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3.2.1 Variances

3.2 Variances, Covariances and Correlation

coefficients

3.2.1 Variances

Example 1. Let ξ and η denote the numbers of
times two people, say A and B, hit the target
respectively. Suppose

ξ :

(
7 8 9

0.1 0.8 0.1

)
η :

(
6 7 8 9 10

0.1 0.2 0.4 0.2 0.1

)
.

Compare which one is better at shooting.

Eξ = Eη = 8.
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We need consider the deviation extent to which it
takes values, besides its mean for a random variable.
skip

We call ξ − Eξ the deviation of ξ from its mean Eξ. It is still

a random variable.

The mean of it is also E[ξ − Eξ] = Eξ − Eξ = 0.
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3.2.1 Variances

Definition 1. If E(ξ − Eξ)2 exists and is a finite

constant, then we call it the variance of ξ, and

write V arξ or Dξ, i.e.,

V arξ = E(ξ − Eξ)2.

But V arξ and ξ have different dimension. To unify,

we sometimes use
√
V arξ, called the standard

deviation of ξ.
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V arξ =

∫ ∞
−∞

(x− Eξ)2dFξ(x)

=

{ ∑
i(xi − Eξ)2P (ξ = xi) (discrete),∫∞
−∞(x− Eξ)2pξ(x)dx (continuous).

Moreover,

E(ξ−Eξ)2 = E[ξ2−2ξEξ+(Eξ)2] = Eξ2−(Eξ)2,

i.e.,

V arξ = Eξ2 − (Eξ)2.
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Example 1 (continuity). Find V arξ and V arη

of ξ and η.

Solution.

Eξ2 =
∑
i

x2iP (ξ = xi) = 64.2,

so

V arξ = Eξ2 − (Eξ)2 = 0.2.

Similarly,

V arη = Eη2 − (Eη)2 = 65.2− 64 = 1.2 > V arξ.

So η takes its values more dispersedly, which implies

A shoots better.
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Example 2. Find the variance of the Poisson

distribution P (λ).

Solution (1).

Eξ2 =
∞∑
k=0

k2
λk

k!
e−λ =

∞∑
k=1

k
λk

(k − 1)!
e−λ

=
∞∑
k=1

(k − 1)
λk

(k − 1)!
e−λ +

∞∑
k=1

λk

(k − 1)!
e−λ

= λ

∞∑
j=0

j
λj

j!
e−λ + λ

∞∑
j=0

λj

j!
e−λ = λ2 + λ.

So, V arξ = λ2 + λ− λ2 = λ.
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Solution (2).

Eξf(ξ − 1) =
∞∑
k=0

kf(k − 1)
λk

k!
e−λ

= λ
∞∑
k=1

f(k − 1)
λk−1

(k − 1)!
e−λ= λEf(ξ).

Letting f(x) ≡ 1 yields Eξ = λ. Letting f(x) = x

yields E[ξ2 − ξ] = λEξ. So

V arξ = Eξ2 − (Eξ)2 = Eξ + λEξ − (Eξ)2 = λ.
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Example 3. Suppose that ξ ∼ U [a, b], find V arξ.

Solution.

It is easy to see

Eξ2 =

∫ b

a

x2
1

b− a
dx =

1

3

b3 − a3

b− a
=

1

3
(a2+ab+b2).

Then

V arξ =
1

3
(a2 + ab+ b2)− [

a+ b

2
]2 =

1

12
(b− a)2.
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Example 4. Assume that ξ ∼ N(a, σ2), find

V arξ.

Solution.

Recall Eξ = a. We have

V arξ = E(ξ − a)2

=
1√
2πσ

∫ ∞
−∞

(x− a)2e−
(x−a)2

2σ2 dx

=
σ2√
2π

∫ ∞
−∞

z2e−
z2

2 dz =
σ2√
2π

∫ ∞
−∞

zd
[
−e−

z2

2

]
=

σ2√
2π

(−ze−
z2

2 |∞−∞ +

∫ ∞
−∞

e−
z2

2 dz) = σ2.
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3.2.1 Variances

Chebyshev’s inequality. For any ε > 0,

P (|ξ − Eξ| ≥ ε) ≤ V arξ

ε2
.

Proof.

Let

η =

1, if |ξ − Eξ| ≥ ε,

0, otherwise.

Then

η ≤ |ξ − Eξ|
2

ε2
.

