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Example 1. Let £ and 7 denote the numbers of
times two people, say A and B, hit the target
respectively. Suppose

¢ 7 8 9 (6 7 8 9 10
"\ 01 08 01 T 0.1 02 04 02 01 )

Compare which one is better at shooting.
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Example 1. Let £ and 7 denote the numbers of
times two people, say A and B, hit the target
respectively. Suppose

¢ 7 8 9 (6 7 8 9 10
"\ 01 08 01 T 0.1 02 04 02 01 )

Compare which one is better at shooting.

E¢ = En=S8.
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3.2.1 Variances

We need consider the deviation extent to which it
takes values, besides its mean for a random variable.
skip

We call £ — E¢ the deviation of £ from its mean E¢. It is still
a random variable.

The mean of it is also F[{ — E¢] = E{ — E§ = 0.



Definition 1. If E(§ — E£)? exists and is a finite
constant, then we call it the variance of &, and
write Varé or DE, i.e.,

Varé = E(€ — E€)°.
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3.2.1 Variances

Definition 1. If E(§ — E£)? exists and is a finite
constant, then we call it the variance of &, and
write Varé or DE, i.e.,

Varé = E(€ — E€)°.

But Varé and € have different dimension. To unify,
we sometimes use y/Varé, called the standard
deviation of &.



Var§ = /_OO (z — E€)*dFe(x)

_ { Soi(@wi — E€)*P(E =x;)  (discrete),
Joo (@ = BE)’pe(w)d (continuous).



Var§ = /_OO (z — E€)*dFe(x)

{ Soi(xi — EE?P(E =a;)  (discrete),
7o (@ — BE)?pe(a)da (continuous).

Moreover,
E(¢—E¢)® = E[¢? - 26 EE+(E¢)?] = EE* — (E¢)?,

I.e.,
Varé = E€* — (E€)2
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Example 1 (continuity). Find Varf and Varn
of £ and .
Solution.
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Example 1 (continuity). Find Varf and Varn
of £ and .
Solution.

B¢ = aP(§ = ;) =642,

SO
Varé = B2 — (E€)? =0.2.
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Example 1 (continuity). Find Varf and Varn
of £ and .
Solution.

B¢ = aP(§ = ;) =642,

SO
Varé = B2 — (E€)? =0.2.

Similarly,

Varn = En? — (En)*> =65.2 — 64 = 1.2 > Var.

So 7 takes its values more dispersedly, which implies

A shoots better.
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distribution P(\).
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Example 2. Find the variance of the Poisson
distribution P(\).
Solution (1).

k=0 k=1
— S(k—1 - =)
,;( Va- *Z}Uﬂ—w'e
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Example 2. Find the variance of the Poisson
distribution P(\).
Solution (1).

k=0 k=1
— S(k—1 - =)
,? Va- *Z}Uﬂ—w'e

So, Varé = X2+ X =\ =\
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Solution (2).







Letting f(x) = 1 yields E¢ = \. Letting f(z) =«
yields E[¢? — £] = AEE. So

Varé§ = B — (E€)? = B¢ + AE¢ — (E€)? = ).
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Example 3. Suppose that £ ~ Ula, b], find Varé.
Solution.
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Example 3. Suppose that £ ~ Ula, b], find Varé.
Solution. It is easy to see

b 3 3
1 10° —a 1
E¢? = 2 dr = ——— = —(a’ +ab+1?).
£ /axb_ax - 3(a—|-a—|—)

Then
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Example 3. Suppose that £ ~ Ula, b], find Varé.
Solution. It is easy to see

b 3 3
1 10° —a 1
E¢? = 2 dr = ——— = —(a’ +ab+1?).
£ /axb_ax - 3(a—|-a—|—)

Then

a+b
2

Varé = %(a? +ab+b?) — | ? = —(b—a).
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Example 4. Assume that £ ~ N(a, 0?), find
Var€.

Solution.
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3.2.1 Variances

Example 4. Assume that £ ~ N(a, 0?), find
Var€.
Solution. Recall E£ = a. We have

Varé = E(€ — a)?
]_ 2O z—a)?
= —/ (x — a)Qe*(%?) dx

2710 J—oo
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Example 4. Assume that £ ~ N(a, 0?), find
Var€.
Solution. Recall E£ = a. We have

Varé = E(€ — a)?

