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4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

4.2 Convergence in probability and weak law of

large numbers

4.2.1 Convergence in probability

Definition Suppose ξ and {ξn, n ≥ 1}, are defined

on the same probability space (Ω,F , P ). If for any

ε > 0

lim
n→∞

P (|ξn − ξ| ≥ ε) = 0,

or equivalently limn→∞ P (|ξn − ξ| < ε) = 1, then

we say that ξn converges to ξ in probability, written

ξn
P→ ξ.
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4.2.1 Convergence in probability

Throwing a dot in [0, 1] randomly, the dot is located
any point in [0, 1] with the same possibility. Let ω
denote the location of dot and define

ξ(ω) =

{
1, ω ∈ [0, 0.5],

0, ω ∈ (0.5, 1],
η(ω) =

{
0, ω ∈ [0, 0.5],

1, ω ∈ (0.5, 1].

Then ξ and η have the same distribution function

F (x) =


0, x < 0,
1
2
, 0 ≤ x < 1,

1, x ≥ 1.

If we define ξn = ξ, for n ≥ 1, then ξn
d−→ η, but

|ξn − η| ≡ 1.
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4.2.1 Convergence in probability

1 Suppose ξ and {ξn, n ≥ 1} are random

variables defined on the probability space

(Ω,F , P ).

(1) If ξn
P→ ξ, then ξn

d→ ξ.

(2) If ξn
d→ c, where c is a constant, then

ξn
P→ c.

Proof. (1) Let F and Fn be the cdfs of ξ and ξn

respectively, and let x be a continuity point of F .
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4.2.1 Convergence in probability

For any ε > 0,

(ξn ≤ x) = (ξn ≤ x, |ξn − ξ| < ε)

+(ξn ≤ x, |ξn − ξ| ≥ ε)

⊂ (ξ ≤ x+ ε) ∪ (|ξn − ξ| ≥ ε).

Thus

Fn(x) ≤ F (x+ ε) + P (|ξn − ξ| ≥ ε).
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4.2.1 Convergence in probability

Since ξn
P−→ ξ as n −→∞, we obtain

P (|ξn − ξ| ≥ ε) −→ 0 as n −→∞.

Thus

lim sup
n→∞

Fn(x) ≤ F (x+ ε).
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Since ξn
P−→ ξ as n −→∞, we obtain

P (|ξn − ξ| ≥ ε) −→ 0 as n −→∞.

Thus

lim sup
n→∞

Fn(x) ≤ F (x+ ε).



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Similarly

(ξ ≤ x) ⊂ (ξn ≤ x+ ε) ∪ (|ξ − ξn| ≥ ε)

and thus

F (x) ≤ Fn(x+ ε) + P (|ξn − ξ| ≥ ε).

So

F (x− ε) ≤ Fn(x) + P (|ξn − ξ| ≥ ε).

Thus

F (x− ε) ≤ lim inf
n→∞

Fn(x).
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4.2.1 Convergence in probability

We conclude that

F (x−ε) ≤ lim inf
n→∞

Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ F (x+ε).

Letting ε→ 0 yields

lim
n→∞

Fn(x) = F (x).

That is

ξn
d−→ ξ.
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4.2.1 Convergence in probability

We conclude that

F (x−ε) ≤ lim inf
n→∞

Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ F (x+ε).

Letting ε→ 0 yields

lim
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Fn(x) = F (x).
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4.2.1 Convergence in probability

(2) If ξn
d→ c, then

lim
n→∞

Fn(x) =

{
0, x < c,

1, x > c.

Hence for any ε > 0,

P (|ξn − c| ≥ ε)

= P (ξn ≥ c+ ε) + P (ξn ≤ c− ε)
= 1− P (ξn < c+ ε) + P (ξn ≤ c− ε)
= 1− Fn(c+ ε− 0) + Fn(c− ε)
→ 0 (n→∞).

The proof is complete.
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4.2.1 Convergence in probability

Example 1 Let {ξn} be a sequence of i.i.d.

random variables with the common uniform

distribution in [0, a]. Let ηn = max{ξ1, ξ2, · · · , ξn}.
Prove that ηn

P→ a.

