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4.2.1 Convergence in probability

4.2 Convergence in probability and weak law of

large numbers

4.2.1 Convergence in probability
Definition Suppose £ and {,,n > 1}, are defined
on the same probability space (2, F, P). If for any
e>0

ﬂhjglc P(‘@z - fi > 5) =0,

or equivalently lim,, ., P(|§, — &| < ) = 1, then

we say that &, converges to & in probability, written
P

§n — &,
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Throwing a dot in [0, 1] randomly, the dot is located
any point in [0, 1] with the same possibility. Let w
denote the location of dot and define

) 1, we[0,0.5], 0, w € [0,0.5],
fw) = { 0. we (051, "W { 1, we (0.5,1].

Then & and 7 have the same distribution function

0, =<0,
F(z)=< %, 0<z<1,
1, x>1.

If we define &, =&, for n > 1, then &, i) n, but
|€n - 77| = 1.
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

@ Suppose € and {§;,n > 1} are random
variables defined on the probability space
(Q, F,P).

(1) If & 5 €, then &, 5 €.
(2) If &, N c, where ¢ is a constant, then
&n Le
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

@ Suppose £ and {£,,n > 1} are random
variables defined on the probability space
(Q, F,P).

(1) If & 5 €, then &, 5 €.
(2) If &, s ¢, where ¢ is a constant, then
&n Le

Proof. (1) Let F' and F;, be the cdfs of £ and &,
respectively, and let x be a continuity point of F.
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4.2.1 Convergence in probability

For any € > 0,

(Sngx) = (5n§$7|€n_£‘<5)
+(€n§x7‘£ﬂ,_€|26)
C ((<z+e)U(lén—¢l >e).



For any € > 0,

(Sngx) = (5n§$7|€n_£‘<5)
+(€n§x7‘£ﬂ,_€|26)
C ((<z+e)U(lén—¢l >e).

Thus

Fo(z) < F(z +e) + P(I€ — €] = ¢).
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4.2.1 Convergence in probability

. P )
Since &, — £ as n — 00, we obtain

P(l& —¢& >¢e)— 0 asn— oo
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4.2.1 Convergence in probability

Since &, i> & as n —» oo, we obtain
P(& —€&>¢e) — 0 asn— oo.
Thus

limsup F,,(z) < F(z +¢).

n—oo
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4.2.1 Convergence in probability

Similarly
<z)Cl<z+e)U([§—&l=¢)
and thus

Fx) < Fo(z +¢) + P(|6n — €| = ¢).



Similarly

E<z)C(<z+e)U(|—-&l=>¢)
and thus
F(z) < Fo(z +¢e) + P(|6 — & = ).
So

F(z—¢) < Falw) + P(16 — | > o).



Similarly

(€<a) C (€ <z+)U(E—Er] = o)
and thus
F(z) < Fo(a +€) + P& — €] > o).
So
F(z —¢) < Fa() + P(l6 — €] = ).
Thus
F(x — €) < liminf F,(2).

n—oo
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4.2.1 Convergence in probability

We conclude that

F(z—e¢) <liminf F,(x) < limsup F,(z) < F(z+e¢).

n—00 n—00



Chapter 3 Probability Limit Theorems

4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

We conclude that
F(z—e¢) <liminf F,(x) < limsup F,(z) < F(z+e¢).
n—00 n—00

Letting € — 0 yields

lim F,(z) = F(x).

n—oo

That is

&n — &.
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4.2.1 Convergence in probability

(2) If &, % ¢, then

0, z <
lim Fy(z)=4{ =~ ~©
n—00 1, z >c.



ce in probability

(2) If &, Y c, then

lim F,(z) = { 0, z<¢

n—oo

1, z >c.
Hence for any € > 0,
P(|& —c| 2 €)
= P, >c+e)+ P <c—¢)
= 1-P <c+e)+ P& <c—¢)
= 1—F(c+e—-0)+ F,(c—¢)
— 0 (n— 00).

