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Definition 1 Suppose that ξ and η are real random

variables, we call ζ = ξ + iη a complex random

variable, where i2 = −1. We call Eζ = Eξ + iEη

the expectation of ζ.

Eζ possesses properties similar to that of a real

mathematical expectation.
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Modulus inequality: |Eζ| ≤ E|ζ|.

yyy. Pζ = ξ + iη. K|Eζ| =
√

(Eξ)2 + (Eη)2,

E|ζ| = E
√
ξ2 + η2. �a, b �¢ê, dÐ�Ø�ª

|aξ + bη| ≤
√
a2 + b2 ·

√
ξ2 + η2

�

|aEξ+bEη| ≤ E|aξ+bη| ≤
√
a2 + b2 ·E

√
ξ2 + η2.

�a = Eξ, b = Eη�
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Definition 2 Suppose ξ is a real random variable,

we call

f(t) = Eeitξ, −∞ < t <∞

the characteristic function of ξ.

Notice |eitξ| = 1. Eeitξ exists for all t.

f(t) =

∫ ∞
−∞

eitxdF (x).
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If ξ is a discrete random variable with

P (ξ = xn) = pn, then

f(t) =
∞∑
n=1

pne
itxn, −∞ < t <∞.

If ξ is a continuous random variable with the

density function p(x), then

f(t) =

∫ ∞
−∞

eitxp(x)dx, −∞ < t <∞,

which is just the Fourier transformation of p(x).
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Example 1. The characteristic function of the

degenerate distribution P (ξ = c) = 1 is

f(t) =

eict, −∞ < t <∞.

Example 2. The characteristic function of the

binomial distribution B(n, p) is

f(t) =
n∑
k=0

(
n

k

)
pkqn−keitk =

n∑
k=0

(
n

k

)
(peit)kqn−k

= (peit + q)n, p+ q = 1.
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Example 3. The characteristic function of the

Poisson distribution P (λ) is

f(t) =
∞∑
k=0

λk

k!
e−λeitk

=
∞∑
k=0

(λeit)k

k!
e−λ = eλ(e

it−1).

Example 4. The characteristic function of the

uniform distribution U [a, b] is

f(t) =

∫ b

a

1

b− a
eitxdx =

eitb − eita

i(b− a)t
.
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Example 5. The characteristic function of the

normal distribution N(a, σ2) is

f(t) =
1√
2πσ

∫ ∞
−∞

eitx−
(x−a)2

2σ2 dx

=
1√
2π

∫ ∞
−∞

eita+itσy−
y2

2 dy

= eiat−
σ2t2

2
1√
2π

∫ ∞
−∞

e−
(y−itσ)2

2 dy

= eiat−
σ2t2

2
1√
2π

∫ ∞
−∞

e−
y2

2 dy (��È©)

= eiat−
σ2t2

2 .
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3.3.1 Definitions

Solution (2): Let η = (ξ − a)/σ. Then

η ∼ N(0, 1) and

f(t) = Eeit(a+ση) = eitafη(σt).

So it is enough to show that fη(t) = e−
t2

2 .
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It is obvious that

fη(t) = Eeitη =
1√
2π

∫ ∞
−∞

eitxe−
x2

2 dx

=
1√
2π

∫ ∞
−∞

cos(tx)e−
x2

2 dx+ i
1√
2π

∫ ∞
−∞

sin(tx)e−
x2

2 dx

=
1√
2π

∫ ∞
−∞

cos(tx)e−
x2

2 dx.

So

f ′η(t) = − 1√
2π

∫ ∞
−∞

x sin(tx)e−
x2

2 dx

=
1√
2π

∫ ∞
−∞

sin(tx)de−
x2

2

= −t 1√
2π

∫ ∞
−∞

cos(tx)e−
x2

2 dx = −tfη(t)
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Next we need to solve the differential equation

f ′η(t) + tfη(t) = 0.

We have

d

dt

(
fη(t)e

t2

2

)
= f ′η(t)e

t2

2 + tfη(t)e
t2

2 = 0.

