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4.3 Almost sure convergence and strong laws of large numbers

4.3.1 Convergence in probability

4.3 Almost sure convergence and strong laws of

large numbers

4.3.1 Almost sure convergence

Definition 1 Suppose that ξ and {ξn, n ≥ 1} are

random variables defined on a common probability

space (Ω,F , P ).

If there exists a Ω0 ∈ F such that P (Ω0) = 0 and

for any ω ∈ Ω \ Ω0, ξn(ω)→ ξ(ω), (n→∞), then

we say that ξn converges with probability one or

almost surely to ξ, denoted by ξn → ξ a.s.
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4.3.1 Convergence in probability

Theorem 1 Suppose that ξ and {ξn, n ≥ 1} are random

variables defined on (Ω,F , P ).

ξn(ω)→ ξ(ω) a.s. iff for any ε > 0,

lim
n→∞

P (sup
k≥n
|ξk − ξ| ≥ ε) = 0

i.e., lim
n→∞

P (
⋃
k≥n

(|ξk − ξ| ≥ ε)) = 0.
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4.3.1 Convergence in probability

Corollary 1

ξn → ξ a.s.⇒ ξn
P→ ξ.

Corollary 2. If for any ε > 0,∑∞
n=1 P (|ξn − ξ| ≥ ε) <∞, then

ξn → ξ a.s.

Proof. Note that

P (|ξn − ξ| ≥ ε) ≤P (
⋃
k≥n

(|ξk − ξ| ≥ ε))

≤
∞∑
k=n

P (|ξk − ξ| ≥ ε).
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4.3.1 Convergence in probability

Proof of Theorem 1. For any ε > 0, let

Aεn = {|ξn − ξ| ≥ ε} and Aε = ∩∞n=1 ∪k≥n Aεk. Then

ξn(ω) 6→ ξ(ω) is equivalent to that, there is an ε0 > 0 such

that for any N there is a n ≥ N for which |ξn(ω)− ξ(ω)| ≥ ε0.

This is also equivalent to that, there is an m such that for any

n there is a k ≥ n for which |ξk(ω)− ξ(ω)| ≥ 1/m. So

{ξn 6→ ξ} =
⋃
ε>0

Aε =
∞⋃
m=1

A
1
m .

By the continuity theorem, we have

P (Aε) = P (
∞⋂
n=1

⋃
k≥n

Aεk) = lim
n→∞

P (
⋃
k≥n

Aεk)

which implies that the following relations hold:
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0 = P ({ξn 6→ ξ}) ⇔ P (
∞⋃
m=1

A
1
m ) = 0

⇔ P (A
1
m ) = 0, ∀m ≥ 1

⇔ P (
⋃
k≥n

A
1
m
k )→ 0,∀m ≥ 1

⇔ P (
⋃
k≥n

(|ξk − ξ| ≥
1

m
))→ 0, ∀m ≥ 1

⇔ P (
⋃
k≥n

(|ξk − ξ| ≥ ε))→ 0,∀ε ≥ 0.
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4.3.1 Convergence in probability

Corollary

If ξn
P→ ξ, then there exists a sub-sequence {ξnk

}
such that

ξnk
→ ξ a.s.

Proof. Let εk = 2−k. For any k, there exists a nk such that

P (|ξn − ξ| ≥ εk) < εk ∀n ≥ nk.

Without loss of generality, we can assume

n1 < n2 < · · · < nk < nk+1. Then for any ε > 0, there is a k0

such that εk < ε for k ≥ k0.
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So

∞∑
k=k0

P (|ξnk
− ξ| ≥ ε) ≤

∞∑
k=k0

P (|ξnk
− ξ| ≥ εk) ≤

∞∑
k=k0

εk <∞.

Hence

ξnk
→ ξ a.s.
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4.3.1 Convergence in probability

Corollary

ξn − ξm
P→ 0 as n,m→∞ if any only if

∃ξ, ξn
P→ ξ.