The proof is complete.
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4.2 Conv in probability and weak law of large numbers

4.2.1 Convergence in probability

Example 1 Let {{,} be a sequence of i.i.d.
random variables with the common uniform

distribution in [0, a]. Let 1, = max{&, &, -+, &0}
P
Prove that 1, — a.

Proof.
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Example 1 Let {{,} be a sequence of i.i.d.

random variables with the common uniform

distribution in [0, a]. Let 1, = max{&, &, -+, &0}
P

Prove that 1, — a.

Proof. Let F(x) be the distribution function of &.
then the distribution function of 7, is

Gn(z) = (F(x))".
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4.2.1 Convergence in probability

Now the distribution function of & is

0, z<0,
F(z)=1< z/a, 0<z<a,
1, z>a.
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4.2.1 Convergence in probability

Now the distribution function of & is

0, z<0,
F(z)=1< z/a, 0<z<a,
1, z>a.
Hence
0, x <0,
Gn(x) = (x/a)”, 0<zx<a,
1, x> a,
0 <
— D(x—a)= » TS s o
1, z>a,

d : P
So 1, — a and a is a constant. So 1, — a.
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4.2.1 Convergence in probability

Q Let {£,&,,n > 1} be a sequence of random
variables defined on the probability space
(Q, F, P) Prove that

(1 )lfﬁn—>€ & n, then P(§ =n) =1,
(2) If &, N &, fis the contlnuous function on
(—o0

00), then f(&,) — f(€).
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4.2.1 Convergence in probability

Q Let {£,&,,n > 1} be a sequence of random
variables defined on the probability space
(Q, F, P). Prove that

(1) f & = & & =1, then P(€ =n) = 1.
(2) If &, N &, f is the continuous function on

(—00,00), then f(£) = f(€).
In general, if &, ER & T ER n and f(x,y) is a

continuous function, then

F(E) > FEm).
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4.2.1 Convergence in probability

Proof. (1) For any € > 0, we have
€
(1€ =nl=e) S (& =&l 2 5 U (& =l 2 3)-
Thus

P(g—nl 2 ) < P&~ &l 2 2) + P& —nl 2 2).
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4.2.1 Convergence in probability

Proof. (1) For any € > 0, we have
(lg=ml2e) S (6825 U(&—n22).
Thus
P(g—nl 2 ) < P&~ &l 2 2) + P& —nl 2 2).

Note that the left side of the above inequality is independent
of n and &, L, & & L 1 as n — 00. Therefore
P(l¢—nl=¢)=0.



Chapter 3 Probability Limit Theorems

4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Proof. (1) For any € > 0, we have
(lg=ml2e) S (6825 U(&—n22).
Thus
P(g—nl 2 ) < P&~ &l 2 2) + P& —nl 2 2).

Note that the left side of the above inequality is independent
of n and &, L, & & L 1 as n — 00. Therefore
P(|¢ —n| > ¢) = 0. Furthermore,

o0

P(l¢=n>0) = P(J(€—nl=

n=1

ZPIS nl =

)

S|

) =

IN
3I>—‘

e, P(€=n)=1.
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4.2.1 Convergence in probability

(2) For any given &’ > 0, there exists an M > 0 satisfying

P(el > M) < P(lel > Ty < & (1)
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

(2) For any given &’ > 0, there exists an M > 0 satisfying

M
P(i| > M) < P > ) < . (1)
Since &, N &, when n > N; for some Ny > 1,
Plle.—€>5) < =

Hence

M M

g e ¢

iTiTy @

IA
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

(2) For any given &’ > 0, there exists an M > 0 satisfying
M o
P(l] =2 M) < P(¢| 2 o) < (1)
1,