Hence

fη(t)e
t2

2 = C = fη(0) = 1.

So

fη(t) = e−
t2

2 .
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eitxe−
x2

2 dx

=
1√
2π

∫ ∞
−∞

∞∑
n=0

(itx)n

n!
e−

x2

2 dx
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∞∑
n=0

(it)n

n!

1√
2π

∫ ∞
−∞

xne−
x2

2 dx

=
∞∑
n=0

(it)2n

(2n)!
Eη2n =

∞∑
n=0

(it)2n

(2n)!
(2n− 1)!!

=
∞∑
n=0

(it)2n

(2n)!

(2n)!

2nn!
=

∞∑
n=0

(
−t

2

2

)n
1

n!
= e−

t2

2 .
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3.3 Characteristic functions

3.3.1 Definitions

Example 6. The characteristic function of the

Cauchy distribution is

f(t) =

∫ ∞
−∞

eitx
1

π(1 + x2)
dx

= e−|t|.

In fact, when t > 0,∫ R

−R
eitx

1

π(1 + x2)
dx+

∫
semicircle

eitz

π(1 + z2)
dz

=2πiRes

(
eitz

π(1 + z2)
at i

)
=2πi(z − i) eitz

π(1 + iz)(1− iz)

∣∣∣
z=i

= e−t.
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∣∣∣∣∫
semicircle

eitz

π(1 + z2)
dz

∣∣∣∣ ≤∫
semicircle

1

π(R2 − 1)
dz

=
πR

π(R2 − 1)
→ 0.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
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3.3.2 Properties

1 |f(t)| ≤ f(0) = 1; f(−t) = f(t).

Proof.

Obviously,

|f(t)| = |
∫ ∞
−∞

eitxdF (x)| ≤
∫ ∞
−∞
|eitx|dF (x) = 1

and

f(0) =

∫ ∞
−∞

ei0xdF (x) = 1.
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3.3.2 Properties

Also,

f(−t) =

∫ ∞
−∞

e−itxdF (x)

=

∫ ∞
−∞

eitxdF (x)

=

∫ ∞
−∞

eitxdF (x) = f(t),

as desired.
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3.3 Characteristic functions

3.3.2 Properties

2 f(t) is uniformly continuous on (−∞,∞).

Proof. For any t ∈ (−∞,∞) and ε > 0, it follows

that

|f(t+ h)− f(t)|

= |
∫ ∞
−∞

(eitxeihx − eitx)dF (x)|

≤
∫ ∞
−∞
|eihx − 1|dF (x)

≤ (

∫
|x|≥A

+

∫
|x|<A

)|eihx − 1|dF (x).
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3.3.2 Properties

Note that |eihx − 1| ≤ 2 and

|eihx − 1| = |ei
h
2
x||ei

h
2
x − e−i

h
2
x| = 2| sin hx

2
|

≤ |hx| ≤ A|h|, when |x| ≤ A.

We have

|f(t+ h)− f(t)| ≤ 2

∫
|x|≥A

dF (x) + A|h|
∫
|x|<A

dF (x)

≤ 2

∫
|x|≥A

dF (x) + |h|A.

Choose A such that
∫
|x|≥A dF (x) < ε/4. And then take

δ = ε/(2A). Consequently, |f(t+ h)− f(t)| < ε for all t

whenever |h| < δ.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.3 Characteristic functions

3.3.2 Properties

Note that |eihx − 1| ≤ 2 and

|eihx − 1| = |ei
h
2
x||ei

h
2
x − e−i

h
2
x| = 2| sin hx

2
|

≤ |hx| ≤ A|h|, when |x| ≤ A.

We have

|f(t+ h)− f(t)| ≤ 2

∫
|x|≥A

dF (x) + A|h|
∫
|x|<A

dF (x)

≤ 2

∫
|x|≥A

dF (x) + |h|A.

