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3.3 Characteristic functions

3.3.1 Definitions

Definition 1 Suppose that £ and 7 are real random
variables, we call ( = & + in a complex random
variable, where 12 = —1. We call E¢ = E¢ +iEn
the expectation of (.

E( possesses properties similar to that of a real
mathematical expectation.
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[aBE+bEn| < Elag+bn| < Va2 + b2 E\/E2 + 2.

Ba = E¢ b= Enf§
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Definition 2 Suppose € is a real random variable,
we call

f(t) = Ee™, —oco<t<oo
the characteristic function of &.

Notice |e*| = 1. Ee' exists for all t.
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If £ is a discrete random variable with
P(¢ = x,) = pp, then

o0

f(t) = Zp,,/e”""'”7 —00 < t < 00.

=il

If £ is a continuous random variable with the
density function p(z), then

f(t) = / e p(x)dz, —oo <t < oo,

o0

which is just the Fourier transformation of p(z).
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Example 1. The characteristic function of the
degenerate distribution P({ =¢) =1 is

ft) = e, —00 < t < 00.

Example 2. The characteristic function of the
binomial distribution B(n,p) is

6 = i (k)p e i (Z) (pe')rg"*

k=0 k=0
= (pe"+q)", pt+g=1
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Example 3. The characteristic function of the
Poisson distribution P(\) is

N
f@) = de_ e’

k=0

- ()\eit)k i Alet—1)
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>

— k!

Example 4. The characteristic function of the
uniform distribution Ula, b] is
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Example 3. The characteristic function of the
Poisson distribution P(\) is

N
f@) = de_ e’

k=0
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>
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Example 4. The characteristic function of the
uniform distribution Ula, b] is

b ith ita
1 it ;. € —E€
f(t)_/ab—ae dx_i(b—a)t'
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So it is enough to show that f, (%)
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Next we need to solve the differential equation

fé(t) +tfy(t) = 0.

We have
d t 2 2
= (£1(De7) = £1(D)e= +1f,(D)eT =0
Hence )
fa)e? = C = f,(0) =1
So
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Example 6. The characteristic function of the
Cauchy distribution is

- > itx 1 _ -t
f(t)—/_ooe —77(1—|—x2)dx_6 :

In fact, when ¢ > 0,

R ” 1 eztz
€Z z—dx + / —dZ
/;R W(l —|—332) semicircle 7T(1 + 22)

. eztz .
=2miRes (m at Z)

eztz

= T — h

=2mi(z — 1) =e

7=
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itz 1
——dz| < —d
semicircle 7T<1 + Zz) | = semicircle 7T(F{Z T 1) :
TR

T r(R2—1)

€

— 0.
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and Characteristic Functions

Also,
f(=t) = h e_mdF(x) — oOe%dF(yc)
— [ evar@) = FO,

as desired.
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that
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Proof. For any t € (—00,0) and € > 0, it follows
that
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3.3.2 Properties

Note that |e?* — 1| < 2 and

|ez’ha: o 1| |ez%x||€z%z . e—i%x| — 2| gin —

|hz| < Alh|,  when |z| < A.

N

We have
FE+h) - f)] < 2 / dF(x)+ Alh| [ dF(z)
|z|>A lz|<A
< 9 dF(z) + |h|A.
/Ix AE@

Choose A such that [, aza AF (2) < €/4.
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Note that |e?* — 1| < 2 and

|ez’ha: o 1| |ez%x||€z%z . e—i%x| — 2| sin%
< |hx| < Alh|, when |z]| < A.
We have

FE+h) — FB)] < 2 / dF(z)+ Alb | dF()
|z|>A lz|<A
< 92 dF(z hlA.
< /| AE@

Choose A such that [, wj>4 AF (2) < €/4. And then take
d =¢/(2A). Consequently, |f(t+ h) — f(t)] < e forall t

whenever |h| < 4.
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@ f(t) is non-negative definite, i.e., for an
arbitrary integer n, any real numbers ¢1,--- ,%,
and complex numbers A\, --- . \,, it follows

k=1 j=1
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DD flte—t)MK

k=1 j=1
- 23 [ entraren
k=1 j=1 Y~
_ / eitkr)\k Z e—itj:z:)\_j dF(.Z')
0 \k=1 Jj=1

n

_ /_Oo (Z eith)\k>(z eitjx)\j)dp(x)

k=1 j=1
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DD flte—t)MK

k=1 j=1
— ZZ/ A () A
k=1 j=1" %
_ / eitkr)\k Z e—itj:z:)\_j dF(.Z')
—° \k=1 g=1l
_ / (Z eitkz)\k)(z eitie\;)dF(z)
T k=1 j=1

_ / |3 et r 2dP(z) > 0.