2o

22 _7dz =

N
'\"‘w
.

et g [
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Example 4. Assume that £ ~ N(a, 0?), find
Var€.
Solution. Recall E£ = a. We have

Varé = E(€ — a)?
= ! / (x—a)2 *(2;% dx

2o

22 _7dz =

w‘“
.

N I

= (T | eHi=a




¢ Functions

3.2.1 Variances

Chebyshev’s inequality. For any ¢ > 0,

Pl — Be| > &) < V¢

Proof.
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Chebyshev’s inequality. For any ¢ > 0,

P~ Be| > ) < %,

Proof.Let
1, if |§—E§| > e,

0, otherwise.

Then € E§|2
n < T
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Chebyshev’s inequality. For any ¢ > 0,

P~ Be| > ) < %,

Proof.Let
1, if |§—E§| > e,

0, otherwise.

77:

Then € E§|2
n < T

So

€ — B¢ Varg
€2 B )

P(l¢ — B¢l > e) =En< E 5
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Properties of variances:
Q@ Varé =0iff P( =¢) = 1.
Proof. "<": Notice F{ =¢. So P((§ — E§=0)=1. It

follows that

Var(§) = BE(€ — E€)*=0% P(6 — E€E =0) =0.
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Properties of variances:
Q@ Varé =0iff P( =¢) = 1.
Proof. "<": Notice F{ =¢. So P((§ — E§=0)=1. It
follows that
Var(§) = BE(€ — E€)*=0% P(6 — E€E =0) =0.

"=" For any € > 0,
Var(§)

2 = 0.

P(l§¢ —E¢|>¢) <
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Properties of variances:
Q@ Varé =0iff P( =¢) = 1.
Proof. "<": Notice F{ =¢. So P((§ — E§=0)=1. It
follows that
Var(§) = BE(€ — E€)*=0% P(6 — E€E =0) =0.

"=" For any € > 0,
Var(§)

€2

P(l¢— B¢l > ¢) < — 0.
Thus

PE=Ef) = 1-P(|¢—E>0)
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Properties of variances:

Q@ Varé =0iff P( =¢) = 1.
Proof. "<": Notice F{ =¢. So P((§ — E§=0)=1. It
follows that

Var(§) = BE(€ — E€)*=0% P(6 — E€E =0) =0.
"=" For any € > 0,
Var(§)

€2

P(le— B¢ = o) < —o.

Thus
P(=Ef) = 1-P(¢— E{>0)

1
= 1— lim P(\S—Eﬂ >
n—oo

n

) =1.



Chapter 3 Numerical Charact and Charz ic Functions

3.2 Variances, Covariances and Correlation coeffic
3.2.1 Variances

Q@ Var(ct +b) = Varé.
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Q@ Var(ct +b) = Varé.
Proof.

Var(c€+b) = E(c€+b— E(cf+ b))2



Q@ Var(ct +b) = Vart.
Proof.

Var(c§ +b) = E(c€+b— B(c +b))°
= E[c*(€ — E¢)F]



Q@ Var(ct +b) = Varé.
Proof.

Var(c€+b) = E(c€+b— E(cf+ b))2
= Blc*(¢ - E¢)’]
= AVaré.
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3.2.1 Variances

Q If c # E¢, then Varé < E(€ — ¢).



Q If c # E¢, then Varé < E(€ — ¢)%.
Proof.

E( —¢)?
= E[((¢- B¢) + (Bt - 0)"]
— E[(¢ — E&)’ +2(B¢ — o)(€ — E¢) + (B¢ — o]



Q If c # E¢, then Varé < E(€ — ¢).
Proof.

E(¢ o)’
= B[((¢ - E&) + (BE — 0))]
= E[(¢ - E¢)’ 4+ 2(E¢ — ¢) (£ — E€) + (B¢ - ¢)°]
= Var(§) + 2(EB¢ — ¢)E[¢ — E€] + (B¢ - ¢)”
= Varé + (B¢ —¢)? > Vare.
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(%)

n

Var(Z&)-ZVar@—}—Q > E(4-E&)(&-E¢).

i=1 1<i<j<n

If &,--- &, are pairwise independent, then

Var(i ft> = i Varé;.
1=1 o=l
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Proof.