Choose A such that
∫
|x|≥A dF (x) < ε/4. And then take

δ = ε/(2A). Consequently, |f(t+ h)− f(t)| < ε for all t

whenever |h| < δ.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.3 Characteristic functions

3.3.2 Properties

Note that |eihx − 1| ≤ 2 and

|eihx − 1| = |ei
h
2
x||ei

h
2
x − e−i

h
2
x| = 2| sin hx

2
|

≤ |hx| ≤ A|h|, when |x| ≤ A.

We have

|f(t+ h)− f(t)| ≤ 2

∫
|x|≥A

dF (x) + A|h|
∫
|x|<A

dF (x)

≤ 2

∫
|x|≥A

dF (x) + |h|A.

Choose A such that
∫
|x|≥A dF (x) < ε/4.

And then take

δ = ε/(2A). Consequently, |f(t+ h)− f(t)| < ε for all t

whenever |h| < δ.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.3 Characteristic functions

3.3.2 Properties

Note that |eihx − 1| ≤ 2 and

|eihx − 1| = |ei
h
2
x||ei

h
2
x − e−i

h
2
x| = 2| sin hx

2
|

≤ |hx| ≤ A|h|, when |x| ≤ A.

We have

|f(t+ h)− f(t)| ≤ 2

∫
|x|≥A

dF (x) + A|h|
∫
|x|<A

dF (x)

≤ 2

∫
|x|≥A

dF (x) + |h|A.

Choose A such that
∫
|x|≥A dF (x) < ε/4. And then take

δ = ε/(2A). Consequently, |f(t+ h)− f(t)| < ε for all t

whenever |h| < δ.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
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3.3.2 Properties

3 f(t) is non-negative definite, i.e., for an

arbitrary integer n, any real numbers t1, · · · , tn
and complex numbers λ1, · · · , λn, it follows

n∑
k=1

n∑
j=1

f(tk − tj)λkλj ≥ 0.
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Proof.

n∑
k=1

n∑
j=1

f(tk − tj)λkλj

=
n∑
k=1

n∑
j=1

∫ ∞
−∞

ei(tk−tj)xdF (x)λkλj

=

∫ ∞
−∞

(
n∑
k=1

eitkxλk

)(
n∑
j=1

e−itjxλj

)
dF (x)

=

∫ ∞
−∞

(
n∑
k=1

eitkxλk)(
n∑
j=1

eitjxλj)dF (x)

=

∫ ∞
−∞
|

n∑
k=1

eitkxλk|2dF (x) ≥ 0.
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Bochner-Khinchine Theorem.

The function f(t) is a characteristic function if and

only if f(t) is non-negative definite, continuous and

f(0) = 1.
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3.3.2 Properties

4 Assume that ξ1, · · · , ξn are indept., then

fξ1+ξ2+···+ξn(t) = fξ1(t)fξ2(t) · · · fξn(t).

(Proof?)

5 If Eξn exists, then f(t) is differentiable of n

orders, and when k ≤ n

f (k)(0) = ikEξk.

In particular, when Eξ2 exists, Eξ = −if ′(0),
Eξ2 = −f ′′(0), V arξ = −f ′′(0) + [f ′(0)]2.
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3.3.2 Properties

Proof. Since

| d
k

dtk
eitx| = |ikxkeitx| = |x|k,

∫ ∞
−∞
|xk|dF (x) = E|ξ|k <∞,

then
∫∞
−∞

dk

dtk
eitxdF (x) uniformly converges in t. So,

f (k)(t) exists and

f (k)(t) =

∫ ∞
−∞

dk

dtk
eitxdF (x) = ik

∫ ∞
−∞

xkeitxdF (x),

f (k)(0) = ik
∫ ∞
−∞

xkdF (x) = ikEξk.
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| d
k

dtk
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−∞
|xk|dF (x) = E|ξ|k <∞,

then
∫∞
−∞

dk
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�L5, en�óê, �f (n)(0)�3, KEξn�3.