So

P (|ξ − Eξ| ≥ ε) = Eη ≤ E
|ξ − Eξ|2

ε2
=
V arξ

ε2
.
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3.2.1 Variances

Properties of variances:

1 V arξ = 0 iff P (ξ = c) = 1.
Proof. ”⇐”: Notice Eξ = c. So P (ξ − Eξ = 0) = 1. It

follows that

V ar(ξ) = E(ξ − Eξ)2 = 0 ∗ P (ξ − Eξ = 0) = 0.

”⇒” For any ε > 0,

P (|ξ − Eξ| ≥ ε) ≤ V ar(ξ)

ε2
= 0.

Thus

P (ξ = Eξ) = 1− P (|ξ − Eξ| > 0)

= 1− lim
n→∞

P
(
|ξ − Eξ| ≥ 1

n

)
= 1.
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2 V ar(cξ + b) = c2V arξ.

Proof.

V ar(cξ + b) = E
(
cξ + b− E(cξ + b)

)2
= E[c2(ξ − Eξ)2]
= c2V arξ.
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3 If c 6= Eξ, then V arξ < E(ξ − c)2.

Proof.

E(ξ − c)2

= E
[(

(ξ − Eξ) + (Eξ − c)
)2]

= E
[
(ξ − Eξ)2 + 2(Eξ − c)(ξ − Eξ) + (Eξ − c)2

]
= V ar(ξ) + 2(Eξ − c)E[ξ − Eξ] + (Eξ − c)2

= V arξ + (Eξ − c)2 ≥ V arξ.
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(ξ − Eξ)2 + 2(Eξ − c)(ξ − Eξ) + (Eξ − c)2

]

= V ar(ξ) + 2(Eξ − c)E[ξ − Eξ] + (Eξ − c)2

= V arξ + (Eξ − c)2 ≥ V arξ.
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4

V ar(
n∑
i=1

ξi) =
n∑
i=1

V arξi+2
∑

1≤i<j≤n

E(ξi−Eξi)(ξj−Eξj).

If ξ1, · · · , ξn are pairwise independent, then

V ar(
n∑
i=1

ξi) =
n∑
i=1

V arξi.
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Summary:
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2 V ar(cξ + b) = c2V arξ.

3 If c 6= Eξ, then V arξ < E(ξ − c)2.
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∑

1≤i<j≤n
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If ξ1, · · · , ξn are pairwise independent, then
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ξi) =
n∑
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Example 5. Assume that ξ ∼ B(n, p), find V arξ.

Solution.

Write ξ = ξ1 + · · ·+ ξn, where

ξ1, · · · , ξn i.i.d. ∼ B(1, p). Then

V arξ =
n∑
i=1

V arξi = npq.
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Example 6. Suppose that ξ1, · · · , ξn are

independent identically distributed random

variables, and Eξi = a, V arξi = σ2. Let

ξ̄ =
∑n

i=1 ξi/n, find Eξ̄ and V arξ̄.

Solution.

Eξ̄ =
1

n

n∑
i=1

Eξi = a;

V arξ̄ =
1

n2

n∑
i=1

V arξi =
σ2

n
.
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Example 7. Suppose that the random variable ξ

has finite expectation and positive variance. Let

ξ∗ =
ξ − Eξ√
V arξ

.

We call ξ∗ the standardized random variable of ξ.

Find Eξ∗ and V arξ∗.

Solution.

Eξ∗ =
Eξ − Eξ√
V arξ

= 0,

V ar(ξ∗) =
V ar(ξ)

V ar(ξ)
= 1.
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3.2.2 Covariances

For random vectors, say, (ξ1, ξ2, · · · , ξn)′, besides

expectation and variance of each coordinate, there

is another numerical characteristic, called

covariance, which expresses the connection between

coordinate random variables.
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3.2.2 Covariances

Definition 2. Let Fij(x, y) be the joint

distribution of ξi and ξj. If

E|(ξi − Eξi)(ξj − Eξj)| <∞, we call

E(ξi − Eξi)(ξj − Eξj)

=

∫ ∞
−∞

∫ ∞
−∞

(x− Eξi)(y − Eξj)dFij(x, y)

the covariance of ξi and ξj, written as Cov(ξi, ξj).

Cov(ξi, ξj) = E(ξi−Eξi)(ξj−Eξj) = Eξiξj−EξiEξj.
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3.2.2 Covariances

Cov(ξi, ξi) = V arξi.