Since &, N &, when n > N; for some Ny >

/

Plle.—€>5) < =

Hence

M M
g ¢ ¢
< S 4t 2
! * 4 2 @)
And for f(z) is continuous function on (—o0, c0), then f(z) is
uniformly continuous in [—M, M]. For given € > 0, there

exists 0 > 0, when |z —y| < 4, |f(z) — f(y)] <e.
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4.2.1 Convergence in probability

Thus
P(f(&) — f(&

v I\/

< P([f(&) = (€ €| =&l <0, 16| < M, [€] < M)
+P(f (&) = FE) = & |&n — &l = 6, [6n] < M, |€] < M)
+P(|nl = M) + P([¢] = M)

< P(|&n = €[ 2 0) + P(I€a| = M) + P(¢] = M). (3)
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Thus

P(|f(&n) — (&) =€)

< P(If(6n) = fFO)] Z & |6n — €] < 0,18l < M, [¢] < M)
+P(f (&) = FE) = & |&n — &l = 6, [6n] < M, |€] < M)
+P(|nl = M) + P([¢] = M)

< P(|&n = €[ 2 0) + P(I€a| = M) + P(¢] = M). (3)

For the above 9§, when n > N5 for some N, > 1,

/

Plgn—6l 2 0) < 7. (4)
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Thus
P(|f(&n) — f(E) =€)
< P([f(&) — fO] = &, [6n — &l <6, |&al < M, [€] < M)
+P(|f(&) — FO = & | — €] 2 6, 1] < M, €] < M)
+P(|6n] = M) + P(¢] = M)
< P& — €] > 6)+ P& > M)+ P(€] > M), (3)
For the above 9§, when n > N5 for some N, > 1,
P —€l 2 6) < 7. 4
Combining (1), (2), (3) and (4), we obtain
g e ¢ o
P(f(&) = fOlze) <+ 5+ 7 =¢

provided n > max{ Ny, No}. Thus f(&,) N f(&).



4.2.1 Convergence in probability

In general, if

& =: (€n1s- - Enm) 5 §:= (&, ,6m)

(i.e., ||& — &|| — 0, or equivalently, &, 1 — &,
k=1,...,m)

and f(x) is a m-dimensional continuous function,
then

F(&) 5 f(8).
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4.2.1 Convergence in probability

Proof. For any e > 0 and M > 0, choose 0 < § < M /2 such
that |f(x) — f(y)| < € whenever
|l —yll <6, [l < M, |lyl| < M.
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4.2.1 Convergence in probability

Proof. For any e > 0 and M > 0, choose 0 < § < M /2 such
that | f(x) — f(y)| < € whenever
lz —yl| <4, ||z|| < M, |yl <M. Then

{If(x) = f(y)| = €}

C {lle - yll = 83 (Ll > 23 [ {llyll > 2}
c{lle —yll = o} ({llyll > M/2}.
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4.2.1 Convergence in probability

Proof. For any e > 0 and M > 0, choose 0 < § < M /2 such
that | f(x) — f(y)| < € whenever
lz —yl| <4, ||z|| < M, |yl <M. Then

{f(x) = f(y)l > €}
c{llz—yll = 6} J{llzll > M} {llyll > M}
c{lle —yll =} J{llyll > M/2}.
So,

P(I£(&) - £(€) 2 )
<P (|6, — ]l > 8) + P(lell > M/2) 0,

as n — oo and then M — oo.
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Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

@ We have
0 If& 5 & Do, then &, £n, 5 &4 n:
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4.2.1 Convergence in probability

@ We have
0 If& 5 & Do, then &, £n, 5 &4 n:
@ If &, 5 & m, 5 1, then &, 5 En;



ty Limit Theorems

ce in probability and weak law of large numbers

4.2.1 Convergence in probability

@ We have
P P P
Q If& =& nn—m then & £ = £
@ If & 5 &1y 5 1, then &y — &
Q Ifg, Rt &M R ¢, where c is a constant, both 7,
and ¢ are not 0, then &, /n, ER &/c;
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in probability and weak law of large numbers