Proof.

Let F (x) be the distribution function of ξk.

then the distribution function of ηn is

Gn(x) = (F (x))n.
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4.2.1 Convergence in probability

Now the distribution function of ξk is

F (x) =


0, x < 0,

x/a, 0 ≤ x < a,

1, x ≥ a.

Hence

Gn(x) =


0, x < 0,

(x/a)n, 0 ≤ x < a,

1, x ≥ a,

→ D(x− a) =

{
0, x < a,

1, x ≥ a,
as n→∞.

So ηn
d→ a and a is a constant. So ηn

P→ a.
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4.2.1 Convergence in probability

2 Let {ξ, ξn, n ≥ 1} be a sequence of random

variables defined on the probability space

(Ω,F , P ). Prove that

(1) If ξn
P→ ξ, ξn

P→ η, then P (ξ = η) = 1.

(2) If ξn
P−→ ξ, f is the continuous function on

(−∞,∞), then f(ξn)
P−→ f(ξ).

In general, if ξn
P→ ξ, ηn

P→ η and f(x, y) is a

continuous function, then

f(ξn, ηn)
P→ f(ξ, η).
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4.2.1 Convergence in probability

Proof. (1) For any ε > 0, we have

(|ξ − η| ≥ ε) ⊆ (|ξn − ξ| ≥
ε

2
) ∪ (|ξn − η| ≥

ε

2
).

Thus

P (|ξ − η| ≥ ε) ≤ P (|ξn − ξ| ≥
ε

2
) + P (|ξn − η| ≥

ε

2
).

Note that the left side of the above inequality is independent

of n and ξn
P−→ ξ, ξn

P−→ η as n −→∞. Therefore

P (|ξ − η| ≥ ε) = 0. Furthermore,

P (|ξ − η| > 0) = P (
∞⋃
n=1

(|ξ − η| ≥ 1

n
))

≤
∞∑
n=1

P (|ξ − η| ≥ 1

n
) = 0,

i.e., P (ξ = η) = 1.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Proof. (1) For any ε > 0, we have

(|ξ − η| ≥ ε) ⊆ (|ξn − ξ| ≥
ε

2
) ∪ (|ξn − η| ≥

ε

2
).

Thus

P (|ξ − η| ≥ ε) ≤ P (|ξn − ξ| ≥
ε

2
) + P (|ξn − η| ≥

ε

2
).

Note that the left side of the above inequality is independent

of n and ξn
P−→ ξ, ξn

P−→ η as n −→∞. Therefore

P (|ξ − η| ≥ ε) = 0.

Furthermore,

P (|ξ − η| > 0) = P (
∞⋃
n=1

(|ξ − η| ≥ 1

n
))

≤
∞∑
n=1

P (|ξ − η| ≥ 1

n
) = 0,

i.e., P (ξ = η) = 1.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Proof. (1) For any ε > 0, we have

(|ξ − η| ≥ ε) ⊆ (|ξn − ξ| ≥
ε

2
) ∪ (|ξn − η| ≥

ε

2
).

Thus

P (|ξ − η| ≥ ε) ≤ P (|ξn − ξ| ≥
ε

2
) + P (|ξn − η| ≥

ε

2
).

Note that the left side of the above inequality is independent

of n and ξn
P−→ ξ, ξn

P−→ η as n −→∞. Therefore

P (|ξ − η| ≥ ε) = 0. Furthermore,

P (|ξ − η| > 0) = P (
∞⋃
n=1

(|ξ − η| ≥ 1

n
))

≤
∞∑
n=1

P (|ξ − η| ≥ 1

n
) = 0,

i.e., P (ξ = η) = 1.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

(2) For any given ε′ > 0, there exists an M > 0 satisfying

P (|ξ| ≥M) ≤ P (|ξ| ≥ M

2
) ≤ ε′

4
. (1)

Since ξn
P−→ ξ, when n ≥ N1 for some N1 ≥ 1,

P (|ξn − ξ| ≥
M

2
) ≤ ε′

4
.