Proof. ·�^êÆ8B{5y². � n = 2 �,

f ′′(0) = lim
h→0

f(h)− 2f(0) + f(−h)
h2

= lim
h→0

∫ ∞
−∞

eihx − 2 + e−ihx

h2
dF (x)

=− lim
h→0

∫ ∞
−∞

2
1− coshx

h2
dF (x).

5¿�, 0 ≤ 2(1− coshx)/h2 ≤ x2, ¿

� limh→0 2(1− coshx)/h2 = x2 'u x 3?�k

�«mS��¤á.
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Ïdé?¿ a > 0 k

−f ′′(0) ≥ lim
h→0

∫ a

−a
2
1− coshx

h2
dF (x)

=

∫ a

−a
lim
h→0

2
1− coshx

h2
dF (x) =

∫ a

−a
x2dF (x).

- a→∞ �
∫∞
−∞ x

2dF (x) ≤ −f ′′(0), = Eξ2 �

3.
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3.3.2 Properties

y� f (2k)(0) �3, Ó�8Bb� Eξ2k−2 ��3.

d1�Ü©(Ø, f(t) ´ 2k − 2 g���, �

f (2k−2)(t) =i2k−2
∫ ∞
−∞

eitxx2k−2dF (x)

=(−1)k−1
∫ ∞
−∞

eitxx2k−2dF (x).

P G(y) =
∫ y
−∞ x

2k−2dF (x), Ù¥ G(∞) = Eξ2k−2,

K G(y)/G(∞) �©Ù¼ê,
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G(y)/G(∞)�A�¼ê�

g(t) =
1

G(∞)

∫ ∞
−∞

eitydG(y)

=
1

G(∞)

∫ ∞
−∞

eityy2k−2dF (y) =
(−1)k−1

G(∞)
f (2k−2)(t).

l
 g′′(0) = (−1)k−1f (2k)(0)/G(∞) �3. d®y

� n = 2 ��(Ø�

1

G(∞)

∫ ∞
−∞

x2kdF (x) =
1

G(∞)

∫ ∞
−∞

y2dG(y)

�3. = Eξ2k �3, (Ø�y.
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3.3.2 Properties

6 Let η = aξ + b, where a, b are arbitrary

constants. Then

fη(t) = eibtf(at).

Proof.

Eei(aξ+b)t = Eeiatξ · eibt = eibtf(at).
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3.3 Characteristic functions

3.3.2 Properties

Example 7. Are the following functions

characteristic functions of some random variables?

(1) f(t) = sin t;

(2) f(t) = ln(e+ |t|);
(3) f(t) = 0 when t < 0; f(t) = 1 when t ≥ 0.

Solution.......
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

3.3.3 Inverse formula and uniqueness theorem

Theorem 1 (Inverse formula) Suppose that f(t) is

a c.f. corresponding to cdf F (x). Let x1, x2 be two

continuity points of F (x), then

F (x2)−F (x1) = lim
T→∞

1

2π

∫ T

−T

e−itx1 − e−itx2
it

f(t)dt.
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose ξ ∼ F (x). Without loss of
generality, we assume that x1 < x2.

1

2π

∫ T

−T

e−itx1 − e−itx2

it
f(t)dt

=
1

2π

∫ T

−T

∫ ∞
−∞

e−itx1 − e−itx2

it
eitxdF (x)dt

=
1

2π

∫ ∞
−∞
{
∫ T

0

[
eit(x−x1) − e−it(x−x1)

it

−e
it(x−x2) − e−it(x−x2)

it
]dt}dF (x)

=
1

π

∫ ∞
−∞
{
∫ T

0

[
sin t(x− x1)

t
− sin t(x− x2)

t
]dt}dF (x)

∧
=

∫ ∞
−∞

g(T, x, x1, x2)dF (x) = Eg(T, ξ, x1, x2).
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3.3.3 Inverse formula and uniqueness theorem

Notice∫ T

0

sin at

t
dt =

∫ Ta

0

sin t

t
dt

→ sgn(a)

∫ ∞
0

sin t

t
dt =


π
2 , if a > 0,

0, if a = 0,

−π
2 , if a < 0.

and ∫ x

0

sin t

t
dt is a bounded function .
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3.3.3 Inverse formula and uniqueness theorem

It follows that

lim
T→∞

g(T, x, x1, x2)

= lim
T→∞

1

π
{
∫ T

0

[
sin t(x− x1)

t
− sin t(x− x2)

t
]dt}

=


0, x < x1 or x > x2,
1
2
, x = x1 or x = x2,

1, x1 < x < x2.

