems

4.3 Almost sure convergence and strong laws of large numbers

4.3.1 Convergence in probability

Corollary

If &, £> &, then there exists a sub-sequence {&,, }
such that

En, — € a.s.

Proof. Let ¢, = 27%. For any k, there exists a n; such that

P&, —&] > er) < e Vn > ng.

Without loss of generality, we can assume
ny <ng <---<ngp<ngyep. Then for any € > 0, there is a ky

such that ¢, < € for k > k.
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So

> Pl —El 29 <D Pl —€l 2 e) <D e <o

k':kO k:ko ka‘Q
Hence

&n, — € a.s.
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> Pl —El 29 <D Pl —€l 2 e) <D e <o

k':kO k:ko ka‘Q
Hence

&n, — € a.s.
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4.3.1 Convergence in probability

Corollary

fn—£m£>0 as n,m — oo if any only if

3, &S E.

Proof. The "if" part is obvious. For the "if" part, for each

€ = 27F there exists ny such that

P (| —&ml > &) < e, Vn,m > ny.
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4.3.1 Convergence in probability

Corollary

fn—£m£>0 as n,m — oo if any only if

3, &S E.

Proof. The "if" part is obvious. For the "if" part, for each

€ = 27F there exists ny such that
P (& — &nl = ) < €&, Yn,m > ng.
Without loss of generality, assume n; < ngy;. Then

P (|§nk+1 - fnk‘ > Gk) < €.
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4.3.1 Convergence in probability

It follows that

P> s — &nnl = oo)
k=1
=P Z ‘énkJA - gnk‘ = OO)

k=ko

<P Z ‘€”k+1 - gnk| > Z 6k‘)

k=ko k=ko

oo
§Zek—>0ask‘0—>oo.
k=ko

Let § =0. Forw € A= {>"", €npss — &n| < 00}, define
E(w) =Y peo(Enpes (W) — & (w)), and for w € A, define
{(w) = 0.
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4.3.1 Convergence in probability

Then
&n, — € a.s.

So,

P

&np — €.

It follows that

gn = (gn - fnk) +§nk 5 é
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4.3.2 Strong laws of large numbers

Definition 2 Suppose that {£,,n > 1} is a sequence
of random variables defined on (€2, F, P). If there
exist constant sequences {a,,n > 1} and

{bn,n > 1} such that

1 n
—> &G —b, =0 as.,
Ap,

k=1

we say that {£,,} obeys the strong law of large
numbers (SLLN).
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Theorem 2 (Borel) Suppose that {¢,} is a
sequence of i.i.d. random variables defined on
(Q7~F7P) with P(gn: ):p’ P(§n=0) =1-p,
0<p<l. Let S, =73 _; &, then

— —p—0 a.s.
n
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Proof. We have

n

= P (IS, —np|* = (en)*)
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4.3.2 Strong laws of large numbers

Proof. We have

p(MZE>
n

P (|Sn — np|* > (en)*)

1 : .
mE\Sn —np|* (by Markov inequality).

IA
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E|S, —np|* = E| Zm}zl = Z Eninimin
- i gk

= ZEm + Y Enin;
G
= N(q p+p*q) + n(n — 1)(pg)* < n’pq.
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4.3.2 Strong laws of large numbers

Let n;, =& — p. Then

E|S, —np|* = E| Zm}zl = Z Eninimin
i=1 i gk

ZEm + Y Enin}

i#]
= N(q p+p*q) + n(n — 1)(pg)* < n’pq.

So,

00 . 00 2
ZP<MZ€>§ npq<oo.
— n etnt

n=1

Hence S, /n — p a.s.
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4.3.2 Strong laws of large numbers

Corollary Suppose that {£,} is a sequence of i.i.d.
random variables defined on (€2, F, P) with
E¢, = p, EE < oo. Let S, =Y p_; &, then

STL

— — U a.s.
n
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4.3.2 Strong laws of large numbers

Proof. We have

|Sn —n,u|

P > €

= P (IS, —npu|* > (en)?)
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4.3.2 Strong laws of large numbers

Proof. We have

P(MZE)
n

P (|Sy — nul* > (en)?)

1 : :
@E\Sn —nul* (by Markov inequality).