Var(Y &) =E(Y & -EY &)’
o=l =1l o=l

= B(Y (&~ BE&))

i:1

= [Z<£ EE?+2 Y (& — E&)(E — BE)]

=il 1<i<j<n

— Zvar@+2 > E(&-E&)(& - EE).

1<i<j<n
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Summary:
Q@ Varé =0iff P(E =¢) = 1.
Q@ Var(c +b) = AVaré.
Q If c # E¢, then Varé < E(€ — c)2.
o

Var(d_ &) =) Var&+2 »  B(G-E&)(&—P¢).

1<i<j<n

If &,--- &, are pairwise independent, then

Vm'(i &) = i Varg;.
i=1 i=1



Chapter 3 Numerical Characteristics and Characteristic Functions

.2 Variances, Covariances and Correlation coefficients
3.2.1 Variances

Example 5. Assume that £ ~ B(n,p), find Varé.

Solution.
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3.2.1 Variances

Example 5. Assume that £ ~ B(n,p), find Varé.

Solution. Write £ =& + - -+ + &,, where
£, , & iid. ~ B(1,p).
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3.2.1 Variances

Example 5. Assume that £ ~ B(n,p), find Varé.
Solution. Write £ =& + - -+ + &,, where
&1, & iid. ~ B(1,p). Then

Var§ = Z Varé = npq.

=1
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Example 6. Suppose that &;,--- ,&, are
independent identically distributed random
variables, and E¢; = a, Varé; = o?. Let
E=3"&/n, find EE and Varé.
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3.2.1 Variances

Example 6. Suppose that &;,--- ,&, are
independent identically distributed random
variables, and E¢; = a, Varé; = o?. Let
E=3"&/n, find EE and Varé.

Solution.

E&zii%za;

1=1
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Example 6. Suppose that &;,--- ,&, are
independent identically distributed random
variables, and E¢; = a, Varé; = o?. Let
E=3"&/n, find EE and Varé.

Solution.
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Example 7. Suppose that the random variable &
has finite expectation and positive variance. Let
vVarg
We call £* the standardized random variable of &.
Find E£* and Varé®.
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Example 7. Suppose that the random variable £

has finite expectation and positive variance. Let
o E-BE

VVarg

We call £* the standardized random variable of &.

Find E£* and Varé®.

Solution.
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3.2.1 Variances

Example 7. Suppose that the random variable £

has finite expectation and positive variance. Let
o E-BE

VVarg

We call £* the standardized random variable of &.

Find E£* and Varé®.

Solution.

B¢ — B¢

Ef* — W — O,
Var (&) = Var() = 1.

Var(§)
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3.2.2 Covariances

For random vectors, say, (&1,&2, -+ ,&,), besides
expectation and variance of each coordinate, there
is another numerical characteristic, called
covariance, which expresses the connection between

coordinate random variables.



Definition 2. Let Fj;(x,y) be the joint
distribution of ¢; and §;. If
El(fz — Efz)(&y — Efj)’ < 00, we call

— BE)(E — FE)
/ / (v — BE)(y — B&)dFy(z,y)

the covariance of &; and &;, written as Cov(&;, ;).



Definition 2. Let Fj;(x,y) be the joint
distribution of ¢; and §;. If
El(fz — Efz)(&y — Egj)’ < 00, we call

— BE)(E — FE)
/ / (v — BE)(y — B&)dFy(z,y)

the covariance of &; and &;, written as Cov(&;, ;).

Cov(&;, &) = E(§—FE§)(&—EE;) = E§E—EEEE;.
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3.2.2 Covariances

Cov(&;, &) = Varg,.

var (Y ¢ vam > Coul&,&)).
1=1 i

1<i<j<n
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Properties of Covariances:
Q@ Cov(§,n) = Couv(n,§) = E¢n — ECE;
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Properties of Covariances:
Q@ Cov(§,n) = Couv(n,§) = E¢n — ECE;

© Assume that a, b are constants, then

Cov(a&,bn) = abCov(§,n);
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3.2.2 Covariances

Properties of Covariances:
Q@ Cov(§,n) = Couv(n,§) = E¢n — ECE;

© Assume that a, b are constants, then

Cov(a&,bn) = abCov(§,n);