∧
= g(x)

and

|g(T, x, x1, x2)| < M.
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T→∞

1

2π

∫ T

−T

e−itx1 − e−itx2
it

f(t)dt

= lim
T→∞

Eg(T, ξ, x1, x2)

= Eg(ξ)

= P (x1 < ξ < x2) +
1

2

(
P (ξ = x1) + P (ξ = x2)

)
= F (x2)− F (x1).
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Theorem 2. (Uniqueness) A distribution function

can be uniquely determined by its characteristic

function.

Proof. By inverse formula, if y < x are continuous

points of F (x), then

F (x)− F (y) = lim
T→∞

1

2π

∫ T

−T

e−ity − e−itx

it
f(t)dt.

Letting y → −∞ along continuity points of F (x),

we have

F (x) = lim
y→−∞

lim
T→∞

1

2π

∫ T

−T

e−ity − e−itx

it
f(t)dt.
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3.3.3 Inverse formula and uniqueness theorem

Thus it is easy to see that f(t) determines the value

of F (x) at its continuity points. As for the

discontinuous points, in view of right continuity of

F (x), it suffices to take right limits along continuity

points. The theorem is proved.
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Theorem 3. (Inverse Fourier transform) Suppose

that f(t) is a c.f. and
∫∞
−∞ |f(t)|dt <∞, then

F ′(x) exists and is continuous. Moreover

F ′(x) =
1

2π

∫ ∞
−∞

e−itxf(t)dt.
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3.3.3 Inverse formula and uniqueness theorem

Proof. Since f(t) is absolutely integrable and∣∣∣∣e−itx − e−ityit

∣∣∣∣ ≤ |y − x|,
it follows that

F (y)− F (x) = lim
T→∞

1

2π

∫ T

−T

e−itx − e−ity

it
f(t)dt

=
1

2π

∫ ∞
−∞

e−itx − e−ity

it
f(t)dt

∧
= H(x, y),

whenever x, y are continuous points of F (x).
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Also, H(x, y) is a continuous function of (x, y). So,

F (x) must be a continuous function and the above

equality holds for all x, y.

Now, applying the dominated convergence theorem

yields

F ′(x) = lim
y→x

1

2π

∫ ∞
−∞

e−itx − e−ity

it(y − x)
f(t)dt

=
1

2π

∫ ∞
−∞

lim
y→x

e−itx − e−ity

it(y − x)
f(t)dt

=
1

2π

∫ ∞
−∞

e−itxf(t)dt.
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3.3.3 Inverse formula and uniqueness theorem

For same reason,

lim
y→x

F ′(y) =
1

2π

∫ ∞
−∞

lim
y→x

e−ityf(t)dt = F ′(x).

So, F ′(x) is continuous.
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Discrete random variables: Assume

P (ξ = k) = pk, k = 0, 1, 2, · · · , then

f(t) =
∞∑
k=0

pke
itk.

If f(t) is given, then we can multiply both sides by

e−itk and integrate. Noting that∫ 2π

0

eintdt =

{
2π, n = 0,

0, n 6= 0,

we have

pk =
1

2π

∫ 2π

0

e−itkf(t)dt.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Discrete random variables: Assume

P (ξ = k) = pk, k = 0, 1, 2, · · · , then

f(t) =
∞∑
k=0

pke
itk.