IA
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Let n; = gz — U. Then ET]Z = 0,
Eni = E(§ — p)* < oo,

n
E|S, —nul* = E| Zm|4 = Z Eningmny,
i=1 il k

= ZEm + Y Enn;

i#£]
_ B — w4l — D(Var(6)?

< nQCO.
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So,

Vv

oo . oo 2
yop(Bnmmmls ) o LA
n — €N

Hence S,,/n — p as.
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Theorem 3 (Kolmogorov, 1930) Suppose that
{&,,n > 1} is a sequence of i.i.d. random variables
defined on (2, F, P) with E|& | < 0o, E& = . Let

Sp=> 11 & Then
S

— > U a.s. (1)
n
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4.3.2 Strong laws of large numbers

Theorem 3 (Kolmogorov, 1930) Suppose that
{&,,n > 1} is a sequence of i.i.d. random variables
defined on (2, F, P) with E|& | < 0o, E& = . Let
Sp=> 11 & Then

S
— — [ a.s. (1)
n

In fact, the converse of Theorem 2 also holds: if
there exists a constant p such that (1 ) holds, then
the expectation of & exists and equals to pu.
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4.3.2 Strong laws of large numbers

Theorem 4 Suppose that {£,,n > 1} is a
sequence of independent random variables defined
on (2, F, P) with E&, = pg, Varé, < co. Let
Sp=> 41 &k If

o0

> <o

n=1
then

Sn - ESn
—_— = O a.s.
n
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4.3.2 Strong laws of large numbers

Proof Theorem 3 from Theorem 4: Let
e = &I{|€k] < k}. Then

= Var(n, 2 EIEI{|&] < n
3 (U)SZ [T 1{|&] < n}]

n=1 n2 n=1 n2
S n+1 E€2] 5 S

=Z/ il <,

ey [ Bl <0,
n=1

= [flf{\m <ol 4,

s [/ §%f{|£1|<fﬁ}] x] < 4E|E]] < oo
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By Theorem 4,

" (- E
Lm0 = E) g
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By Theorem 4,

Y1 (e — Eng)
n

— 0 a.s.

Also,
S B _ Yo Ele{l6] < K]

n n
— E& = p.
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.3.2 Strong laws of large numbers

By Theorem 4,

Y1 (e — Eng)
n

— 0 a.s.

Also,
S B _ Yo Ele{l6] < K]

n n
— E& = p.

It follows that

—Zk:l 05 — 1L a.s.
n
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Finally,

P (my, # & i.0.) ﬂU{W%Sk

n=1k=n

= lim P kU{|§k!2k} S,}ggOkZP(I&IZk)—O,
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4.3.2 Strong laws of large numbers

Finally,

P (my, # & i.0.) (ﬂ U{Uk?’égk)

n=1k=n
= lim P <kU{|£kr > k}) < gggokZP(ml > k) =0,

because

Y P&l = k) =) P(la] > k) < oo
k=1 k=1
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Hence,

- 22—1&6 .
lim &*~=—>" = lim
n—00 n n—00

n
—Zk:lnk =7 a.s.
n

The proof is completed.
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The necessary part: Suppose

.S : ke SB
n—oo M n—oo n

oa.s.



r 3 Probability Limit Theorems
gence and strong laws of large numbers

rong laws of large numbers

The necessary part: Suppose

Sn 22:1 gk _
n

lim — = lim
n—oo M n—oo

oa.s.

Then

= =—————— =0 as.

fn Sn Snfl Sn Snfl n—1
n n n n—1 n
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rong laws of large numbers

The necessary part: Suppose

Sn 22:1 gk _
n

lim — = lim
n—oo M n—oo

oa.s.

Then

= =—————— =0 as.

fn Sn Snfl Sn Snfl n—1
n n n n—1 n

So,
P<|§n| >n i.o.) =10}
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.3.2 Strong laws of large numbers

The necessary part: Suppose

Sn 22:1 gk _
n

lim — = lim
n—oo M n—oo

oa.s.