Hence

P (|ξn| ≥M) ≤ P (|ξn − ξ| ≥
M

2
) + P (|ξ| ≥ M

2
)

≤ ε′

4
+
ε′

4
=
ε′

2
. (2)

And for f(x) is continuous function on (−∞,∞), then f(x) is

uniformly continuous in [−M,M ]. For given ε > 0, there

exists δ > 0, when |x− y| < δ, |f(x)− f(y)| < ε.
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4.2.1 Convergence in probability

Thus

P (|f(ξn)− f(ξ)| ≥ ε)

≤ P (|f(ξn)− f(ξ)| ≥ ε, |ξn − ξ| < δ, |ξn| < M, |ξ| < M)

+P (|f(ξn)− f(ξ)| ≥ ε, |ξn − ξ| ≥ δ, |ξn| < M, |ξ| < M)

+P (|ξn| ≥M) + P (|ξ| ≥M)

≤ P (|ξn − ξ| ≥ δ) + P (|ξn| ≥M) + P (|ξ| ≥M). (3)

For the above δ, when n ≥ N2 for some N2 ≥ 1,

P (|ξn − ξ| ≥ δ) ≤ ε′

4
. (4)

Combining (1), (2), (3) and (4), we obtain

P (|f(ξn)− f(ξ)| ≥ ε) ≤ ε′

4
+
ε′

2
+
ε′

4
= ε′

provided n ≥ max{N1, N2}. Thus f(ξn)
P−→ f(ξ).
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4.2.1 Convergence in probability

In general, if

ξn =: (ξn,1, . . . , ξn,m)
P→ ξ := (ξ1, . . . , ξm)

(i.e., ‖ξn − ξ‖ → 0, or equivalently, ξn,k → ξk,

k = 1, . . . ,m)

and f(x) is a m-dimensional continuous function,

then

f(ξn)
P→ f(ξ).
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4.2.1 Convergence in probability

Proof. For any ε > 0 and M > 0, choose 0 < δ < M/2 such

that |f(x)− f(y)| < ε whenever

‖x− y‖ < δ, ‖x‖ ≤M, ‖y‖ ≤M .

Then

{|f(x)− f(y)| ≥ ε}

⊂{‖x− y‖ ≥ δ}
⋃
{‖x‖ > M}

⋃
{‖y‖ > M}

⊂{‖x− y‖ ≥ δ}
⋃
{‖y‖ > M/2} .

So,

P (|f(ξn)− f(ξ)| ≥ ε)

≤P (‖ξn − ξ‖ ≥ δ) + P (‖ξ‖ > M/2)→ 0,

as n→∞ and then M →∞.
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4.2.1 Convergence in probability

3 We have
1 If ξn

P→ ξ, ηn
P→ η, then ξn ± ηn

P→ ξ ± η;

2 If ξn
P→ ξ, ηn

P→ η, then ξnηn
P→ ξη;

3 If ξn
P→ ξ, ηn

P→ c, where c is a constant, both ηn
and c are not 0, then ξn/ηn

P→ ξ/c;

4 If ξn
d→ ξ, ηn

P−→ c, where c is a constant, then

ξn + ηn
d→ ξ + c, ηnξn

d→ cξ .
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P→ ξη;
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P→ c, where c is a constant, both ηn
and c are not 0, then ξn/ηn
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P−→ c, where c is a constant, then

ξn + ηn
d→ ξ + c, ηnξn

d→ cξ .



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

3 We have
1 If ξn

P→ ξ, ηn
P→ η, then ξn ± ηn

P→ ξ ± η;

2 If ξn
P→ ξ, ηn

P→ η, then ξnηn
P→ ξη;

3 If ξn
P→ ξ, ηn

P→ c, where c is a constant, both ηn
and c are not 0, then ξn/ηn

P→ ξ/c;

4 If ξn
d→ ξ, ηn

P−→ c, where c is a constant, then

ξn + ηn
d→ ξ + c, ηnξn

d→ cξ .