@ Cov(d i 1&,m) => i Cov(&,n).
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Given an n-dimensional random vector
&= (&, ,&,), one can write its covariance

matrix as

B = Var(§) = E(& - FE¢)(& - EE)
bii bz -+ bip
bar by -+ Doy
bnl an T bnn

where bij = COU(&, gj)
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Covariances

From Property 1 it follows that B is a symmetric

matrix and for any real numbers ¢t;,7 =1,2,--- | n,

Z bjrtjty = Z titnE(§; — E&) (& — Eék)
J.k J.k

= EQ)_t;(&— Eg)) 20,
j=1

that is, the covariance matrix B is non-negative
definite.
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Covariances

Q Let

£ = (517527 T agn)la
Cll 012 U Cln
C21 022 e CQn

le Cm2 Cmn

then C'¢ has covariance matrix C BC’, where
B is covariance matrix of &.
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Indeed, it is easy to see

E[C(§ - E&)(C(& - EE))]
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Indeed, it is easy to see

E[C(§ - E&)(C(& - EE))]
= E[C(§ - E€)(§— EE)C



Indeed, it is easy to see

E[C(§ - E&)(C(& - EE))]
= E[C(§ - E€)(§— EE)C
= E[C(§ - E€)(§— EE)C]



Indeed, it is easy to see

E[C(§ - E&)(C(& - EE))]
E[C(§ — E€)(§ — E€)'C]
= E[C(§ - E€)(§— EE)C]

CE[(§ — E€)(§ — E€)'C]



Indeed, it is easy to see

E[C(¢ - E€)(C(€ - E&)))

E[C(& — E€)(& — EE)C)
— E[C(¢ - BE)(& — BE)C]
— CE|(€ - B&)(& - B&)C]

CE[(& - E§)(§ — EE)]C



Indeed, it is easy to see

E[C(¢ - E€)(C(€ - E&)))
— B[C(¢ - BE)(& — Be)C
— E[C(¢ - BE)(& — Be)C]
— CE[(€ - B¢)(& — Be)C
— CE|(¢ - B&)(& - Be)|C’

= CBC'.



Hence the (i, j)-th entry in CBC" is just the
covariance of the i-th entry and the j-th entry in

Cé.
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3.2.2 Covariances

Q@ IfE= (&, - ,&) ~ N(p,X), then
E¢=p, Var(g) =3,
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3.2.2 Covariances

Q@ IfE= (&, - ,&) ~ N(p,X), then
E¢=p, Var(g) =3,

Proof. First, consider the special case that 4 =0
and X = I,,..,,. In this case, the pdf of £ is

1 1, . 17 1 y?
p(y)_(Qﬂ.)n/2eXp{ zyy}_gmexp{ 2}7
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Q@ IfE= (&, - ,&) ~ N(p,X), then
E¢=p, Var(g) =3,

Proof. First, consider the special case that 4 =0
and X = I,,..,,. In this case, the pdf of £ is

1 1, . 17 1 y?
p(y)_(Qﬂ.)n/2eXp{ ny}_zl;!:\/%exp{ 2}7

which means that &,--- , &, are i.i.d. N(0,1)
random variables. Hence

EF¢E=0, Var(§) = IL,x,.



Chapter 3 Numerical Characte nd Characteristic Functions

3.2 Variances, Covariances and Correlation coefficients

3.2.2 Covariances

Now consider the general case. Since X is positive
definite, there is a non-singular matrix L = X'/2
such that ¥ = LL'. Let n = L™1(£ — p) and
notice |L| = |X|"/2. Then € = Ln + u, and the
density of i is

p(y) = p(x)|L] (x =Ly + p)
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3.2.2 Covariances

Now consider the general case. Since X is positive
definite, there is a non-singular matrix L = X'/2
such that ¥ = LL'. Let n = L™1(£ — p) and
notice |L| = |X|"/2. Then € = Ln + u, and the
density of i is

py) = p@L] (@ =Ly +p)
- GETE e 5@ — WS @ - WL

1 1,
= W exp{—ﬁy y},
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3.2.2 Covariances

Now consider the general case. Since X is positive
definite, there is a non-singular matrix L = X'/2
such that ¥ = LL'. Let n = L™1(£ — p) and
notice |L| = |X|"/2. Then € = Ln + u, and the
density of i is

py(y) = p(x)|L] (x = Ly + p)

B 1 1 P
1 /

which means that n ~ N(0, I,,.,,). So, Em =0
and Var(n) = I.
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Hence
EF¢=LEn+ p=p.

and
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3.2.2 Covariances

Hence
EF¢=LEn+ p=p.

and

Var(§) = E[(§— E§)(& - EE)
= E|[Lnm'L']
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3.2.2 Covariances

Hence
EF¢=LEn+ p=p.

and
Var(§) = E[(§— E§)(& - EE)
= E|[Lnm'L']
= LE[nn'L']



EF¢=LEn+ p=p.