0 k=1
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Bochner-Khinchine Theorem.
The function f(¢) is a characteristic function if and
only if f(t) is non-negative definite, continuous and

£(0) = 1.
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@ Assume that &, -+, &, are indept., then

f§1+52+~-~+5u <f> - ffl <t>f52 (t> e ffn<t>‘

(Proof?)

@ If EE" exists, then f(t) is differentiable of n
orders, and when k£ < n

F®(0) = *EEF.



@ Assume that &, -+, &, are indept., then

f§1+52+~-~+5u <f> - ffl <t>f52 (t> e ffn<t>‘

(Proof?)

@ If EE" exists, then f(t) is differentiable of n
orders, and when k£ < n

F®(0) = *EEF.

In particular, when E€? exists, E€ = —if’(0),
EE* = —f"(0), Var§ = — f"(0) + [f'(0)]*.
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Proof. Since

it$| _ \z’kxkem\ _ |£C|k,

[2*|dF () = E|¢|* < oo,

—0o0



kez‘ta:‘ _ |£C|k

/ 24dF () = Bl < oo,

then [~ “dF(z) uniformly converges in t.

00 dtke



kez‘ta:‘ _ |£C|k

/ 24dF () = Bl < oo,

then [° Oodtke”xdF( x) uniformly converges in t. So,
f®)(t) exists and



it o '

|dtk6 | _ ‘kakezm‘ _ |CC|k
|2*|dF(z) =

| 1ehar@ = Bl < oo

then [* L et qF(z) uni
uniformly converges in t. S
. So,

f®)(t) exists and

f(k)(t :/oo dF i 00
) i —e"dF(x) :ik/ aFe ™ dF(
x),

L dtF



it o '

|dtk6 | _ ‘kakezm‘ _ |CC|k
|2*|dF(z) =

| 1ehar@ = Bl < oo

then [* L et qF(z) uni
uniformly converges in t. S
. So,

f®)(t) exists and
) i —e"dF(x) = zk/ aFe ™ dF(
x),

L dtF

®y = i [
f(0) = zk/_ t"dF (x) = " BEF.
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Bad Sk, FnEE, H O (0)F1E, W ES L.




FOE K, EnoAEEL H O (0)FFAE, W EE 7L
Proof. FATHEZZHGNERIUE. 2 n = 2 i,

f(h) —2f(0) + f(=h)

" T
1(0) = Jim, B2
. o0 eihm 21 e—ihx
= hm 2 dF ()

, * 1 —-coshx
= — }lllir(l) - ZTdF(x).

(0. ¢]



FOE K, EnoAEEL H O (0)FFAE, W EE 7L
Proof. FATHEZZHGNERIUE. 2 n = 2 i,

f(h) = 2f(0) + f(=h)

" s
FO= %
. 0 gihr _ 9 4 o—ihx
:llzlg(l) B2 dF(z)
=—limy | 2 —dF(a).

FERE], 0 < 2(1 — cosha)/h2 < a2, IF
H limy_,02(1 — cos ha)/h? = 2* RXT o TAE—F
BRI 4] PO — B
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HEIMER o >0 F

o) >1im [ 22T i

h—=0 | _, h?
@ . _1—coshx ¢
—/_a}}i}%QTdF(x) —/_am dF(x).

2 a— o0 fF [T 2?dF(z) < —f"(0), Bl EE 4
1E.



YL F@R)(0) 721, RIS IR Be2h—2 tHAFTE.
HE— 85w, f(t) & 2k — 2 AT, B

f(2k_2)(t) Zi%_Q /oo eima:%_QdF(x)
:(_1)k—1/ eitxek‘—ZdF(x).

it Gly) = ¥ 2?*2dF(z), H+H G(c0) = B2,
N G(y)/G(o0) NoTAiEREL,



G(y)/G(o0) IFHIE R E

o(t) :@ / " emac(y)

oo

1 Ooeity 2%—2 _ (2k—2)
g | ar) = ).

oo

T ¢"(0) = (—1)%1 F@0)(0) /G (o0) FFEE. HIEMIE
[ 0= 2 B FIZE 1 0

LT R R S R
G(o0) | _#tar@ G(o0) | _vacw

FAAE. Bl B 1718, S5RFSIE.
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3.3.2 Properties

Q Let n = a& + b, where a, b are arbitrary
constants. Then

fo(t) = €™ f(at).