Chapter 3 Probability Limit Theorems c©Üá#
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4.2.1 Convergence in probability

Proof. We only give a proof of (3) and (4).

By

(2), it is sufficient to show that η−1
n

P→ c−1. For any

ε > 0, let δ = min{ε1
2c

2, 1
2 |c|}. If |ηn − c| < δ, then

|ηn| > |c| − δ > 1
2 |c|, and so

∣∣η−1
n − c−1

∣∣ =
|ηn − c|
|ηn||c|

<
ε1

2c
2

1
2 |c| · |c|

= ε.

It follows that

P
(∣∣η−1

n − c−1
∣∣ ≥ ε

)
≤ P (|ηn − c| ≥ δ)→ 0.
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4.2.1 Convergence in probability

For (4), it suffices to show that for any bounded

continuous function g(x, y) we have

Eg(ξn, ηn)→ Eg(ξ, c). (∗)

If fact, choosing g(x, y) = eit(x+y) and

g(x, y) = eitxy yields

Eeit(ξn+ηn) → Eeit(ξ+c), Eeit(ξnηn) → Eeit(cξ),

respectively, which completes the proof by the

inverse limit theorem.
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4.2.1 Convergence in probability

Now, suppose g(x, y) is a continuous function with

|g(x, y)| ≤M , then it is uniformly continuous in

any bounded area. So for any given ε > 0 and any

A > 0 there exist a δ = δ(A, ε, g) > 0 such that

|g(ξn, ηn)− g(ξn, c)| ≤ ε whenever |ηn − c| ≤ δ and

|ξn| ≤ A.
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4.2.1 Convergence in probability

Then

|Eg(ξn, ηn)− Eg(ξ, c)|
≤ |Eg(ξn, ηn)− Eg(ξn, c)|+ |Eg(ξn, c)− Eg(ξ, c)|
≤ E [|g(ξn, ηn)− g(ξn, c)|] + |Eg(ξn, c)− Eg(ξ, c)|

≤ ε+ 2MP (|ηn − c| > δ)

+ |Eg(ξn, c)− Eg(ξ, c)|+ 2MP (|ξn| > A).

The second term will converge to zero because

ηn
P→ c. The third will also converge to zero

because ξn
d→ ξ and g(x, c) is a continuous function

of x.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

Then

|Eg(ξn, ηn)− Eg(ξ, c)|
≤ |Eg(ξn, ηn)− Eg(ξn, c)|+ |Eg(ξn, c)− Eg(ξ, c)|
≤ E [|g(ξn, ηn)− g(ξn, c)|] + |Eg(ξn, c)− Eg(ξ, c)|
≤ ε+ 2MP (|ηn − c| > δ)

+ |Eg(ξn, c)− Eg(ξ, c)|+ 2MP (|ξn| > A).

The second term will converge to zero because

ηn
P→ c. The third will also converge to zero

because ξn
d→ ξ and g(x, c) is a continuous function

of x.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.1 Convergence in probability

For the fourth term, we can choose A such that ±A
is continuous points of the distribution function of

ξ. Then 2MP (|ξn| > A) will converges to

2MP (|ξ| > A),

which can be smaller than the given ε > 0 if A is

large enough.

Finally, by the arbitrariness of ε, (∗) is proved.
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4.2.1 Convergence in probability

Markov’s inequality. Let ξ be a random variable

defined on the probability space (Ω,F , P ), f(x) be

a non-negatively monotonically non-decreasing

function on [0,∞), then for any x > 0,

P (|ξ| > x) ≤ Ef(|ξ|)
f(x)

.
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4.2.1 Convergence in probability

4 ξn
P→ ξ if and only if

E
|ξn − ξ|2

1 + |ξn − ξ|2
−→ 0.