V ar

(
n∑
i=1

ξi

)
=

n∑
i=1

V arξi + 2
∑

1≤i<j≤n
Cov(ξi, ξj).
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3.2.2 Covariances

Properties of Covariances:

1 Cov(ξ, η) = Cov(η, ξ) = Eξη − EξEη;

2 Assume that a, b are constants, then

Cov(aξ, bη) = abCov(ξ, η);

3 Cov(
∑n

i=1 ξi, η) =
∑n

i=1Cov(ξi, η).
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3.2.2 Covariances

Given an n-dimensional random vector

ξ = (ξ1, · · · , ξn)′, one can write its covariance

matrix as

B = V ar(ξ) := E(ξ − Eξ)(ξ − Eξ)′

=


b11 b12 · · · b1n

b21 b22 · · · b2n
...

...
...

...

bn1 bn2 · · · bnn

 ,

where bij = Cov(ξi, ξj).



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.2 Covariances

From Property 1 it follows that B is a symmetric

matrix and for any real numbers tj, j = 1, 2, · · · , n,∑
j,k

bjktjtk =
∑
j,k

tjtkE(ξj − Eξj)(ξk − Eξk)

= E(
n∑
j=1

tj(ξj − Eξj))2 ≥ 0,

that is, the covariance matrix B is non-negative

definite.
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4 Let

ξ = (ξ1, ξ2, · · · , ξn)′,

C =


C11 C12 · · · C1n

C21 C22 · · · C2n
...

...
...

...

Cm1 Cm2 · · · Cmn

 ,

then Cξ has covariance matrix CBC ′, where

B is covariance matrix of ξ.
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3.2.2 Covariances

Indeed, it is easy to see

E [C(ξ − Eξ)(C(ξ − Eξ))′]

= E [C(ξ − Eξ)(ξ − Eξ)′C ′]

= E [C(ξ − Eξ)(ξ − Eξ)′C ′]

= CE [(ξ − Eξ)(ξ − Eξ)′C ′]

= CE [(ξ − Eξ)(ξ − Eξ)′]C ′

= CBC ′.

Hence the (i, j)-th entry in CBC ′ is just the

covariance of the i-th entry and the j-th entry in

Cξ.
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3.2.2 Covariances

5 If ξ = (ξ1, · · · , ξn)′ ∼ N(µ,Σ), then

Eξ = µ, V ar(ξ) = Σ.

Proof. First, consider the special case that µ = 0

and Σ = In×n. In this case, the pdf of ξ is

p(y) =
1

(2π)n/2
exp{−1

2
y′y} =

n∏
i=1

1√
2π

exp{−y
2
i

2
},

which means that ξ1, · · · , ξn are i.i.d. N(0, 1)

random variables. Hence

Eξ = 0, V ar(ξ) = In×n.
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3.2.2 Covariances

Now consider the general case. Since Σ is positive
definite, there is a non-singular matrix L = Σ1/2

such that Σ = LL′. Let η = L−1(ξ − µ) and
notice |L| = |Σ|1/2. Then ξ = Lη + µ, and the
density of η is

pη(y) = p(x)|L| (x = Ly + µ)

=
1

(2π)n/2|Σ|1/2
exp{−1

2
(x− µ)′Σ−1(x− µ)}|L|

=
1

(2π)n/2
exp{−1

2
y′y},

which means that η ∼ N(0, In×n). So, Eη = 0

and V ar(η) = I.
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Hence

Eξ = LEη + µ = µ.

and

V ar(ξ) = E[(ξ − Eξ)(ξ − Eξ)′]

= E
[
Lηη′L′

]
= LE

[
ηη′L′

]
= LE

[
ηη′
]
L′

= LIL′ = Σ.
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Definition 3. We call

rξη = Cov(ξ∗, η∗) =
E(ξ − Eξ)(η − Eη)√

V arξV arη

the correlation coefficient of ξ and η, where

ξ∗ =
ξ − Eξ√
V arξ

η∗ =
η − Eη√
V arη

.
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3.2.3 Correlation coefficients

Cauchy-Schwarz’s inequality. For any pair of

random variables ξ and η with P (ξ = 0) 6= 1 and

P (η = 0) 6= 1, it holds that

|Eξη|2 ≤ Eξ2Eη2.

and the equality is valid if and only if there is a

constant t0 such that

P (η = t0ξ) = 1.
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3.2.3 Correlation coefficients

Proof. Define

u(t) = E(tξ − η)2 = t2Eξ2 − 2tEξη + Eη2.

