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The pdf of n-dimensional normal distribution

N(a, B) (B is positive definite symmetric matrix) :
1

plx) = W exp{—%(az —a)B ' (x—a)}.
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3.4.1 Density functions and characteristic functions
The pdf of n-dimensional normal distribution
N(a, B) (B is positive definite symmetric matrix) :

1

@) = ez 5@~ @B @~ a))

Its c.f. i
1
f(t) = exp(it'a — §t,Bt>’

f(t1,- -+ ,tn) = exp(d Zaktk__zzblstlt

=1 s=1
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Proof. Write B = LL' (L = BY/?). Let n = L"'(¢ —a) .
Then by Theorem 2 in §2.5, the pdf of 1 is

Po(y) = p(@)|L| (where == L(y+a))
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Proof. Write B = LL' (L = BY/?). Let n = L"'(¢ —a) .
Then by Theorem 2 in §2.5, the pdf of 1 is

Po(y) = p(@)|L| (where == L(y+a))

= Tl - e () e - a)
1 1

2
Y;
exp{— DRA

(amy? Var

i.e, M, ,ny idd. ~ N(0,1). From Property 3’ in §3.3 it
follows that

1 n
= —=n o5yl = 11
=1

n
2
23

fult) = T = exp{ -3¢,
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Also & = Ln + a. It follows that
F(t) = Bel = (itapeitin _ gte gy
= " exp{— 3 (L) (L'E)}
_ ita eXp{—%t’LL’t)}
_ ita eXp{—%t’Bt}

1
= exp{it'a — §t’Bt}.
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When B is non-negative definite,
f(t) = exp(it'a — %t'Bt)

is also a c.f.. In fact, Write B = LL/, if
n = N(0,1I,,), then the c.f. of E =Ln+ais

f(#).
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3.4.1 Density functions and (hala(tellshc functions

When B is non-negative definite,
f(t) = exp(it'a — %t'Bt)

is also a c.f.. In fact, Write B = LL/, if

n = N(0,1I,,), then the c.f. of E =Ln+ais
f(@).

We call the corresponding distribution a singular
normal distribution or a degenerate normal
distribution. When the rank of B is r (r < n), it is
actually only a distribution in r dimensional
subspace.
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3.4.2 Properties
@ Any sub-vector (&, ,&;,) of & also follows

normal distribution as N(a, B), where
a=(a,, - ,a,), Bisakx k matrix
consisting of elements in both [y, ,l; rows
and [y, -, I columns in B. N(a, B) has

expected value a, covariance matrix B.
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3.4.2 Properties
@ Any sub-vector (&, ,&;,) of & also follows

normal distribution as N(a, B), where
a=(a,, - ,a,), Bisakx k matrix
consisting of elements in both [y, ,l; rows
and [y, -, I columns in B. N(a, B) has
expected value a, covariance matrix B.
Proof. In the cf of & fe(t) = exp {it'a — 5t'Bt},
setting all t; except t;,,--- ,%;, to be 0 yields the cf
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@ N(a, B) has expected value a, covariance
matrix B.

Proof. If B is non-singular, the proof is already
given in Section 3.2. When B is singular, suppose
£~ N(a,B), n~ N(0,I), € and n are
independent.



3.4.2 Properties

@ N(a, B) has expected value a, covariance
matrix B.

Proof. If B is non-singular, the proof is already

given in Section 3.2. When B is singular, suppose
£~ N(a,B), n~ N(0,I), € and n are
independent.Then the cfof { =: £+ 1 is

Fo(®) =fe () f(t) = exp {wa Lvpe- %m}

1
= exp {it'a — §tl(B + I)t} :
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non-singular.



It follows that { ~ N(a,B + I)and B+ 1 is
non-singular.So

E¢=a and Var(=B + 1.
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Var( =VarE +Varn =Var§ + 1.
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It follows that { ~ N(a,B + I)and B+ 1 is
non-singular.So

E¢=a and Var(=B + 1.
On the other hand,
E¢=FE¢(+En=FE(+0
and
Var( =VarE +Varn =Var§ + 1.

Hence
EF§=a and Var§ = B.



Q@ &, -, &, with joint normal distribution are

mutually independent iff they are pairwise
uncorrelated. (Proof. Omitted.)
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an m-dimensional normal distribution.
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Proof.
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@ Suppose § = (&1,--+ ;&) ~ N(a, B),
C = (¢ij)mxn IS @an m X n matrix, then

n=CE&+p~N(Ca+p,CBC,

an m-dimensional normal distribution.