Var(§)

E[(§ — E&)(€ — EE)]
E|Lnn'L]
LE[nm'L']
LE[m'| L’



EF¢=LEn+ p=p.

Var(§)

B[(€ - B€)(€ - FE))
E|Lnn'L]
LE[nm'L']
LE[m'| L’
LIL =%.
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3.2.3 Correlation coefficients
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3.2.3 Correlation coefficients

3.2.3 Correlation coefficients
Definition 3. We call

_ o s _ E(§— E)(n— En)
T§77_OOU(§ 777)_ \/W

the correlation coefficient of £ and 7, where

_ §— B¢
VVarg

é*
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Cauchy-Schwarz’s inequality. For any pair of
random variables £ and 1 with P(£ =0) # 1 and
P(n =0) # 1, it holds that

|E¢n|> < E€2En?.

and the equality is valid if and only if there is a
constant ¢ such that

P(n =t¢) = 1.
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Proof. Define

u(t) = E(t€ —n)? = 2 E¢% — 2tE€n + En’.
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3.2.3 Correlation coefficients

Proof. Define
u(t) = E(t€ —n)? = 2 E¢% — 2tE€n + En’.

This can be viewed as a non-negative quadratic in ¢,

so its discriminant is

(E¢n)* — E€En* < 0.
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3.2 Variances, Covariances and Correlation coefficients
3.2.3 Correlation coefficients

Proof. Define

u(t) = E(t€ —n)? = 2 E¢% — 2tE€n + En’.

This can be viewed as a non-negative quadratic in ¢,

so its discriminant is
(Bén)? — E€En® < 0.

The equality is valid iff u(¢) has a multi-root
to = Eén/EE2. In other words,

u(to) = E(teé —n)* =0,

which implies P(to§ —n =0) = 1.
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3.2.3 Correlation coefficients

@ Let r¢, be the correlation coefficient, then
ren| < 1.

Also, r¢, = 1 if and only if

§—EE _n—FEn
vVare  /Varn

rey = —1 if and only if

§—LEE  n—En
VVarg — /Vary

P

) =1

P( )= 1.
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Proof. It follows that

ren| = |EEN
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Covarianc nd Correlation coeffic

tion coefficients

Proof. It follows that

regl = |EEN| < VEE?ED®

= \/Varf*Varn* =1
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Proof. It follows that

regl = |EEN| < VEE?ED®

= /Varé&Vary: = 1.

Next let us turn to the second conclusion. By the
definition of correlation coefficient,

Ten = T = B¢ .
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relation coefficients

3.2.3 Correlation coefficients

Proof. It follows that

regl = |EEN| < VEE?ED®

= /Varé&Vary: = 1.

Next let us turn to the second conclusion. By the
definition of correlation coefficient,
Ten = Tewp = E[E*n*]. By the Cauchy-Schwarz's

inequality, |r¢,| = 1 if and only if there exists ¢,
such that P(n* = t,*) = 1.
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It follows that

rey = B[] = Elto(€")"] = toVarg™ = to.
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It follows that
reg = El€*0"] = Elto(£)°] = toVarg* =1t

Therefore r¢, = 1 iff P(£* =n*) =1, while
ren = —1iff P(§* = —n*) = 1.
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When r¢, = 0, we say £ and 7 are uncorrelated.
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When r¢, = 0, we say £ and 7 are uncorrelated.
@ The following statements are equivalent

@ Cou(&,n) =0;

© & and 7 are uncorrelated;

Q@ E&n= ESEn;

Q@ Var(§+n) =Varé + Varn.

Proof?
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relation coefficients

3.2.3 Correlation coefficients

When r¢, = 0, we say £ and 7 are uncorrelated.
@ The following statements are equivalent

@ Cou(&,n) =0;

© & and 7 are uncorrelated;

Q@ E&n= ESEn;

Q@ Var(§+n) =Varé + Varn.