Proof. Let Fn(x) denote the distribution function
of ξn − ξ. Sufficiency: We have

P (|ξn − ξ| > ε) =

∫
|x|>ε

dFn(x)

≤
∫
|x|>ε

1 + ε2

ε2
x2

1 + x2
dFn(x)

≤ 1 + ε2

ε2
E
|ξn − ξ|2

1 + |ξn − ξ|2
→ 0 as n→∞.

That is ξn
P−→ ξ.
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4.2.1 Convergence in probability

Necessity: For any ε > 0,

E
|ξn − ξ|2

1 + |ξn − ξ|2
=

∫ +∞

−∞

x2

1 + x2
dFn(x)

=

∫
|x|<ε

x2

1 + x2
dFn(x) +

∫
|x|≥ε

x2

1 + x2
dFn(x)

≤ ε2

1 + ε2
+

∫
|x|≥ε

dFn(x)

=
ε2

1 + ε2
+ P (|ξn − ξ| ≥ ε).

Since ξn
P→ ξ, first letting n→∞ and then letting

ε→ 0 yield

E
|ξn − ξ|2

1 + |ξn − ξ|2
−→ 0.
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4.2.1 Convergence in probability

Let

ρ(ξ, η) = E
|ξ − η|

1 + |ξ − η|
.

Theorem

ρ(·, ·) satisfies

ρ(ξ, η) = 0 if and only if P (ξ = η) = 1;

ρ(ξ, η) = ρ(η, ξ);

ρ(ξ, τ) ≤ ρ(ξ, η) + ρ(η, τ).
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4.2.1 Convergence in probability

Let

R = {ξ : ξ is a random variable on (Ω,F , P )}.

Theorem

(R, ρ) is a metric space;

(R, ρ) = (R,
P→);

(R, ρ) is complete, i.e., ξn − ξm
P→ 0 as

n,m→∞ if and only if there exists a

random variable ξ such that ξn
P→ ξ.
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4.2.1 Convergence in probability

5 Suppose ξn
P→ ξ, P (|ξn| ≤ η) = 1 and

Eη <∞. Then

Eξn → Eξ.

Proof. First, we have P (|ξ| ≤ η) = 1. In fact, for

any ε > 0,

P (|ξ| > η + ε) = P (|ξ| > η + ε, |ξn − ξ| < ε)

+P (|ξ| > η + ε, |ξn − ξ| ≥ ε)

≤ P (|ξn − ξ| ≥ ε)→ 0,

which implies P (|ξ| ≤ η) = 1.
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4.2.1 Convergence in probability

Now, for any ε > 0 and M > 0, we have

|ξn − ξ| ≤ ε+ |ξn − ξ|I{|ξn − ξ| ≥ ε}
≤ ε+ 2ηI{|ξn − ξ| ≥ ε}
≤ ε+ 2MI{|ξn − ξ| ≥ ε}+ 2ηI{η ≥M} a.s..

For any ε > 0, choose M > 0 large enough such

that

EηI{η ≥M} =

∫
y≥M

ydFη(y) < ε/4.

Then choose N large enough such that

P (|ξn − ξ| ≥ ε) < ε/(4M), n ≥ N.
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4.2.1 Convergence in probability

Then for n ≥ N ,

|Eξn − Eξ| ≤ E|ξn − ξ|
≤ ε+ 2MP (|ξn − ξ| ≥ ε) + 2EηI{η ≥M} < 2ε.
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4.2.2 Weak laws of large numbers

4.2.2 Weak laws of large numbers

Consider the event A in random trial E. Suppose

the probability of occurring A is p (0 < p < 1).

Now we experiment independently n times—n-fold

Bernoulli trial. Let

ξi =

{
1, A occurs at the i-th trial,

0, A does not occur at the i-th trial,

1 ≤ i ≤ n. Then P (ξi = 1) = p,

P (ξi = 0) = 1− p. Let Sn = Σn
i=1ξi. Then

Sn
n

= Fn(A)−−− the frequency of A.
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4.2.2 Weak laws of large numbers

What does

Sn
n

= Fn(A) ≈ P (A) = p

mean?

For any ε > 0 we can not except that

|Sn/n− p| ≤ ε holds for all the trials even if n is

big enough.