This can be viewed as a non-negative quadratic in t,

so its discriminant is

(Eξη)2 − Eξ2Eη2 ≤ 0.

The equality is valid iff u(t) has a multi-root

t0 = Eξη/Eξ2. In other words,

u(t0) = E(t0ξ − η)2 = 0,

which implies P (t0ξ − η = 0) = 1.
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3.2.3 Correlation coefficients

1 Let rξη be the correlation coefficient, then

|rξη| ≤ 1.

Also, rξη = 1 if and only if

P (
ξ − Eξ√
V arξ

=
η − Eη√
V arη

) = 1;

rξη = −1 if and only if

P (
ξ − Eξ√
V arξ

= −η − Eη√
V arη

) = 1.
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3.2.3 Correlation coefficients

Proof. It follows that

|rξη| = |Eξ∗η∗|

≤
√
Eξ∗2Eη∗2

=
√
V arξ∗V arη∗ = 1.

Next let us turn to the second conclusion. By the

definition of correlation coefficient,

rξη = rξ∗η∗ = E[ξ∗η∗]. By the Cauchy-Schwarz’s

inequality, |rξη| = 1 if and only if there exists t0

such that P (η∗ = t0ξ
∗) = 1.
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3.2.3 Correlation coefficients

It follows that

rξη = E[ξ∗η∗] = E[t0(ξ
∗)2] = t0V arξ

∗ = t0.

Therefore rξη = 1 iff P (ξ∗ = η∗) = 1, while

rξη = −1 iff P (ξ∗ = −η∗) = 1.
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3.2.3 Correlation coefficients

When rξη = 0, we say ξ and η are uncorrelated.

2 The following statements are equivalent
1 Cov(ξ, η) = 0;

2 ξ and η are uncorrelated;

3 Eξη = EξEη;

4 V ar(ξ + η) = V arξ + V arη.

Proof?

3 If ξ and η are independent and their variances

are finite, then ξ and η are uncorrelated.

proof. trivial
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3.2.3 Correlation coefficients

independence 6⇐ uncorrelation

Example 8. θ ∼ [0, 2π]. Let ξ = cos θ, η = sin θ. Since

ξ2 + η2 = 1, ξ, η are not indept.. However ξ, η are

uncorrelated. Indeed,

Eξ = E cos θ =

∫ 2π

0

1

2π
cosϕdϕ = 0,

Eη = E sin θ =

∫ 2π

0

1

2π
sinϕdϕ = 0,

Eξη = E sin θ cos θ =

∫ 2π

0

1

2π
sinϕ cosϕdϕ = 0

Thus Cov(ξ, η) = Eξη − EξEη = 0.
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3.2.3 Correlation coefficients

In the case of normal distribution,

independence ⇔ uncorrelation

Example 9. Assume that ξ, η ∼ N(a, b, σ21, σ
2
2, r),

find Cov(ξ, η) and rξ,η.
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3.2.3 Correlation coefficients

Solution (1).

Cov(ξ, η)

=

∫ ∞
−∞

∫ ∞
−∞

(x− a)(y − b)p(x, y)dxdy

=
1

2πσ1σ2
√

1− r2

∫ ∞
−∞

∫ ∞
−∞

(x− a)(y − b)

· exp(− 1

2(1− r2)
(
x− a
σ1
− ry − b

σ2
)2 − (y − b)2

2σ2
2

)dxdy.

Let

z =
x− a
σ1
− ry − b

σ2
, t =

y − b
σ2

,

then

x− a
σ1

= z + rt, J =
∂(x, y)

∂(z, t)
= σ1σ2.
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Thus we have

Cov(ξ, η)

=
σ1σ2

2π
√

1− r2

∫ ∞
−∞

∫ ∞
−∞

(zt+ rt2)e
− z2

2(1−r2) e−
t2

2 dzdt

= σ1σ2
1√
2π

∫ ∞
−∞

te−
t2

2 dt
1√

2π
√

1− r2

∫ ∞
−∞

ze
− z2

2(1−r2)dz

+
rσ1σ2√

2π

∫ ∞
−∞

t2e−
t2

2 dt
1√

2π
√

1− r2

∫ ∞
−∞

e
− z2

2(1−r2)dz

= rσ1σ2.