Proof. The ”if” part is obvious. For the ”if” part, for each

εk = 2−k there exists nk such that

P (|ξn − ξm| ≥ εk) ≤ εk, ∀n,m ≥ nk.

Without loss of generality, assume nk < nk+1. Then

P
(
|ξnk+1

− ξnk
| ≥ εk

)
≤ εk.
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It follows that

P

(
∞∑
k=1

|ξnk+1
− ξnk

| =∞

)

=P

(
∞∑

k=k0

|ξnk+1
− ξnk

| =∞

)

≤P

(
∞∑

k=k0

|ξnk+1
− ξnk

| ≥
∞∑

k=k0

εk

)

≤
∞∑

k=k0

εk → 0 as k0 →∞.

Let ξ0 = 0. For ω ∈ A = {
∑∞

k=1 |ξnk+1
− ξnk

| <∞}, define

ξ(ω) =
∑∞

k=0(ξnk+1
(ω)− ξnk

(ω)), and for ω ∈ A, define

ξ(ω) = 0.
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4.3.1 Convergence in probability

Then

ξnk
→ ξ a.s.

So,

ξnk

P→ ξ.

It follows that

ξn = (ξn − ξnk
) + ξnk

P→ ξ.
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4.3.2 Strong laws of large numbers

Definition 2 Suppose that {ξn, n ≥ 1} is a sequence

of random variables defined on (Ω,F , P ). If there

exist constant sequences {an, n ≥ 1} and

{bn, n ≥ 1} such that

1

an

n∑
k=1

ξk − bn → 0 a.s.,

we say that {ξn} obeys the strong law of large

numbers (SLLN).



Chapter 3 Probability Limit Theorems c©Üá#
4.3 Almost sure convergence and strong laws of large numbers
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Theorem 2 (Borel) Suppose that {ξn} is a

sequence of i.i.d. random variables defined on

(Ω,F , P ) with P (ξn = 1) = p, P (ξn = 0) = 1− p,

0 < p < 1. Let Sn =
∑n

k=1 ξk, then

Sn

n
− p→ 0 a.s.
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4.3.2 Strong laws of large numbers

Proof. We have

P

(
|Sn − np|

n
≥ ε

)
= P

(
|Sn − np|4 ≥ (εn)4

)

≤ 1

ε4n4
E|Sn − np|4 (by Markov inequality).
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Let ηi = ξi − p. Then

E|Sn − np|4 = E
∣∣ n∑
i=1

ηi
∣∣4 =

∑
i,j,l,k

Eηiηjηlηk

=
∑
i

Eη4i +
∑
i6=j

Eη2i η
2
j

= n(q4p+ p4q) + n(n− 1)(pq)2 ≤ n2pq.

So,

∞∑
n=1

P

(
|Sn − np|

n
≥ ε

)
≤

∞∑
n=1

n2pq

ε4n4
<∞.

Hence Sn/n→ p a.s.
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4.3.2 Strong laws of large numbers

Corollary Suppose that {ξn} is a sequence of i.i.d.

random variables defined on (Ω,F , P ) with

Eξn = µ, Eξ4n <∞. Let Sn =
∑n

k=1 ξk, then

Sn

n
→ µ a.s.
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4.3.2 Strong laws of large numbers

Proof. We have

P

(
|Sn − nµ|

n
≥ ε

)
= P

(
|Sn − nµ|4 ≥ (εn)4

)

≤ 1

ε4n4
E|Sn − nµ|4 (by Markov inequality).
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Let ηi = ξi − µ. Then Eηi = 0,

Eη41 = E(ξ1 − µ)4 <∞,

E|Sn − nµ|4 = E
∣∣ n∑
i=1

ηi
∣∣4 =

∑
i,j,l,k

Eηiηjηlηk

=
∑
i

Eη4i +
∑
i6=j

Eη2i η
2
j

= nE(ξ1 − µ)4 + n(n− 1)(V ar(ξ1))
2

≤ n2c0.
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So,

∞∑
n=1

P

(
|Sn − nµ|

n
≥ ε

)
≤

∞∑
n=1

n2c0
ε4n4

<∞.