Proof?
@ If £ and 1 are independent and their variances

are finite, then & and 7 are uncorrelated.
proof. trivial
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3.2.3 Correlation coefficients

independence <= uncorrelation

Example 8. 6 ~ [0,27]. Let £ = cosf, n = sinf. Since
£+ n? =1, &1 are not indept.. However &, are
uncorrelated. Indeed,

2 1
E¢ = ECOSQZ/ — cos pdyp = 0,
0o 2m
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3.2.3 Correlation coefficients

independence <= uncorrelation

Example 8. 6 ~ [0,27]. Let £ = cosf, n = sinf. Since
£+ n? =1, &1 are not indept.. However &, are
uncorrelated. Indeed,

2 1
E¢ = ECOSQZ/ — cos pdyp = 0,
0o 2m

2 1
En = Esin&z/ —sin@dp = 0,
0o 2m
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3.2.3 Correlation coefficients

independence <= uncorrelation

Example 8. 6 ~ [0,27]. Let £ = cosf, n = sinf. Since
£+ n? =1, &1 are not indept.. However &, are
uncorrelated. Indeed,

2 1
E¢ = ECOSQZ/ — cos pdy = 0,
0o 2m
27r1
En = Esin&z/ —sin@dp = 0,
0o 2m
27 1
E¢tn = Esin@cos@z/ 2—Singocosgod90:0
0 27

Thus Cov(&,n) = Eén — EEED = 0.
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3.2.3 Correlation coefficients

In the case of normal distribution,

independence < uncorrelation

Example 9. Assume that £, ~ N(a,b,0%,03,7),
find Couv(&,n) and 7¢,,.
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Covariance and Correlation coefficients

Solution (1)
Cov(&,n)

— [ [ - aw- et dzdy



Chapter 3 Numerical Character d Characteristic Functions

3.2 Variances, Covariances and Correlation coefficients

3.2.3 Correlation coefficients

Solution (1).
Cov(&,n)

// 2 — a)(y — b)p(x, y)dzdy

T —a)
2#0102\/1 —r2 / /

1 r—a y—>b, (y—>5)?
exp( 2(1—7"2)( o & 09 ) 203

Let
T —a y—>b
z = — 7 , U= ,
01 op) 02

then
T —a O(z,y

:Z-l—?“t, J:—t:O'lO'Q.
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Thus we have

Cov(,n)

010 [ I
= — =2 (2t + rt?)e” 20-D e~ 7 dzdt

2mvV1 — 12 J_oo J oo
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Thus we have

Cov(,n)
_ W02 2 2
= (2t + rt 2 e~ T dzdt
21 —r2 / / e

t
0109—— te” 2 dt——— / ze 20 T2>dz
! 2\/271’/ \/27r\/1—r2
L% t2 S

e \/_\/1—773/

2(177‘ ) dz
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Covarianc nd Correlation coeffic

tion coefficients

Thus we have

Cov(,n)
_ W02 2 2
= (2t + rt 2 e~ T dzdt
21 —r2 / / e

t
0109—— te” 2 dt——— / ze 20 T2>dz
! 2\/271’/ \/27r\/1—r2
L% t2 S

e \/_\/1—773/

= T0109.

2(177‘ ) dz
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3.2.3 Correlation coefficients

Thus we have

Cov(,n)
_ W02 2 2
= (zt + rt*) ~ 3, e~ T dzdt
27r\/1 —_ / /

t
0109—— te” 2 dt ze ~a0- T2>dz
! 2\/271’ /_oo \/27r\/1—7"2/

V21 J oo VeryI— 12 \/1—r2
= T0109.
Therefore
_ Cov(&,n)
Ten =

VVarEVarn a
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Solution (2). Notice

Cov(§,n) = E[(§ —a)(n—b)] = E[E[(€ - a)(n = b)[E]].
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3.2.3 Correlation coefficients

Solution (2). Notice

Cov(§,n) = E[(§ —a)(n—b)] = E[E[(£ —a)(n—b)[E]].
From

g
77|£=:v ~ N(b + TO'_j(x - a)a (1 - T2)0-§)7

it follows that

E[(€ —a)(n = b)[€ = 2] =(x — a)E[(n — )| = 7]

Hence
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3.2.3 Correlation coefficients

So
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So

Cov(é,n) = E |r—=(¢£ —a)’
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So

g9

Cov(é,n) = E |r—=(¢£ —a)’

= r%E(g — a)2 =Tro0109.
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So

g9

Cov(é,n) = E |r—=(¢£ —a)’

= r@E(ﬁ —a)? = royo;.