It is nature to hope that the probability to appear

{|Sn/n− p| ≥ ε} could be as smaller as possible

when n is large enough.
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4.2.2 Weak laws of large numbers

Theorem 4 (Bernoulli) Let {ξn, n ≥ 1} be a

sequence of independent and identically distributed

random variables with P (ξn = 1) = p,

P (ξn = 0) = 1− p, 0 < p < 1. Put Sn = Σn
i=1ξi.

Then we have
Sn
n

P−→ p,

i.e., for any ε > 0 and δ > 0, there is a

N = N(ε, δ) such that

P

(∣∣∣∣Snn − p
∣∣∣∣ ≥ ε

)
< δ, for all n ≥ N.
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4.2.2 Weak laws of large numbers

Theorem 5(Chebyshev) Let {ξn, , n ≥ 1} be a

sequence of independent (or pairwise correlated)

random variables defined on the probability space

(Ω,F , P ) with Eξn = µn and V arξn = σ2
n. If

Σn
k=1σ

2
k/n

2 −→ 0, then {ξn, n ≥ 1} obeys the weak

law of large numbers, i.e.,

1

n

n∑
k=1

ξk −
1

n

n∑
k=1

µk
P−→ 0.
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4.2.2 Weak laws of large numbers

Using the Chebyshev inequality, we have

P (|1
n

n∑
k=1

(ξk − µk)| ≥ ε)

≤ P

(∣∣∣1
n

n∑
k=1

ξk − E
1

n

n∑
k=1

ξk

∣∣∣ ≥ ε

)

≤ 1

ε2
V ar(

1

n

n∑
k=1

ξk)

=
1

ε2n2

n∑
k=1

σ2
k −→ 0 ; as n −→∞.

The proof is complete.
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4.2.2 Weak laws of large numbers

Example 8. Suppose that ξk ∼

(
ks −ks

0.5 0.5

)
,

where s < 1/2 is a constant, and {ξk, k ≥ 1} is

indept.. Prove that {ξk, k ≥ 1} obeys the weak

LLN.
Proof.

We have Eξk = 0, V arξk = k2s. When s < 1/2,

1

n2

n∑
k=1

V arξk =
1

n2

n∑
k=1

k2s <
1

n2

n∑
k=1

n2s = n2s−1 −→ 0.

In addition, {ξk, k ≥ 1} is also independent, so {ξk, k ≥ 1}
obeys the Chebyshev LLN, i.e.,

1

n

n∑
k=1

ξk
P−→ 0.
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4.2.2 Weak laws of large numbers

Theorem 6 (Khinchine) Let {ξn, n ≥ 1} be a

sequence of independent and identically distributed

random variables defined (Ω,F , P ) with

E|ξ1| <∞. Let Eξ1 = µ, Sn = Σn
k=1ξk. Then

{ξn, n ≥ 1} obeys the weak LLN, i.e.,

Sn
n

P→ µ as n→∞.
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4.2.2 Weak laws of large numbers

Proof. Let f(t) and fn(t) be the c.f.s of ξ1 and Sn/n

respectively.

Since {ξn, n ≥ 1} is i.i.d., we have

fn(t) = (f(t/n))n. Moreover, from the Taylor expansion

formula, we have

f(t) = 1 + iµt+ o(t) as t −→ 0,

since Eξ1 = µ. For every t ∈ R,

f(t/n) = 1 + i
µt

n
+ o(

1

n
) as n→∞,

fn(t) = (1 + i
µt

n
+ o(

1

n
))n → eiµt.

By the inverse limit theorem in we know that Sn/n
d→ µ. So,

we have Sn/n
P→ µ. The proof is complete.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof. Let f(t) and fn(t) be the c.f.s of ξ1 and Sn/n

respectively. Since {ξn, n ≥ 1} is i.i.d., we have

fn(t) = (f(t/n))n. Moreover, from the Taylor expansion

formula, we have

f(t) = 1 + iµt+ o(t) as t −→ 0,

since Eξ1 = µ.