4.2.1 Convergence in probability

@ We have
O If& B e m, Do then & £ mn D €+
o If&, R &M Ei n, then &,m, Ei &n;
Q Ifg, Rt &M R ¢, where c is a constant, both 7,
and ¢ are not 0, then &, /n, ER &/c;
Q If¢, i> & M LN ¢, where ¢ is a constant, then

En+ T > E+C, Mobn > €.
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Proof. We only give a proof of (3) and (4).
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4.2.1 Convergence in probability

Proof. We only give a proof of (3) and (4). By
(2), it is sufficient to show that 771 = ¢~ L.



Proof. We only give a proof of (3) and (4). By
(2), it is sufficient to show that 17! = ¢~. For any
e > 0, let § = min{esc?, 1ic|}. If |n, — ¢| < 4, then

7| > |c| — & > L]c|, and so
12
~1 —1 |77n _C| €3C
T] — = < = €.
= =TT S Tl



Proof. We only give a proof of (3) and (4). By
(2), it is sufficient to show that 17! = ¢~. For any
e > 0, let § = min{esc?, 1ic|}. If |n, — ¢| < 4, then

7| > |c| — & > L]c|, and so
12
~1 —1 |77n _C| €3C
T] — = < = €.
= =TT S Tl

It follows that

P(m'=ct| =€ <P(lny—c|>6)— 0.
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4.2.1 Convergence in probability

For (4), it suffices to show that for any bounded
continuous function g(z,y) we have

Eg(&n;mn) — Eg(&, c). ()
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

For (4), it suffices to show that for any bounded
continuous function g(z,y) we have

Eg(&n;mn) — Eg(&, c). ()

If fact, choosing g(z,y) = €***¥) and
g(z,y) = " yields

Eeit(§n+nn) — Eeit(€+0)7 Eeit(gnnn) — Eeit(c§),

respectively, which completes the proof by the
inverse limit theorem.
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Now, suppose g(x,y) is a continuous function with
lg(x,y)| < M, then it is uniformly continuous in
any bounded area. So for any given € > 0 and any
A > 0 there exist a § = §(A, ¢, g) > 0 such that

19(&ns M) — g(&ny ©)| < € whenever |0, —¢| < 6 and
€] < A



‘Eg(fnann) o Eg(&d‘
< \EQ(Sn,Un) - Eg(fn,c)| + ‘Eg(gnac) - E9(57C)|
< Eflg(&nsmn) — 9(&n, O] + [ Eg(&n, ©) — Eg(§; ©)]



|Eg(&nsmn) — Eg(&, ©)]
< |Eg(&nsmn) — Eg(&n, )| + [Eg(&n, c) — Eg(&, )|
< Eflg(&nsmn) — 9(&n, O] + [ Eg(&n, ©) — Eg(§; ©)]
< €+ 2MP(|n, —c| > 9)

+[Eg(én, c) — Eg(&; o)| + 2M P(|&,] > A).

The second term will converge to zero because
P : :
N, — ¢. The third will also converge to zero
d : : :
because &, — £ and g(z, ¢) is a continuous function

of x.
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4.2.1 Convergence in probability

For the fourth term, we can choose A such that +A4
is continuous points of the distribution function of

€. Then 2M P(|&,| > A) will converges to
2MP(|¢] > A),

which can be smaller than the given € > 0 if A is
large enough.
Finally, by the arbitrariness of ¢, (x) is proved.
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Markov’s inequality. Let & be a random variable
defined on the probability space (2, F, P), f(x) be
a non-negatively monotonically non-decreasing
function on [0, 00), then for any = > 0,

(| > z) < ZLUED
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4.2.1 Convergence in probability
P . .
Q &, — & if and only if

|£n_£|2
1_'— |£n_€‘2

> 0.
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4.2.1 Convergence in probability
P . .
Q &, — & if and only if

|£n_£|2
1_'— |£n_€‘2

L

> 0.