Proof.

Eei(af—i—b)t _ Eeiat{ . eibt _ eibtf(at).



Example 7. Are the following functions
characteristic functions of some random variables?
(1) f(t) =sint;
(2) £(t) = ne + 1
(3) f(t) =0when t <0; f(t) =1 when ¢t > 0.

);

Solution.......
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3.3.3 Inverse formula and uniqueness theorem

3.3.3 Inverse formula and uniqueness theorem
Theorem 1 (Inverse formula) Suppose that f(t) is
a c.f. corresponding to cdf F'(x). Let 21,22 be two
continuity points of F'(x), then

F F . 1 T e—itxl . e—itacg ;
()~ Flar) = Jim / s
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3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose £ ~ F'(z). Without loss of
generality, we assume that x7 < x».

1 T e—itzl —itzo

F(t)dt
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27 -7 it



Chapter 3 Numerical Characteristics and Characteristic Functions
3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose £ ~ F'(z). Without loss of

generality, we assume that x7 < x».
1 T e—itzl o e—itxg

— —f(t)dt

27 it
1 T 0o —itry _ ,—itzy
= o / ] / %e’mdF(a:)dt
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c functions

3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose £ ~ F'(z). Without loss of
generality, we assume that x7 < x».

1 T _—itzy _ ,—itxs
/ #]ﬁ(t)dt

2

-T 1t
1 T 0o —itry _ ,—itzy
— — £ € R(z)dt
2 J_r J s it
1 o T eit(xfxl) _ e*it({[‘*%l)
~ or ,OO{ /0 [ it

it(z—x2) _ —it(z—x2)
£ ,te |dt}dF (z)
1
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3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose £ ~ F'(z). Without loss of

generality, we assume that x7 < x».
1 T e—itzl o e—itxg

S Y

it
itxy

2m
1 T 0o - _ itz

— — / / £ € R(z)dt
2 J_r J s 1t

1 o T eit(xfxl) _ e*it({[‘*%l)
~ or ,OO{ /0 [ it

it(z—x2) _ —it(z—x2)
£ ,te |dt}dF (z)
1

_ l/oo{/o [sint(xt—ml) B Sint(i_b)]dt}dF(x)
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Proof. Suppose £ ~ F'(z). Without loss of

generality, we assume that x7 < x».
1 T e—itzl o e—itxg

S Y

it
itxy

2m
1 T 0o - _ itz

— — / / £ € R(z)dt
2 J_r J s 1t

1 o T eit(xfxl) _ e*it({[‘*%l)
~ or ,OO{ /0 [ it

it(z—x2) _ —it(z—x2)
£ ,te |dt}dF (z)
1

_ %/_Oo{/o [sint(xt—ml) B Sint(i_b)]dt}dF(x)

/ 9(T, 21, 29)dF (x) = Eg(T, &, 71, 72).

o0

1>
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ol if a >0,
> sint
—sgnfa) | ——dt=40, ifa=0,
0
-5, 1fa<0

and ;
/ ﬂdt is a bounded function .
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formula and uniqueness theorem

It follows that

lim g(T,$,x1,l'2)

T—o0
_ m 1{/T[sint(x — 1)  sint(r — I'g)]dt}
T—oo T~ J t t

0, z<wzo0raxz>xy,

1 _ _
2 r =T OFr T = X9,
1, <z <uzH.
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> functions

rerse formula and uniqueness theorem

It follows that

lim g(T,$,x1,l'2)

T—o0
_ m 1 /T[sint(x — 1)  sint(r — I'g)]dt}

0, <z o0rzx>xy,

1
3, T =21 0rx =Ty, g9(z)
1, <z <uzH.

and
9(T, z, 1, 22)| < M.
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3.3.3 Inverse formula and uniqueness theorem

It follows that

1 T —itzy _ —itxs
lim — [ & C )t

T—00 27T _T Zt
= lim Eg(T,¢, z1,22)
T—o0
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rerse formula and uniqueness theorem

It follows that

1 T —itzy _ —itxs
lim — [ & C )t

T—oo0 27 =7 it
= lim Eg(T, ¢ z1,32) = Bg(€)
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

It follows that

1 T —itzy _ —itxs
lim —/ O f)at

T—oo0 27 =7 it
= lim Eg(T, ¢ z1,32) = Bg(€)