For every t ∈ R,

f(t/n) = 1 + i
µt

n
+ o(

1

n
) as n→∞,

fn(t) = (1 + i
µt

n
+ o(

1

n
))n → eiµt.

By the inverse limit theorem in we know that Sn/n
d→ µ. So,

we have Sn/n
P→ µ. The proof is complete.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof. Let f(t) and fn(t) be the c.f.s of ξ1 and Sn/n

respectively. Since {ξn, n ≥ 1} is i.i.d., we have

fn(t) = (f(t/n))n. Moreover, from the Taylor expansion

formula, we have

f(t) = 1 + iµt+ o(t) as t −→ 0,

since Eξ1 = µ. For every t ∈ R,

f(t/n) = 1 + i
µt

n
+ o(

1

n
) as n→∞,

fn(t) = (1 + i
µt

n
+ o(

1

n
))n → eiµt.

By the inverse limit theorem in we know that Sn/n
d→ µ. So,

we have Sn/n
P→ µ. The proof is complete.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof. Let f(t) and fn(t) be the c.f.s of ξ1 and Sn/n

respectively. Since {ξn, n ≥ 1} is i.i.d., we have

fn(t) = (f(t/n))n. Moreover, from the Taylor expansion

formula, we have

f(t) = 1 + iµt+ o(t) as t −→ 0,

since Eξ1 = µ. For every t ∈ R,

f(t/n) = 1 + i
µt

n
+ o(

1

n
) as n→∞,

fn(t) = (1 + i
µt

n
+ o(

1

n
))n → eiµt.

By the inverse limit theorem in we know that Sn/n
d→ µ. So,

we have Sn/n
P→ µ. The proof is complete.



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

4.2.2 Weak laws of large numbers

Proof (2): For M > 0, let ηk = ξkI{|ξk| ≤M},
ζk = ξkI{|ξk| > M}. Then

P

(
|
∑n

k=1(ηk − Eηk)|
n

≥ ε/2

)
≤ 4

ε2n2

n∑
k=1

V ar (ηk)

≤
n∑
k=1

4

ε2n2
E[ξ2kI{|ξk| ≤M}] ≤ 4M2

ε2n
;
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P

(
|
∑n

k=1(ζk − Eζk)|
n

≥ ε/2

)
≤ 2

εn
E

∣∣∣∣∣
n∑
k=1

(ζk − Eζk)

∣∣∣∣∣
≤ 2

εn

n∑
k=1

E|ζk − Eζk| ≤ 2
2

εn

n∑
k=1

E|ζk| ≤
4

ε
E[|ξ1|I{|ξ1| > M}].

Hence,

P

(
|
∑n

k=1(ξk − Eξk)|
n

≥ ε

)
≤4M2

ε2n
+

4

ε
E[|ξ1|I{|ξ1| > M}]

→ 0 as n→∞, and then M →∞.
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4.2.2 Weak laws of large numbers

Corollary Let {ξn, n ≥ 1} be a sequence of pairwise

independent and identically distributed random

variables defined (Ω,F , P ) with E|ξ1| <∞. Let

Eξ1 = µ, Sn = Σn
k=1ξk. Then {ξn, n ≥ 1} obeys the

weak LLN, i.e.,

Sn
n

P→ µ as n→∞.
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4.2.2 Weak laws of large numbers

Definition In general, suppose {ξn, , n ≥ 1} is a

sequence of random variables defined on the

probability space (Ω,F , P ). If there exist constant

sequences {an, n ≥ 1} and {bn, n ≥ 1} such that

1

an

n∑
k=1

ξk − bn
P→ 0 as n→∞.

Then {ξn} will be said to obey the weak law of

large numbers, in short {ξn, n ≥ 1} obeys LLN.
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The applications of LLN

Example

Let {ξk, k ≥ 1} be a sequence of i.i.d. random

variables with Eξk = µ and V arξk = σ2. Let

ξ̄n =
1

n

n∑
k=1

ξk, σ̂2
n =

1

n

n∑
k=1

(ξk − ξ̄n)2.