Proof. Let F),(x) denote the distribution function
of &, — &. Sufficiency: We have

P(l6, — €| > ¢) = / dF,(z)

|z|>€
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4.2.1 Convergence in probability
P . .
Q &, — & if and only if

|£n_£|2
1_'— |£n_€‘2

L

> 0.

Proof. Let F),(x) denote the distribution function
of &, — &. Sufficiency: We have

P(l6, — €| > ¢) = / dF,(z)

|z|>€

1 2 2
< [ e
|z|>e 9 1+«
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4.2.1 Convergence in probability
P . .
Q &, — & if and only if

|£n_£|2
1_'— |£n_€‘2

L

> 0.

Proof. Let F),(x) denote the distribution function
of &, — &. Sufficiency: We have

P(l6, — €| > ¢) = / dF,(z)

|z|>€

1 2 2
< [ e
|z|>e 9 1+«

[Ty & — &
o 52 1+|5n_€’2

That is &, — €.

— 0 as n — oo.
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2 Convergence in probability and weak law of large numbers

.2.1 Convergence in probability

Necessity: For any € > 0,

|€n_§|2 o e 12
Prea = | mipte@

[e.9]

x2 x>
_ ¥ R, T _4F,
/x|<s 1+ a2 (=) + /|3;>5 1+ a2 @)
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2 Convergence in probability and weak law of large numbers

.2.1 Convergence in probability

Necessity: For any € > 0,

|€n_§|2 o e 12
Prea = | mipte@

[e.9]

x2 x>
_ ¥ R, T _4F,
/x|<s 1+ a2 (=) + /|3;>5 1+ a2 @)

52

< —— dF,
— 1+e2 + L>E (x)
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Necessity: For any € > 0,

|€n_§|2 B +oo 12
E—1+|€n_§|2 = /_OO 1—1—372an($>

x2 x>
/x|<s Tyt + /|x>5 Tl

2

€
< + dF,(z
- 1+ g2 L>E ( )

2

= 1i€2+P(|£n—§|zs).
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Necessity: For any € > 0,
_ |2 o0 2
Sl { / " _dF,(z)

1+1& — &2 o 1+ 22
x2 x>
_ dF.(z) + / dF,
£2
< dF,,
— 1+e2 + L>E (ZE)
£2
= P — &l > ¢).
o TP € 2 )

Since &, LR &, first letting n — oo and then letting
e — 0 yield

‘fn_ﬂz
1+ |€n _£|2




ability Limit Theorems

and weak law of large numbers

4.2.1 Convergence in probability

Let
& — 7]



Theorem
p(-,+) satisfies

o p(&,m) =0 if and only if P(é =n) =
o p(&m) = p(n,§);
o p(&7) < p(&m) +p(n, 7).

1;
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4.2.1 Convergence in probability

Let

R = {&: ¢ is a random variable on (2, F, P)}.



bility Limit Theorems

in probability and weak law of large numbers

4.2.1 Convergence in probability

Let

R = {&: ¢ is a random variable on (2, F, P)}.

Theorem
o (R, p) is a metric space;




Chapter 3 Probability Limit Theorems
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Let

R = {&: ¢ is a random variable on (2, F, P)}.

Theorem
o (R, p) is a metric space;

o (R,p) = (R, D);
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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Let

R = {&: ¢ is a random variable on (2, F, P)}.

Theorem
e (R, p) is a metric space;
° (R,p) = (R, 5);
o (R, p) is complete, i.e., &, — & 20 as
n,m — oo if and only if there exists a
random variable & such that &, R €.
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4.2.1 Convergence in probability

@ Suppose &, =+ €, P([¢,| <) =1 and
En < oo. Then

B¢, — EE.



ce in probability

@ Suppose &, =+ €, P([¢,| <) =1 and
En < oo. Then

B¢, — EE.