Hence Sn/n→ µ a.s.
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4.3.2 Strong laws of large numbers

Theorem 3 (Kolmogorov, 1930) Suppose that

{ξn, n ≥ 1} is a sequence of i.i.d. random variables

defined on (Ω,F , P ) with E|ξ1| <∞, Eξ1 = µ. Let

Sn =
∑n

k=1 ξk. Then

Sn

n
→ µ a.s. (1)

In fact, the converse of Theorem 2 also holds: if

there exists a constant µ such that (1 ) holds, then

the expectation of ξ1 exists and equals to µ.
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4.3.2 Strong laws of large numbers

Theorem 4 Suppose that {ξn, n ≥ 1} is a

sequence of independent random variables defined

on (Ω,F , P ) with Eξk = µk, V arξk <∞. Let

Sn =
∑n

k=1 ξk. If

∞∑
n=1

V arξn
n2

<∞,

then

Sn − ESn

n
→ 0 a.s.
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4.3.2 Strong laws of large numbers

Proof Theorem 3 from Theorem 4: Let

ηk = ξkI{|ξk| ≤ k}. Then

∞∑
n=1

V ar(ηn)

n2
≤

∞∑
n=1

E[ξ21I{|ξ1| ≤ n}]
n2

=
∞∑
n=1

∫ n+1

n

E[ξ21I{|ξ1| ≤ n}]
n2

dx

≤22

∞∑
n=1

∫ n+1

n

E[ξ21I{|ξ1| ≤ x}]
x2

dx

=22

∫ ∞
1

E

[
ξ21I{|ξ1| ≤ x}]

x2

]
dx

=22E

[∫ ∞
1

ξ21I{|ξ1| ≤ x}]
x2

dx

]
≤ 4E[|ξ1|] <∞.
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By Theorem 4,

∑n
k=1(ηk − Eηk)

n
→ 0 a.s.

Also, ∑n
k=1Eηk
n

=

∑n
k=1E[ξ1I{|ξ1| ≤ k}]

n

→ Eξ1 = µ.

It follows that ∑n
k=1 ηk
n

→ µ a.s.
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4.3.2 Strong laws of large numbers

Finally,

P (ηk 6= ξk i.o.) = P

(
∞⋂
n=1

∞⋃
k=n

{ηk 6= ξk}

)

= lim
n→∞

P

(
∞⋃
k=n

{|ξk| ≥ k}

)
≤ lim

n→∞

∞∑
k=n

P (|ξk| ≥ k) = 0,

because

∞∑
k=1

P (|ξk| ≥ k) =
∞∑
k=1

P (|ξ1| ≥ k) <∞.
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4.3.2 Strong laws of large numbers

Hence,

lim
n→∞

∑n
k=1 ξk
n

= lim
n→∞

∑n
k=1 ηk
n

= η a.s.

The proof is completed.
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4.3.2 Strong laws of large numbers

The necessary part: Suppose

lim
n→∞

Sn
n

= lim
n→∞

∑n
k=1 ξk
n

= µ a.s.

Then

ξn
n

=
Sn
n
− Sn−1

n
=
Sn
n
− Sn−1
n− 1

n− 1

n
→ 0 a.s.

So,

P
(
|ξn| ≥ n i.o.

)
= 0,

which will imply

∞∑
n=1

P
(
|ξ1| ≥ n

)
=
∞∑
n=1

P
(
|ξn| ≥ n

)
<∞.
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∞∑
n=1

P
(
|ξ1| ≥ n

)
=
∞∑
n=1

P
(
|ξn| ≥ n

)
<∞.
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In fact, if
∞∑
n=1

P
(
|ξn| ≥ n

)
=∞.

Then

P

(
∞⋂
k=n

{|ξk| < k}

)
=
∞∏
k=n

P (|ξk| < k) =
∞∏
k=n

(
1− P (|ξk| ≥ k)

)
≤ exp

{
−
∞∑
k=n

P (|ξk| ≥ k)

}
= 0.