Then

— = — — — 0 a.s.
n n n—1 n

fn & Snfl Sn Sn,1 n—1
n

So,
P<|§n| >n i.o.) =10}

which will imply

ip(l&l > n) = ip(w > n) < oo,
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4.3.2 Strong laws of large numbers

In fact, if

iP & > ) = 0.
n=1
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4.3.2 Strong laws of large numbers

In fact, if .
ZP(!fn\ > n) — .
n=1

Then

P (ﬂ{w < k}) ~TIPdel<m =TI (1- P&l =)

gexp{—ipugkr > k)} -0,

So,

o0

P ({|ga] 2 1 i.0}C) =P (U BERS k}) _0.

n=1k=n



Borel-Cantelli Lemma

Lemma

(1) If Y7 P(A,) < oo, then
P (A, i.0.)=0.

(2) If >°>° | P(A,) = o0 and {A,} are

independent events, then

P (A, io.)=1.
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4.3.2 Strong laws of large numbers

n=1k=n
—Jm PAU4 | < lim > P(4) —0.

k=n k=n
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.3.2 Strong laws of large numbers

In fact, if

P(A,) =
> P(4) =0
Then
P((142) =TT 7 (49)
k=n k=n
Sexp —f:P(Ak) =0
k=n

So,
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4.3.2 Strong laws of large numbers

Example. (the Monte Carlo method) Let f(z) be a
continuous function defined on [0, 1] with values in [0, 1], and
let £&1,m1, &2, 12, - be a sequence of independent random
variables with a common uniform distribution in [0, 1]. Define

' 0, if f(&) <m

Then {p;,i > 1} are also i.i.d. random variables. Furthermore,

B =P(fE)2m) = [ /N dudy = / e

By Theorem 3, we have

1 < !
—Zpk%/ f(z)dz a.s.
e v
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4.3.2 Strong laws of large numbers

Example. (the Monte Carlo method) Suppose
D C R? is a bounded area, [, |g(x)|dz < oco.
Compute [}, g(x)d.
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4.3.2 Strong laws of large numbers

Example. (the Monte Carlo method) Suppose

D C R? is a bounded area, [, |g(x)|dz < oco.
Compute [}, g(x)d.

fi#?: Suppose that D C A where A is a rectangle,
and & is a random vector uniformly distributed in A.

Denote

Ip(@) 1, ifxeD,
D\L) = .
0, otherwise.



Example. (the Monte Carlo method) Suppose

D C R? is a bounded area, [, |g(x)|dz < oco.
Compute [}, g(x)d.

fi#?: Suppose that D C A where A is a rectangle,
and & is a random vector uniformly distributed in A.

Denote

Ip(@) 1, ifxeD,
D\L) = .
0, otherwise.

Then
Blo©1o(©) = [ D00 e - o [ g(o)ia

A
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4.3.2 Strong laws of large numbers

Let &;,&5, ... be i.i.d. copies of &.




Let &1,&5, ... bei.i.d. copies of &. Then by the
strong law of large numbers,

%Zg(&)fp(&) —E[g(&)Ip(&)] a.s.

:ﬁ/Dg(w)dw.



Let &1,&5, ... bei.i.d. copies of &. Then by the
strong law of large numbers,

%Zg(&)fp(&) —E[g(&)Ip(&)] a.s.

:ﬁ/Dg(w)dw.

So, for large n,
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4.3 Almost d s
4.3.2 ‘:trom, 1a numbers

If D is not bounded, we choose a probability density
function f(x) > 0, for example the d-dimensional

standard normal density. &, &1, &, ... bei.id.
random vectors with f(x) being the pdf. Then

; s, JD 9(E)In(€)
_Z E[ G ]

[ [ e

:/Dg(a:)das.
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4.3.2 Strong laws of large numbers

Convergence rate of the SLLN:
Suppose that {&;;1 > 1} be i.i.d. random variables,
E[&] = p. Then

Sn

— — [ a.s.
n
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4.3.2 Strong laws of large numbers

The law of the iterated logarithm:

Theorem
Suppose Var(&) = 0% < co. Then

Sn —
lim sup O 5 oas. (2)

n—oo V2nlnlnn

On the other hand, if (2) holds for some p and o,
then we must have Var (&) = o* and E& = p.
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4.3.2 Strong laws of large numbers

The law of the iterated logarithm tells that

o Inl
5 _of/mlmny .
n n

For the MC method, the error is about \/lnl%.
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