Proof. First, we have P(|¢| < n) = 1. In fact, for
any € > 0,

P(lEl>n+e) = Pél>n+¢elén—E&l<e)
+P([€] >n+el& =& > ¢€)

which implies P(|¢]| < n) = 1.



Now, for any ¢ > 0 and M > 0, we have

|5n_§‘ < €+‘§n_§|l{|fn_§|26}
e +2nI{|&, — &| > €}
e+ 2MI{|& — & > €} +2nI{n > M} a.s

IAIA



Now, for any ¢ > 0 and M > 0, we have

€+ \ﬁn—§|f{|fn—§| Z 6}
e+ 2nI{|& — &| > €}
< e+ 2MI{[§, —&| > e} +2nI{n > M} as

|5n_§‘

For any € > 0, choose M > 0 large enough such
that

EnI{n> M} = ydF,(y) < e/4.
y>M

Then choose N large enough such that
P(l&, — €& >¢€) <€/(4M), n > N.



pter 3 Probability Limit Theorems

Jonvergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Then for n > N,

< €+2MP(|¢, —&| =€) +2EnI{n > M} < 2e.
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4.2.2 Weak laws of large numbers

Consider the event A in random trial £/. Suppose
the probability of occurring Aisp (0 <p < 1).
Now we experiment independently n times—n-fold
Bernoulli trial. Let

1, A occurs at the i-th trial,
0, A does not occur at the i-th trial,

& =

1<i<n. Then P(§, =1)=np,
P& =0)=1—p. Let S, =3I &. Then
& = F,,(A) — — — the frequency of A.

n
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4.2.2 Weak laws of large numbers

What does

mean?



mean?

For any £ > 0 we can not except that
|S,,/n — p| < e holds for all the trials even if n is
big enough.
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4.2.2 Weak laws of large numbers

What does

mean?

For any £ > 0 we can not except that

|S,,/n — p| < e holds for all the trials even if n is
big enough.

It is nature to hope that the probability to appear
{|Sn/n — p| > €} could be as smaller as possible
when n is large enough.
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4.2.2 Weak laws of large numbers

Theorem 4 (Bernoulli) Let {,,n > 1} be a
sequence of independent and identically distributed
random variables with P(&, = 1) = p,

P&, =0)=1—p, 0<p<1l Puts,=23%",E.

Then we have
Sn P
— — yZ
n

i.e., for any € > 0 and 6 > 0, there is a
N = N(¢,6) such that

M

——p'26><5, for all n > N.
n
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4.2.2 Weak laws of large numbers

Theorem 5(Chebyshev) Let {¢,,,n > 1} be a
sequence of independent (or pairwise correlated)
random variables defined on the probability space
(9, F, P) with E¢,, = p, and Varé, = o2. If

n_oz/n* — 0, then {&,,n > 1} obeys the weak
law of large numbers, i.e.,

%Zﬁk—%ZM 0.
k=1 =1
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4.2.2 Weak laws of large numbers
Using the Chebyshev inequality, we have

n

P(- 3 (6 — )| 2 )

IA
v
S| =
(]
o
|
s
S e
NE
N
v
™M

k= k=1
1 1 &
< ?Var(ﬁng)
k=1
1 —
:WZO']{:—}O,BS n —oo
k=1

The proof is complete.
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4.2.2 Weak laws of large numbers

k®  —k*
0.5 0.5 ,
where s < 1/2 is a constant, and {&;, k > 1} is

indept.. Prove that {&,k > 1} obeys the weak
LLN.
Proof.