= P(z1 < & < 23) + = (P(€ = 21) + P(€ = 1))




nd uniqueness theorem

It follows that

1 T —itry __ ,—itxo
lim —/ O f)at

T—oo0 27 =7 it
= lim Eg(T, ¢ z1,32) = Bg(€)

= P(x; <&<x9)+ %(P(ﬁ = 11) + P(£ = 1))
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3.3.3 Inverse formula and uniqueness theorem

Theorem 2. (Uniqueness) A distribution function
can be uniquely determined by its characteristic
function.
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Theorem 2. (Uniqueness) A distribution function
can be uniquely determined by its characteristic

function.
Proof.
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Theorem 2. (Uniqueness) A distribution function
can be uniquely determined by its characteristic
function.
Proof. By inverse formula, if y < x are continuous
points of F(z), then

1 (T ity _ p—ita
F(z) — F(y) = lim —/ _ f(t)dt.

T—oo 27 _T 1t
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3.3 Characteris functions

3.3.3 Inverse formula and uniqueness theorem

Theorem 2. (Uniqueness) A distribution function
can be uniquely determined by its characteristic
function.
Proof. By inverse formula, if y < x are continuous
points of F(z), then

Fa) = (o) = Jim o [ L e

T—oo 27 _T 1t

Letting y — —oo along continuity points of F'(x),
we have

1 T —ity  _—itx
F(z)= lim lim —/ ‘ c f(t)dt.

y——00 T—o00 2T _T 1t
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3.3.3 Inverse formula and uniqueness theorem

Thus it is easy to see that f(t) determines the value
of F'(x) at its continuity points. As for the
discontinuous points, in view of right continuity of
F(x), it suffices to take right limits along continuity
points. The theorem is proved.
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3.3.3 Inverse formula and uniqueness theorem

Theorem 3. (Inverse Fourier transform) Suppose
that f(¢) is a c.f. and [ |f(t)|dt < oo, then
F'(x) exists and is continuous. Moreover

F'(z) = %/ e " f(t)dt



Chapter 3 Numerical Characteristics and Characteristic Functions
3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Proof. Since f(t) is absolutely integrable and

efztx _ efzty

< .

it follows that

- it
1 00 e—it:r . e—ity

:% N

whenever x,y are continuous points of F'(z).
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Also, H(z,y) is a continuous function of (x,y). So,
F(z) must be a continuous function and the above
equality holds for all =, y.
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3.3.3 Inverse formula and uniqueness theorem

Also, H(z,y) is a continuous function of (x,y). So,
F(z) must be a continuous function and the above
equality holds for all =, y.

Now, applying the dominated convergence theorem
yields

1 o0 e—it:ﬂ _ efity
Fl(z) = lim—
() im /_OO P — f(t)dt
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3.3.3 Inverse formula and uniqueness theorem

Also, H(z,y) is a continuous function of (x,y). So,
F(z) must be a continuous function and the above
equality holds for all =, y.

Now, applying the dominated convergence theorem

yields
1 o0 e—it:ﬂ _ efity
F’ = lim — t)dt
(@) 435 2 /_OO it(ly — z) 1)
1 00 e—itz _ efity
= — li t)dt
21 J_o = it(y — x) 1)
1 (0. ¢]

= — e " f(t)dt.

—0o0
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For same reason,

lim F'(y) = —/ lim e ™ f(t)dt = F'(x).

Yy—x 00 YT

So, F'(x) is continuous.
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Discrete random variables: Assume
P&=k)=pr,k=0,1,2---, then

f(t) _ Zpkeitk-
k=0
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3.3 Characteristic functions

3.3.3 Inverse formula and uniqueness theorem

Discrete random variables: Assume
P&=k)=pr,k=0,1,2---, then

f(t) _ Zpkeitk-
k=0

If f(t) is given, then we can multiply both sides by

e~ and integrate. Noting that

/%emtdt: 2w, n =0,
0 0, n#0,

we have
1 2

—itk
= — t)dt.
=g | e f(t)
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3.3.3 Inverse formula and uniqueness theorem

Example 8. Show f(t) = cost is a characteristic
function of some random variable, and find its
distribution function.

Solution.......
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3.3.3 Inverse formula and uniqueness theorem

Example 8. Show f(t) = cost is a characteristic
function of some random variable, and find its
distribution function.

Solution.......

In general, if f(t) can be written as _ a,e™"!,

where a,, > 0 and > _a, =1, then f(¢) is a
characteristic function, whose corresponding

random variable has distribution sequence
P=z,)=a,n=12---.
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3.3.3 Inverse formula and uniqueness theorem

Example 9. If f(¢) is a characteristic function of
some random variable, show so are f(t) and | f(t)|>.