Proof.
fa(t) = Eoit (C&+n) _ it pilC't)
_ et f ()
= exp{it' (Ca + p) — %t/CBC’t}_
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@ & is normally distributed iff any linear
combination of its components follows normal
distributions. Specifically, let I = (I3,--- ,1,)’

be any n dimensional real vector, then
¢E~N(a,B) & (=1¢~N(l'a,l'Bl)

& (=) L& ~NO Liag, Y > Lilby)
j=1 j=1

j=1 k=1
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Proof.”=—" ( A special case of Property 4).
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fe(t) = Ee™*



Proof.”=—" ( A special case of Property 4).

Actually,
fet) = Ee™€ = exp {z’(tl)’a — %(tl)’)B(tl)}

1
= exp {it(l'a) — §t2l'Bl} :



Proof.”=—" ( A special case of Property 4).

Actually,
fet) = Ee™€ = exp {z’(tl)’a — %(tl)’)B(tl)}
= exp {it(l'a) — %t%'Bl} :

So ( =1'¢ ~ N(l'a,l'Bl).
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Proof.”=—" ( A special case of Property 4).
Actually,

ﬁ@::Ew“:@m{WWa—;ﬂan%
= exp {it(l'a) — %t%'Bl} :

So ¢ = U€ ~ N(l'a,U'Bl).
"<=" First, by assumption, each ¢, is normal. So
its mean and variance exists, and then Cov{&;, &;}

exists.
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Proof.”=—" ( A special case of Property 4).
Actually,

fet) = Ee™€ = exp {z’(tl)’a — %(tl)’)B(tl)}
= exp {it(l'a) — %t%'Bl} :

So(=U¢&~ N(l'a,U'Bl).
"<«<=" First, by assumption, each & is normal. So
its mean and variance exists, and then Cov{, &, }
exists. Denote @ = F€§ and B = Var§. We want
to show that & ~ N(a, B).
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For any t, let ( = t'£. By assumption, ( is normal.
On the other hand, E( = t'E€ = t'a and
Var( =t'(Var&)t = t'Bt. It follows that

¢~ N(t’a,t’Bt).
Hence

felt) = Eet = f.(1)
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For any t, let ( = t'£. By assumption, ( is normal.
On the other hand, E( = t'E€ = t'a and
Var( =t'(Var&)t = t'Bt. It follows that

¢~ N(t’a,t’Bt).
Hence

fe(t) = Ee"® = f(1)
= exp {it'a — %t'Bt} .

So, £ ~ N(a, B).
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@ Assume that £ ~ N(a, B), & = (&}, &),
where &1, &> are k and n — k-dimensional
sub-vectors of & respectively, and

By B
B n b
Bo1 Ba
Then & ~ N(a1, Bi1), §& ~ N(az, B); and,
&1 and & are independent if and only if
B2 =0 (resp. By =0), i.e.,
Cov{&1,&} = E[(& — E&)(& — E&)'| =0
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it is obvious that, if & and &5 are independent, then

By = E(& — E&)E(& — E&)' =0.
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Proof. The first of conclusion is obvious. And also,
it is obvious that, if & and &5 are independent, then

By = E(& — E&)E(& — E&)' =0.

Conversely, if Bis = 0 and By = 0, then

1
fe(t) = exp {ia’t — §t’Bt}
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Proof. The first of conclusion is obvious. And also,
it is obvious that, if & and &5 are independent, then

By =E(§1 — E&)E(& — E&) =0
Conversely, if Bis = 0 and By = 0, then
- ]‘ /
fe(t) = exp {w, t— §t Bt}

: : 1 1
= exp {za’ltl + ZO,/QtQ — §t/1311t1 - EtIQBQQtQ}
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Proof. The first of conclusion is obvious. And also,
it is obvious that, if & and &5 are independent, then

By = E(§1 — E&)E(§ — E€) =0.
Conversely, if Bis = 0 and By = 0, then
.y 1 /
fe(t) = exp {w, t— §t Bt}
.y . 1 / 1 /
= exp za,ltl + za2t2 — §tlBllt1 - EtQBQQtQ
= Jfe,(t) fe, (E2).
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@ Assume that £ ~ N(a, B), £ = (&1, &),
where &1, &> are k and n — k-dimensional
sub-vectors of & respectively,

By1 Bio
By Bao
is positive definite and &; ~ N(ay, Bi1),
€5 ~ N(asz, By). Then conditioning on
&1 = a1, the conditional distribution of &5 is a
normal distribution

N(CLQ -+ Bngl_ll (331 — CI,1>, B22 — Bngl_llBlg).
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Proof. Let
n=E& —ay— ByB' (& —ay).