Example 8. Suppose that &, ~
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4.2.2 Weak laws of large numbers

k* —k°
0.5 0.5
where s < 1/2 is a constant, and {&;, k > 1} is

indept.. Prove that {&,k > 1} obeys the weak
LLN.
Proof.We have E¢;, = 0, Varé, = k**. When s < 1/2,

Example 8. Suppose that & ~

n

1 . 1 2s 1 = 2s 2s—1
ﬁzvgrﬁk:ﬁZk <ﬁ2n =n — 0.
k=1 k=1

k=1
In addition, {{x, k > 1} is also independent,
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0.5 0.5
where s < 1/2 is a constant, and {&;, k > 1} is
indept.. Prove that {&,k > 1} obeys the weak

LLN.
Proof.We have E¢;, = 0, Varé, = k**. When s < 1/2,

1 . 1 . 2s 1 = 2s 2s—1
ﬁzvgrﬁk:ﬁZk <ﬁ2n =n — 0.
k=1 k=1 k=1

In addition, {&, k > 1} is also independent, so {&, k > 1}
obeys the Chebyshev LLN, i.e.,

1 n
=N g o0
n

k=1

Example 8. Suppose that & ~



Chapter 3 Probability Limit Theorems

4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Theorem 6 (Khinchine) Let {&,,n > 1} be a
sequence of independent and identically distributed
random variables defined (€2, F, P) with
E|&| < 00. Let E& = p, Sy = X7 _1&k. Then
{&n,n > 1} obeys the weak LLN, i.e.,

Sn

P
— — [ as n — oQ.
n
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4.2.2 Weak laws of large numbers

Proof. Let f(t) and f,(t) be the c.f.s of £ and S,,/n
respectively.
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4.2.2 Weak laws of large numbers

Proof. Let f(t) and f,(t) be the c.f.s of £ and S,,/n
respectively. Since {{,,n > 1} is i.i.d., we have

fn(t) = (f(t/n))™. Moreover, from the Taylor expansion
formula, we have

f(t)=1+idut+o(t) as t—0,

since F¢ = .
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4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof. Let f(t) and f,(t) be the c.f.s of £ and S,,/n
respectively. Since {{,,n > 1} is i.i.d., we have

fn(t) = (f(t/n))™. Moreover, from the Taylor expansion
formula, we have

f(t)=1+idut+o(t) as t—0,
since £&; = . Foreveryt € R,

t 1
f(t/n) =1 4+ +o(—) as n— oo,
n n

Folt) = (W45 4 o) = e,
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4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof. Let f(t) and f,(t) be the c.f.s of £ and S,,/n
respectively. Since {{,,n > 1} is i.i.d., we have

fn(t) = (f(t/n))™. Moreover, from the Taylor expansion
formula, we have

f(t)=1+idut+o(t) as t—0,
since £&; = . Foreveryt € R,

f(t/n) = 1+i%t+o(%) as n — 09,
Folt) = (W45 4 o) = e,

By the inverse limit theorem in we know that S,,/n N (. So,
we have S,,/n Rt . The proof is complete.
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4.2.2 Weak laws of large numbers

Proof (2): For M > 0, let n, = &I{|&| < M},
o = & I{|&| > M. Then

= (! D ot (1

n

— En)| > 6/2)

4 n
S@ Z Var (ni)
k=1

" 4 AM?
<D PlEEHIE] <MY < S

I
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4.2.2 Weak laws of large numbers

n

—E|> (G~ EG)

k=1

n

p(IERG TG ) <

2 & 9 2 4
Sn 22 PG = Bl <2500 Flad < CEllal{lal > MY

Hence,

p (! ZL(&; — E&)| > 6)

2
<+ ZBal{jal > M)

—>O as n — oo, and then M — oo.
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4.2.2 Weak laws of large numbers

Corollary Let {&,,n > 1} be a sequence of pairwise
independent and identically distributed random
variables defined (2, F, P) with E|&| < oo. Let
E& =, S, =X} _1&. Then {&,,n > 1} obeys the
weak LLN, i.e.,

SnP
— — [ as n — Q.
n
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4.2.2 Weak laws of large numbers