Therefore

rξη =
Cov(ξ, η)√
V arξV arη

= r.
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3.2.3 Correlation coefficients

Solution (2). Notice

Cov(ξ, η) = E [(ξ − a)(η − b)] = E [E [(ξ − a)(η − b)|ξ]] .

From

η|ξ=x ∼ N
(
b+ r

σ2
σ1

(x− a), (1− r2)σ2
2

)
,

it follows that

E [(ξ − a)(η − b)|ξ = x] =(x− a)E [(η − b)|ξ = x]

=r
σ2
σ1

(x− a)2.

Hence

E [(ξ − a)(η − b)|ξ] = r
σ2
σ1

(ξ − a)2.
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So

Cov(ξ, η) = E

[
r
σ2
σ1

(ξ − a)2
]

= r
σ2
σ1
E(ξ − a)2 = rσ1σ2.

Therefore rξη = r.
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3.2.3 Correlation coefficients

Solution (3). (ξ, η)′ ∼ N(µ,Σ) with

µ = (a, b)′, Σ =

(
σ21 rσ1σ2

rσ1σ2 σ22

)
.

By Property 5,

V ar{(ξ, η)′} = Σ,

i.e., V arξ = σ21, V arη = σ22, Cov(ξ, η) = rσ1σ2. It

follows that

rξη =
Cov(ξ, η)√
V arξV arη

= r.
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3.2.3 Correlation coefficients

If (ξ, η) follows a normal distribution, then

ξ, η are uncorrelated

⇔ rξη = 0

⇔ r = 0

⇔ ξ, η are indept.

4 For a bivariate normal distribution the

uncorrelated property is equivalent to the

independence.
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3.2.3 Correlation coefficients

In general, the random variables ξ1, · · · , ξn with

joint normal distribution are mutually independent

iff they are pairwise uncorrelated.

Proof.

Assume ξ = (ξ1, · · · , ξn)′ ∼ N(µ,Σ).

Then V ar(ξ) = Σ, i.e., Cov(ξi, ξj) = σij. So
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3.2.3 Correlation coefficients

ξ1, · · · , ξn are indept.

=⇒ ξ1, · · · , ξn pairwise uncorrelated

=⇒ σi,j = Cov(ξi, ξj) = 0, i 6= j

=⇒ Σ = diag(σ2
1, · · · , σ2

n)

=⇒ Σ−1 = diag
( 1

σ2
1

, · · · , 1

σ2
n

)
=⇒ p(x) =

1

(2π)n/2σ1 · · ·σn
exp

{
− 1

2

n∑
i=1

(xi − µi)2

σ2
i

}
=

n∏
i=1

1√
2πσi

exp{−(xi − µi)2

2σ2
i

}

=⇒ ξ1, · · · , ξn are indept.
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3.2.4 Moments

Origin moment of order k: mk = Eξk.

Eξ = m1.

Center moment of order k: ck = E(ξ − Eξ)k.

V arξ = c2.

Skewness:
c3

c
3/2
2

kurtosis coefficient:
c4
c22
− 3

.
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3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn

= σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx = −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]
=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn = σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx = −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]
=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn = σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx

= −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]
=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn = σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx = −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]
=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn = σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx = −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]

=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 10. ξ ∼ N(0, σ2), then Eξ = 0 and

mn = cn = Eξn = σnE

(
ξ

σ

)n
= σnEN(0, 1)n

= σn
1√
2π

∫ ∞
−∞

xne−
x2

2 dx = −σn 1√
2π

∫ ∞
−∞

xn−1de−
x2

2

= σn
[
− 1√

2π
xn−1e−

x2

2

∣∣∣∞
−∞

+ (n− 1)
1√
2π

∫ ∞
−∞

xn−2e−
x2

2 dx

]
=

{
0, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.

In particular, c3 = 0, m4 = c4 = 3σ4. Hence for an

arbitrary σ, the normal distribution has 0 skewness

and kurtosis.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

We can use the origin moments to express the

center moments:

ck =
k∑
r=0

(−1)r
(
k

r

)
mr

1mk−r.

Conversely, we can also use center moments to

express origin moments:

mk =
k∑
r=0

(−1)r
(
k

r

)
mr

1ck−r.
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3.2.4 Moments

Absolute moment of order α: Mα = E|ξ|α,

where α is a real number.