So,

P
(
{|ξn| ≥ n i.o.}C

)
= P

(
∞⋃
n=1

∞⋂
k=n

{|ξk| < k}

)
= 0.
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4.3.2 Strong laws of large numbers

Borel-Cantelli Lemma

Lemma

(1) If
∑∞

n=1 P (An) <∞, then

P (An i.o.) = 0.

(2) If
∑∞

n=1 P (An) =∞ and {An} are
independent events, then

P (An i.o.) = 1.
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(1)

P (Ak i.o.) = P

(
∞⋂
n=1

∞⋃
k=n

Ak

)

= lim
n→∞

P

(
∞⋃
k=n

Ak

)
≤ lim

n→∞

∞∑
k=n

P (Ak) = 0.
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P

(
∞⋂
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ACk
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∞∏
k=n

P
(
ACk
)

≤ exp
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−
∞∑
k=n

P (Ak)

}
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P
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{An i.o.}C
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4.3.2 Strong laws of large numbers

Example. (the Monte Carlo method) Let f(x) be a

continuous function defined on [0, 1] with values in [0, 1], and

let ξ1, η1, ξ2, η2, · · · be a sequence of independent random

variables with a common uniform distribution in [0, 1]. Define

ρi =

{
1, if f(ξi) ≥ ηi,

0, if f(ξi) < ηi.

Then {ρi, i ≥ 1} are also i.i.d. random variables. Furthermore,

Eρ1 = P (f(ξ1) ≥ η1) =

∫ ∫
y≤f(x)

dxdy =

∫ 1

0

f(x)dx.

By Theorem 3, we have

1

n

n∑
k=1

ρk →
∫ 1

0

f(x)dx a.s.
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4.3.2 Strong laws of large numbers

Example. (the Monte Carlo method) Suppose

D ⊂ Rd is a bounded area,
∫
D

∣∣g(x)
∣∣dx <∞.

Compute
∫
D g(x)dx.

))): Suppose that D ⊂ A where A is a rectangle,

and ξ is a random vector uniformly distributed in A.

Denote

ID(x) =

1, if x ∈ D,
0, otherwise.

.

Then

E[g(ξ)ID(ξ)] =

∫
A

g(x)ID(x)

m(A)
dx =

1

m(A)

∫
D

g(x)dx.
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4.3.2 Strong laws of large numbers

Let ξ1, ξ2, . . . be i.i.d. copies of ξ.

Then by the

strong law of large numbers,

1

n

n∑
i=1

g(ξi)ID(ξi)→E[g(ξ)ID(ξ)] a.s.

=
1

m(A)

∫
D

g(x)dx.

So, for large n,∫
D

g(x)dx ≈ m(A)

n

n∑
i=1

g(ξi)ID(ξi).
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If D is not bounded, we choose a probability density

function f(x) > 0, for example the d-dimensional

standard normal density. ξ, ξ1, ξ2, . . . be i.i.d.

random vectors with f(x) being the pdf. Then

1

n

n∑
i=1

g(ξi)ID(ξi)

f(ξi)
→E

[
g(ξ)ID(ξ)

f(ξ)

]
a.s.

=

∫ [
g(x)ID(x)

f(x)
f(x)

]
dx

=

∫
D

g(x)dx.
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4.3.2 Strong laws of large numbers

Convergence rate of the SLLN:

Suppose that {ξi; ı ≥ 1} be i.i.d. random variables,

E[ξ1] = µ. Then

Sn

n
→ µ a.s.
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4.3.2 Strong laws of large numbers

The law of the iterated logarithm:

Theorem

Suppose V ar(ξ1) = σ2 <∞. Then

lim sup
n→∞

Sn − nµ√
2n ln lnn

= σ a.s. (2)

On the other hand, if (2) holds for some µ and σ,

then we must have V ar(ξ1) = σ2 and Eξ1 = µ.
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The law of the iterated logarithm tells that

Sn

n
− µ = O

(√
ln lnn

n

)
a.s.

For the MC method, the error is about
√

ln lnn
n .
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