Therefore Ten = T.
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Solution (3). (£,n) ~ N(p,X) with

= (a,b) 2( o1 “’1“2)

ro102 O'%

By Property 5,

Var{({,n)'} = %,

i.e., Varé = o1, Varn = o3, Cov(§,n) = rojos. It
follows that

. - CGov&m) _
Y VaréVary
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3.2.3 Correlation coefficients

If (£&,7) follows a normal distribution, then

&, m are uncorrelated
< ey =0

Sr=0

& &, m are indept.

@ For a bivariate normal distribution the
uncorrelated property is equivalent to the
independence.
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joint normal distribution are mutually independent
iff they are pairwise uncorrelated.

Proof.
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3.2.3 Correlation coefficients

In general, the random variables &, --- , &, with
joint normal distribution are mutually independent
iff they are pairwise uncorrelated.

Proof. Assume & = (&, ,&,) ~ N(p, X).



and Characteristic Functions

relation coefficients

In general, the random variables &, --- , &, with
joint normal distribution are mutually independent
iff they are pairwise uncorrelated.

Proof. Assume & = (&, ,&,) ~ N(p, X).
Then Var(g) =%, i.e., Cov(§;, &) = 04j. So
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&1, -0+, &, are indept.

= &, -+, &, pairwise uncorrelated
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&1, 0+, &, are indept.
= &, ,&, pairwise uncorrelated
= 0i;=Cov(§,§;) =0, i#]
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Covarianc: nd Correlation coeffic
tion coefficients

&1, -0+, &, are indept.

&, -+, &, pairwise uncorrelated

—

= 05, =Cov(§;,§5) =0, i # j
= X =diag(o?, - ,02)
—

, 1 ' 1
I dzag(—, "o ,—2)

o? o



!

nd Character Functions

nd Correlation coefficients

&1, -0+, &, are indept.

&1, -+, &, pairwise uncorrelated
045 = COU(@,SJ') =0,i#]

Y = diag(o?, - ,02)

1
1! — diag(— .- . —
Zag(o_%a 70_721)
o) = e~ 3 2



nd Character Functions

nd Correlation coefficients

&, -0, &, are indept.
= &, ,&, pairwise uncorrelated
= 0;;,=Cov(§,&)=0,i#j
= X =diag(o?, - ,02)
_—

1
1! — diag(— .- . —
— 1) = G e - 12 B
- 1 (@ /‘1)2
= || ——exp{—
H\/Qﬂai p{ 2012 }

= &, , &, are indept.



Chapter 3 Numerical Charact and Charz ic Functions

3.2 Variances, Covariances and Correlation coeffic
3.2.4 Mome

3.2.4 Moments




Chapter 3 Numerical Characteristics and Characteristic Functions

3.2 Variances, Covariances and Correlation coefficients
3.2.4 Moments

3.2.4 Moments
e Origin moment of order k: m;, = F&F.
Ef =ma.
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3.2.4 Moments
e Origin moment of order k: m;, = F&F.
EE =m;.
o Center moment of order k: ¢, = E(¢ — EE)F.
Varé = co.

@ Skewness:
C3

32
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3.2.4 Moments
e Origin moment of order k: m;, = F&F.
EE =m;.
o Center moment of order k: ¢, = E(¢ — EE)F.
Varé = co.

@ Skewness:

@ kurtosis coefficient:
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Example 10. £ ~ N(0,0?), then E€ = 0 and

m, = ¢, = BE"
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Example 10. £ ~ N(0,0?), then E€ = 0 and

My =cp, = E" =0"FE (é) =o¢"EN(0,1)"
o

1 o o2 1 o

1 OO n—2 _a?
+(n—-1)— " e T dx



Example 10. £ ~ N(0,0?), then E€ = 0 and

m, =c, = E" =0"FE (5)” =o"EN(0,1)"

n_1 oox"e ;dx / 2" tde 7
pr— O‘ —_— —_0' [
V2T J_so \ 2T
1 Ly a2 / }
= " |———a"" e 2 —|— n—1)— T d:U
[ 2 = ( \/
0, n=2k+1,

1-3---(n—1)0", n=2k.