Solution.......
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3.3.4 Additivity of distribution functions

3.3.4 Additivity of distribution functions

The additivity, also called regenerativity, means that
if £ and 7 are independent and follow a common
type of distributions, then so do their sum £ 4+ 7 and
the parameter is the sum of parameters of & and 7.
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3.3.4 Additivity of distribution functions

Example 10. If §; (j =1,2,--- , k) follows the
binomial distribution B(n;, p) respectively and are
indept. of each other. Find the distribution of

Z§:1 &

Solution.
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3.3.4 Additivity of distribution functions

Example 10. If §; (j =1,2,--- , k) follows the
binomial distribution B(n;, p) respectively and are
indept. of each other. Find the distribution of
Z§:1§j-

Solution. The c.f. f;(t) of & is (pe' + ¢q)". By
Property 4, the c.f. of Zle & is
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3.3.4 Additivity of distribution functions

Example 10. If §; (j =1,2,--- , k) follows the
binomial distribution B(n;, p) respectively and are
indept. of each other. Find the distribution of
Z§:1§j-

Solution. The c.f. f;(t) of & is (pe' + ¢q)". By
Property 4, the c.f. of ijl ; is

ny (pe’ + q) 1"
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3.3 Characteristic functions

3.3.4 Additivity of distribution functions

Example 10. If §; (j =1,2,--- , k) follows the
binomial distribution B(n;, p) respectively and are

indept. of each other. Find the distribution of

Z§:1§j-
Solution. The c.f. f;(t) of & is (pe' + ¢q)". By
Property 4, the c.f. of ijl & is

ny (pe’ + q) 1"

In turn, by the uniqueness theorem,

Zg 1 &5~ (Zk 1 s D)



Example 11. Suppose that &, - -
and & ~ N(ay,02), k=1,---,n
distribution of > 7_; &.
Solution.

-, &, are indept.,
. Find the
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3.3.4 Additivity of distribution functions

Example 11. Suppose that &, --- , &, are indept.,
and & ~ N(ay,0%), k=1,--- ,n. Find the
distribution of > 7_; &.

Solution. It is known that the c.f. of & is

e Kt=0kt"/2 5o the c.f. of S7_, & is

w n 2t2
H japt——LE— eXp{iZakt . Zk:éak }
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3.3.4 Additivity of distribution functions

Example 11. Suppose that &, --- , &, are indept.,
and & ~ N(ay,0%), k=1,--- ,n. Find the
distribution of > 7_; &.

Solution. It is known that the c.f. of & is

e Kt=0kt"/2 5o the c.f. of S7_, & is

w n 2t2
H japt——LE— eXp{iZakt . Zk:éak }

Thus >0 & ~ N (324 ar, 2o 7).



3.3.5 Multivariate characteristic functions

Definition 3 Suppose the random vector

€= (&, -+ ,&,) has distribution function
F(xy1,--- ,z,), then its characteristic function is
defined by

flty, - ty) = Feiti&it+tntn)

= /OO e /OO ei(t1$1+-~-+tnwn)dF(x1’ L T).

0 0
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3.3.5 Multivariate characteristic functions

3.3.5 Multivariate characteristic functions
Definition 3 Suppose the random vector

&= (&, ,&) has distribution function
F(xq,--- ,x,), then its characteristic function is
defined by

Ee (t1£1+ +tn£n)

tl? 7
/ / i(tizr+-+t, x")dF(.CUl, : n)

f(t) = Ee¢ = / et Tl (),

where t = (t1, -+ ,t,), @ = (z1, -+ ,2,)".
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3.3.5 Multivariate characteristic functions

Q@ Thecf of n=a1&+ -+ ayé, is

f,(t) = Ee = EeltTub
Ee’é > (art)é — f(a1t7 000 7ant)_

Q If the c.f. of (&,---,&,) is f(t1, - ,t,), then
k-dimensional sub-vector (&;,,---,&,)" has c.f.

f(07 707t11707"' 707tlk707”' 70)
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3.3.5 Multivariate characteristic functions

@ Assume that &; has c.f. f;(t), j=1,---,n,
then &, -+ , &, are indept. iff the c.f. of
(&1,- -+, &) is such that

fQ, - tn) = filty) - - fultn)-

Q (&, - ,&) and (&1, -+, &) are indept. iff
the product of their c.f.s is just equal to the

cf. of (&, ,&).
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