If f(t) is given, then we can multiply both sides by

e−itk and integrate. Noting that∫ 2π

0

eintdt =

{
2π, n = 0,

0, n 6= 0,

we have

pk =
1

2π

∫ 2π

0

e−itkf(t)dt.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Example 8. Show f(t) = cos t is a characteristic

function of some random variable, and find its

distribution function.

Solution.......

In general, if f(t) can be written as
∑
ane

ixnt,

where an > 0 and
∑
an = 1, then f(t) is a

characteristic function, whose corresponding

random variable has distribution sequence

P (ξ = xn) = an, n = 1, 2, · · · .
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where an > 0 and
∑
an = 1, then f(t) is a

characteristic function, whose corresponding

random variable has distribution sequence

P (ξ = xn) = an, n = 1, 2, · · · .
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3.3.3 Inverse formula and uniqueness theorem

Example 9. If f(t) is a characteristic function of

some random variable, show so are f(t) and |f(t)|2.

Solution.......
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3.3.4 Additivity of distribution functions

The additivity, also called regenerativity, means that

if ξ and η are independent and follow a common

type of distributions, then so do their sum ξ + η and

the parameter is the sum of parameters of ξ and η.
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3.3 Characteristic functions

3.3.4 Additivity of distribution functions

Example 10. If ξj (j = 1, 2, · · · , k) follows the

binomial distribution B(nj, p) respectively and are

indept. of each other. Find the distribution of∑k
j=1 ξj.

Solution.

The c.f. fj(t) of ξj is (peit + q)nj . By

Property 4, the c.f. of
∑k

j=1 ξj is

k∏
j=1

fj(t) = (peit + q)
∑k
j=1 nj .

In turn, by the uniqueness theorem,∑k
j=1 ξj ∼ B(

∑k
j=1 nj, p).
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3.3.4 Additivity of distribution functions

Example 11. Suppose that ξ1, · · · , ξn are indept.,

and ξk ∼ N(ak, σ
2
k), k = 1, · · · , n. Find the

distribution of
∑n

k=1 ξk.

Solution.

It is known that the c.f. of ξk is

eiakt−σ
2
kt

2/2, so the c.f. of
∑n

k=1 ξk is

n∏
k=1

eiakt−
σ2kt

2

2 = exp{i
n∑
k=1

akt−
∑n

k=1 σ
2
kt

2

2
}.

Thus
∑n

k=1 ξk ∼ N
(∑

k ak,
∑

k σ
2
k

)
.
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3.3.5 Multivariate characteristic functions

Definition 3 Suppose the random vector

ξ = (ξ1, · · · , ξn)′ has distribution function

F (x1, · · · , xn), then its characteristic function is

defined by

f(t1, · · · , tn) = Eei(t1ξ1+···+tnξn)

=

∫ ∞
−∞
· · ·
∫ ∞
−∞

ei(t1x1+···+tnxn)dF (x1, · · · , xn).

f(t) = Eeit
′ξ =

∫
Rn

eit
′xdF (x),

where t = (t1, · · · , tn)′, x = (x1, · · · , xn)′.
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3.3.5 Multivariate characteristic functions

1 The c.f. of η = a1ξ1 + · · ·+ anξn is

fη(t) = Eeitη = Eeit
∑
akξk

= Eei
∑

(akt)ξk = f(a1t, · · · , ant).

2 If the c.f. of (ξ1, · · · , ξn)′ is f(t1, · · · , tn), then

k-dimensional sub-vector (ξl1, · · · , ξlk)′ has c.f.

f(0, · · · , 0, tl1, 0, · · · , 0, tlk, 0, · · · , 0).
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3.3.5 Multivariate characteristic functions

3 Assume that ξj has c.f. fj(t), j = 1, · · · , n,

then ξ1, · · · , ξn are indept. iff the c.f. of

(ξ1, · · · , ξn)′ is such that

f(t1, · · · , tn) = f1(t1) · · · fn(tn).

4 (ξ1, · · · , ξk)′ and (ξk+1, · · · , ξn)′ are indept. iff

the product of their c.f.s is just equal to the

c.f. of (ξ1, · · · , ξn)′.
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