In particular, c5 = 0, m4 = ¢4 = 30*. Hence for an
arbitrary o, the normal distribution has 0 skewness
and kurtosis.
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3.2.4 Moments

We can use the origin moments to express the
center moments:

Ak ,
Cr. = g (—1) myme_,.
r
r=0

Conversely, we can also use center moments to

express origin moments:
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@ Absolute moment of order a: M, = E|£|°,

where « is a real number.
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@ Absolute moment of order a: M, = E|£|°,

where « is a real number.

£~ N(0,02):



Chapter 3 Numerical Characteristics and Characteristic Functions

3.2 riances, Covariances and Correlation coefficients

3.2.4 Moments

e Absolute moment of order a: M, = E|[£|%,

where « is a real number.

£~ N(0,02):

" 29k Elg?k+!, n=2k+1,
mer={ V?
1-3---(n—1)o", n=2k.
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In general, for £ ~ N(0,0?) and o > 0,

ElE" = o"E[N(0,1)["
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In general, for £ ~ N(0,0?) and o > 0,

ElE" = o"E[N(0,D["

o 1 oo‘ ’a —ﬁd
= 0O —— Tl e 2dadx
V27T/oo



d Chara istic Functions
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In general, for £ ~ N(0,0?) and o > 0,

ElE" = o"E[N(0,D["

o 1 oo‘ ’a —ﬁd
= 0O —— Tl e 2dadx
V27T/oo

22

= g — Tr e €T
V21 Jo
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In general, for £ ~ N(0,0?) and o > 0,

ElE" = o"E[N(0,D["
1 (0.0

I
Q
8
aQ

|
QL
8

=2 2 a— o0 «
& i/2 Ua —221/ y%l_le_ydy



In general, for & ~

ElE* =

y=a>/2

N(0,0%) and a > 0,

o EIN(0,1)|*
1 (0.0
0% — x|%e” 2 dx
o OO\ |
2 > 2d
0% — x%e 2 dx
V21 Jo
2 a—1 atl
o\ =22 y* T e Vdy
Q 0
O_a zzaglr (8% + 1
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Example 11. If £ ~ E()), then we have for
k>1,

B¢k = P e N dx =
0
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3.2.4 Moments

Example 11. If £ ~ E()), then we have for
k>1,

k
B¢t = | afAeMdr =SB
0



Example 11. If £ ~ E()), then we have for
k>1,

> k
E¢h = / pire Mdr = SECT
0

from which we further recursively derive

k!

k __
Bet = .
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Moment generating functions
For &, people usually define its moment generating
function by

00

M¢(t) = Ee'* = / e dFg(x), teT

—00

for some T' C R provided that the required
expected values exist.
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Moment generating functions

Example. If £ ~ N(u,0?), then

2t2

Me(t) = Ee'* = ar teR.
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Moment generating functions

Example. If £ ~ N(u,0?), then
Me(t) = Ee'* = ehttzo teR.

Example. If £ ~ E()), then when t < A,

when ¢ > A, M¢(t) does not exist.
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Moment generating functions

@ If £ has mgf M(t), then

BE™ = —— M(t
& = S Me(t)| s
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Moment generating functions

@ If £ has mgf M(t), then
d’I’L
E — M (2
£ = M)
@ Suppose & has mgf M¢(t) and 1 has mgf
M, (t). If M¢(t) = M,(t) for all ¢ in some
neighborhood of 0, then F; = F;

)
t=0
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Moment generatin

@ If £ has mgf M(t), then

BE" = S Me()

@ Suppose & has mgf M¢(t) and 1 has mgf
M, (t). If M¢(t) = M,(t) for all ¢ in some
neighborhood of 0, then F; = F;

Q If € has mgf Mc(t), t € T, n has mgf M, (1),
t € Ty, and &, n are independent, then

)
t=0

M§+n(t) = Mg(t)Mn(t), teTinNTs.
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Moment generating functions

Moment generating function is an important tool in
the study of random variables and distribution
functions, but it does not necessarily exist for all ¢.
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