Definition In general, suppose {&,,,n > 1} is a
sequence of random variables defined on the
probability space (€2, F, P). If there exist constant
sequences {a,,n > 1} and {b,,n > 1} such that

1 n
—Zﬁk—bn£>0 as n — oo.
Qp

k=1

Then {&,} will be said to obey the weak law of
large numbers, in short {&,,n > 1} obeys LLN.
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The applications of LLN

The applications of LLN

Example
Let {&, k > 1} be a sequence of i.i.d. random
variables with ¢, = p and Varé, = o%. Let

n

_ 1 — R 1 _
En = - kz:;fk, Gy = EZ(@% — &)

k=1

Prove that 52 R 0® and find the asymptotic
distribution of \/ﬁg%;“
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The applications of LLN

5 = =3 (G -&)
k=1
) (R
k=1
= 36w G
k=1

By the Khinchine weak LLN, we have &, — 1.
Thus &, — i L.
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The applications of LLN

Moreover, since {(&, — p)?, k > 1} isi.i.d. and
E(& —p)* = Varg, = 0% {(§& —p)*, k > 1} also
obeys the Khinchine weak LLN, i.e.

S (& — pw)2/n 5 02 Hence 52 5 o2,
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The applications of LLN

Moreover, since {(&, — p)?, k > 1} isi.i.d. and
E(& —p)* = Varg, = 0% {(§& —p)*, k > 1} also
obeys the Khinchine weak LLN, i.e.

S (& — pw)2/n 5 02 Hence 52 5 o2,

By the Lindeberg-Lévy central limit theorem,

\/ﬁgn — M _ ZZ:I(Sk - :LL) i) N(O, 1)

o no?

Hence

s A o . T 1
g
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The applications of LLN

Example Prove that for any ¢ > p > 0,

q 1
lim / / it x”d:ﬁl -dz,, = ]i
n—00 -+ P qg+1
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The applications of LLN

Example Prove that for any ¢ > p > 0,

a 1
lim/ / x1+ +x”d:c1~-dxn:]i.
n—00 —|—xn q—|—1

Proof. Let {{} i.i.d. ~U(0,1), and let

g4l
g

Then 0 <7, <1 and
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The applications of LLN

On the other hand, by WLLN,
il = P 1
- § : q Eed —
i %7 B q+1
1l = P 1
- E (A Y O S G p—
n e & & p+1

So,

= ——.
7 |

Hence
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Convergence in mean of order r :

Definition 3 Let r > 0, £ and {&,,n > 1} be
random variables defined on (2, F, P) with
E|£]" < 0o and El&,|" < co. If

El&, —&" — 0,

then we say that {&,,n > 1} converges in mean of
order r to &, denoted by &, L €.
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4.2 Convergence in probability and weak law of large numbers

Convergence in mean of order r :
Definition 3 Let r > 0, £ and {&,,n > 1} be
random variables defined on (2, F, P) with
E|€|" < 0o and E|&,|" < co. If

El&, —&" — 0,

then we say that {&,,n > 1} converges in mean of
order r to &, denoted by &, L €.

656 > 6 D¢E
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4.2 Convergence in probability and weak law of large numbers

Convergence in mean of order r :
Definition 3 Let r > 0, £ and {&,,n > 1} be
random variables defined on (2, F, P) with
E|€|" < 0o and E|&,|" < co. If

El&, —&" — 0,

then we say that {&,,n > 1} converges in mean of
order r to &, denoted by &, L €.

656 > 6 D¢E

65 E 4 & DE



Chapter 3 Probability Limit Theorems
4.2 Convergence in probability and weak law of large numbers

Convergence in mean of order r

Example 5. Define &, by

P(&, =n) =1/log(n + 3),

P =0)=1—1/log(n+3),n=1,2,---. ltis

easy to know &, N 0, but for any 0 < r < o0,
n’

El&| = > 00.

That is, &, Ly 0 does not hold true.
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