Then (&1, m) is still normal random vector, and
&2 = ay + Bu By (& — a1) + .
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Proof. Let

n =& — as — By B (& — ay).

Then (&1, m) is still normal random vector, and
& =asg + Bngﬁl(fl —ay) +m. It is easily seen
that Em = 0 and

VCLT’I’] :BQQ — 232131_11312 aiE B21B1_11B11(B21Bl_11)/
=By — By By} Ba=X.

It follows that n ~ N(0,X).
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Also,

En(& — ay) = By — By By' By = 0.



En(& — ay) = By — By By' By = 0.

It follows that &; and m are independent.



En(& — ay) = By — By By' By = 0.

It follows that &; and m are independent.

Ne,_p, ~ N(0,X).
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Also,

En(& — ay) = By — By By' By = 0.
It follows that &; and m are independent.
Ne,_p, ~ N(0,X).
It follows that

€2|€1:w1 =ay + By By (1 — a1) + 77‘51:331
NN(CLQ + Bngil(wl — al), E)
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Example
Suppose &1, ..., &, be ii.d. normal N(u,o?)
random variables. Let

Show that ¢ and &2 are independent.




Proof. Since (£,&, —&,..., &, — &) is a linear
transform of the normal vector (&1,...,&,), so it is

also a normal vector.
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Proof. Since (£,&, —&,..., &, — &) is a linear
transform of the normal vector (&1,...,&,), so it is
also a normal vector. On the other hand,

COU{E? fk — E} :COU{Ev gk} T VCL’I“{E}

1 1
=—0’— —0>=0.
n n
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Proof. Since (£,&, —&,..., &, — &) is a linear
transform of the normal vector (&1,...,&,), so it is
also a normal vector. On the other hand,

COU{E? fk — E} :COU{Ev gk} T VCL’I“{E}
210'2 = l0'2 = O
n n

Hence € and (&, — &, ..., &, — &) are independent.
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Proof. Since (£,&, —&,..., &, — &) is a linear
transform of the normal vector (&1,...,&,), so it is
also a normal vector. On the other hand,

COU{E? fk — E} :COU{Ev gk} T VCL’I“{E}
210'2 = l0'2 = 0
n n

Hence € and (&, — &, ..., &, — &) are independent.
So € and 52 are independent.
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Example 1. Assume

£ = (&.&) ~ N(ay,az,0%, 0%, 1), prove

m =& + & and o = & — & are independent, and
find respective distributions of 7y, 7.
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Solution. Since (n1,72) is a linear transform of
(&1,&2), so (n1,12) follows a normal distribution.
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Solution. Since (n1,72) is a linear transform of
(&1,&2), so (n1,12) follows a normal distribution.
AlSO, Enl = ay + as, ET]Q = a; — aog,

Varm = Var& + Varé + 2Cov{&, &}
= 20% 4 2roo = 20%(1 4 1),
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3.4.2 Properties

Solution. Since (n1,72) is a linear transform of
(&1,&2), so (n1,12) follows a normal distribution.
AlSO, Enl = ay + as, ET]Q = a; — aog,

Varn = Var§ + Varés + 2Cov{&1, &}
= 202 +2roo = 20*(1 + ),
Varn, = Var§ +Varéy —2Cov{&1, 6}

= 20% — 2roo = 20%(1 — 1),
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3.4.2 Properties

Solution. Since (n1,72) is a linear transform of
(&1,&2), so (n1,12) follows a normal distribution.
AlSO, Enl = ay + as, ET]Q = a; — aog,

Varn = Var& + Varé + 2Cov{&, &}
= 20% 4 2roo = 20%(1 4 1),

Varny, = Var& + Varé — 2Cov{&y, &}
= 20% — 2roo = 20%(1 — 1),

Cov{m,n} = Var& —Varé =0.
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Solution. Since (n1,72) is a linear transform of
(&1,&2), so (n1,12) follows a normal distribution.
AlSO, Enl = ay + as, ET]Q = a; — aog,

Varn = Var& + Varé + 2Cov{&, &}
= 20% 4 2roo = 20%(1 4 1),
Varny, = Var& + Varé — 2Cov{&y, &}
= 20% — 2roo = 20%(1 — 1),
Cov{m,n} = Var& —Varé =0.

So 7, and 7y are independent, and
m ~ N(ay + as,20%(1+ 7)), 7o ~ N(ay — az,20%(1 —1)).
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