Prove that σ̂2
n

P→ σ2 and find the asymptotic

distribution of
√
n ξ̄n−µσ̂n

.
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Proof.

σ̂2
n =

1

n

n∑
k=1

(ξk − ξ̄n)2

=
1

n

n∑
k=1

((ξk − µ)− (ξ̄n − µ))2

=
1

n

n∑
k=1

(ξk − µ)2 − (ξ̄n − µ)2.

By the Khinchine weak LLN, we have ξ̄n
P−→ µ.

Thus ξ̄n − µ
P−→ 0.
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The applications of LLN

Moreover, since {(ξk − µ)2, k ≥ 1} is i.i.d. and

E(ξk − µ)2 = V arξk = σ2, {(ξk − µ)2, k ≥ 1} also

obeys the Khinchine weak LLN, i.e.∑n
k=1(ξk − µ)2/n

P→ σ2. Hence σ̂2
n

P→ σ2.

By the Lindeberg-Lévy central limit theorem,

√
n
ξ̄n − µ
σ

=

∑n
k=1(ξk − µ)√

nσ2

d→ N(0, 1).

Hence

√
n
ξ̄n − µ
σ̂n

=
σ

σ̂n
·
√
n
ξ̄n − µ
σ

d→ N(0, 1).



Chapter 3 Probability Limit Theorems c©Üá#
4.2 Convergence in probability and weak law of large numbers

The applications of LLN

Moreover, since {(ξk − µ)2, k ≥ 1} is i.i.d. and

E(ξk − µ)2 = V arξk = σ2, {(ξk − µ)2, k ≥ 1} also

obeys the Khinchine weak LLN, i.e.∑n
k=1(ξk − µ)2/n

P→ σ2. Hence σ̂2
n

P→ σ2.
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The applications of LLN

Example Prove that for any q > p > 0,

lim
n→∞

∫ 1

0

· · ·
∫ 1

0

xq1 + · · ·+ xqn
xp1 + · · ·+ xpn

dx1 · · · dxn =
p+ 1

q + 1
.

Proof. Let {ξi} i.i.d. ∼ U(0, 1), and let

ηn =
ξq1 + · · ·+ ξqn
ξp1 + · · ·+ ξpn

.

Then 0 ≤ ηn ≤ 1 and∫ 1

0

· · ·
∫ 1

0

xq1 + · · ·+ xqn
xp1 + · · ·+ xpn

dx1 · · · dxn = Eηn.
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On the other hand, by WLLN,

1

n

n∑
k=1

ξqk
P→ Eξq1 =

1

q + 1

1

n

n∑
k=1

ξpk
P→ Eξp1 =

1

p+ 1
.

So,

ηn
P→ Eξq1
Eξp1

=
p+ 1

q + 1
.

Hence∫ 1

0

· · ·
∫ 1

0

xq1 + · · ·+ xqn
xp1 + · · ·+ xpn

dx1 · · · dxn = Eηn →
p+ 1

q + 1
.
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Convergence in mean of order r

Convergence in mean of order r :

Definition 3 Let r > 0, ξ and {ξn, n ≥ 1} be

random variables defined on (Ω,F , P ) with

E|ξ|r <∞ and E|ξn|r <∞. If

E|ξn − ξ|r −→ 0,

then we say that {ξn, n ≥ 1} converges in mean of

order r to ξ, denoted by ξn
Lr→ ξ.

ξn
Lr→ ξ ⇒ ξn

P→ ξ.

ξn
Lr→ ξ 6⇐ ξn

P→ ξ.
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Convergence in mean of order r

Example 5. Define ξn by

P (ξn = n) = 1/log(n+ 3),

P (ξn = 0) = 1− 1/log(n+ 3), n = 1, 2, · · · . It is

easy to know ξn
P−→ 0, but for any 0 < r <∞,

E|ξn|r =
nr

log(n+ 3)
−→∞.

That is, ξn
Lr−→ 0 does not hold true.
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