ξ ∼ N(0, σ2):

E|ξ|n =

{ √
2
π2kk!σ2k+1, n = 2k + 1,

1 · 3 · · · (n− 1)σn, n = 2k.
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3.2.4 Moments

In general, for ξ ∼ N(0, σ2) and α > 0,

E|ξ|α = σαE|N(0, 1)|α

= σα
1√
2π

∫ ∞
−∞
|x|αe−

x2

2 dx

= σα
2√
2π

∫ ∞
0

xαe−
x2

2 dx

y=x2/2
= σα

√
2

π
2
α−1
2

∫ ∞
0

y
α+1
2 −1e−ydy

= σα
√

2

π
2
α−1
2 Γ

(
α + 1

2

)
.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

In general, for ξ ∼ N(0, σ2) and α > 0,

E|ξ|α = σαE|N(0, 1)|α

= σα
1√
2π

∫ ∞
−∞
|x|αe−

x2

2 dx

= σα
2√
2π

∫ ∞
0

xαe−
x2

2 dx

y=x2/2
= σα

√
2

π
2
α−1
2

∫ ∞
0

y
α+1
2 −1e−ydy

= σα
√

2

π
2
α−1
2 Γ

(
α + 1

2

)
.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

In general, for ξ ∼ N(0, σ2) and α > 0,

E|ξ|α = σαE|N(0, 1)|α

= σα
1√
2π

∫ ∞
−∞
|x|αe−

x2

2 dx

= σα
2√
2π

∫ ∞
0

xαe−
x2

2 dx

y=x2/2
= σα

√
2

π
2
α−1
2

∫ ∞
0

y
α+1
2 −1e−ydy

= σα
√

2

π
2
α−1
2 Γ

(
α + 1

2

)
.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

In general, for ξ ∼ N(0, σ2) and α > 0,

E|ξ|α = σαE|N(0, 1)|α

= σα
1√
2π

∫ ∞
−∞
|x|αe−

x2

2 dx

= σα
2√
2π

∫ ∞
0

xαe−
x2

2 dx

y=x2/2
= σα

√
2

π
2
α−1
2

∫ ∞
0

y
α+1
2 −1e−ydy

= σα
√

2

π
2
α−1
2 Γ

(
α + 1

2

)
.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

In general, for ξ ∼ N(0, σ2) and α > 0,

E|ξ|α = σαE|N(0, 1)|α

= σα
1√
2π

∫ ∞
−∞
|x|αe−

x2

2 dx

= σα
2√
2π

∫ ∞
0

xαe−
x2

2 dx

y=x2/2
= σα

√
2

π
2
α−1
2

∫ ∞
0

y
α+1
2 −1e−ydy

= σα
√

2

π
2
α−1
2 Γ

(
α + 1

2

)
.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.2 Variances, Covariances and Correlation coefficients

3.2.4 Moments

Example 11. If ξ ∼ E(λ), then we have for

k ≥ 1,

Eξk =

∫ ∞
0

xkλe−λxdx =
k

λ
Eξk−1,

from which we further recursively derive

Eξk =
k!

λk
.
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Moment generating functions

For ξ, people usually define its moment generating

function by

Mξ(t) = Eetξ =

∫ ∞
−∞

etxdFξ(x), t ∈ T

for some T ⊆ R provided that the required

expected values exist.
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Moment generating functions

Example. If ξ ∼ N(µ, σ2), then

Mξ(t) = Eetξ = eµt+
1
2σ

2t2, t ∈ R.

Example. If ξ ∼ E(λ), then when t < λ,

Mξ(t) =
λ

λ− t
;

when t ≥ λ, Mξ(t) does not exist.
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Moment generating functions

1 If ξ has mgf Mξ(t), then

Eξn =
dn

dtn
Mξ(t)

∣∣∣
t=0

;

2 Suppose ξ has mgf Mξ(t) and η has mgf

Mη(t). If Mξ(t) = Mη(t) for all t in some

neighborhood of 0, then Fξ = Fη;

3 If ξ has mgf Mξ(t), t ∈ T1, η has mgf Mη(t),

t ∈ T2, and ξ, η are independent, then

Mξ+η(t) = Mξ(t)Mη(t), t ∈ T1 ∩ T2.
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Moment generating functions

Moment generating function is an important tool in

the study of random variables and distribution

functions, but it does not necessarily exist for all t.
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