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Conditional distribution:

In the discrete case, the conditional probability mass
function of & for given 7 is

P(n = yj) D.j

Pep(Tily;) =
In the continuous case, the conditional probability

density function of & for given 7 is

_ p(z,y)
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In general, if the limit

. Ple<z,—e+y<n<e+y)
F€|n(az|y):hm
=0  Pl—ety<n<e+y)

exists for all 2, we call it the conditional distribution

of £ for given n = y.
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3.1.6 Conditional expectations

The conditional distribution possesses the same
properties as usual distribution functions. Therefore
we can calculate mathematical expectations with
respect to it.

The mathematical expectation of a conditional
distribution is called the conditional mathematical
expectation:

Elnlé =] = [ " ydFe(ylo)

N7y R A E, ERA S
N 2o yFe(dy|z).
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If 7 has conditional density p,¢(y|z) given § = ,
then

400

E(n!ﬁzx)zf_ ypyle(ylz)dy.

oo

Example. (£,1) ~ N(a,b,0%,03,7), then
Nl¢=z ~N(b+roy(z — a)/o1,05(1 —r?)).



If 7 has conditional density p,¢(y|z) given § = ,
then

+0o0o
E(n!ﬁzx)zf_ Ypyle(y|x)dy.

oo

Example. (£,1) ~ N(a,b,0%,03,7), then
Nl¢=z ~N(b+roy(z — a)/o1,05(1 —r?)).
In turn,

E(nl¢ = x) = b+r2(z - a).
01



Denote by E(n|£): when £ = z the function takes
value E(n|é = x). E(n|€) is a r.v. and a function of

€.

E(Enl¢)) = En.

Proof.
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Denote by E(n|£): when £ = z the function takes
value E(n|é = x). E(n|€) is a r.v. and a function of
€.

E(E(n[¢)) = En.

Proof. We give the proof only for continuous
random variables below. Suppose that (£, 7) has the
pdf p(z,y). In this case,

pe(z) = /_oo p(,y)dy,

o
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and then

pie(ylz) = P, y), (pe() # 0),

E(n|¢ = z) = /_OO Y2 g,

00 pg(x)

So

E(EmE) = / E(5]€ = )pe(z)d

—0o0
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and then

pie(ylz) = P, y), (pe() # 0),

pe(w)
I L G
So
BEGE) = [ Bl = o)pe(a)ds

B > plr,y) Vo
= /_Oo(/_ooy () dy)pe(z)d
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When £ is a discrete random variable, letting
Pi = P(f = $i>, then

En=>Y pE®mE = ).

This is similar to the total probability formula,
called the total expectation formula.
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Example. A miner is trapped in a mine containing
3 doors. The first door leads to a tunnel that will
take him to safety after 3 hours of travel. The
second door leads to a tunnel that will return him to
the mine after 5 hours of travel. The third door
leads to a tunnel that will return him to the mine
after 7 hours. If we assume that the miner is at all
times equally likely to choose any one of the doors,
what is the expected length of time until he reaches
safety?
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door he initially chooses.
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Solution. Let £ be the amount of time (in hours)
until the miner reaches safety, and let 7 denote the
door he initially chooses. Then

Ef§|n=1] =3,
El¢ln =2] =5+ E¢,
Eltln = 3] = 7+ E¢.
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Now
E§ = Eln=1]P(n=1)

+E[E|n = 2|P(n = 2)
+E[E|n = 3|P(n=3)
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E¢ = E[¢In=1]P(n=1)

+E[¢ln = 2]P(n = 2)
+E[¢|n = 3]P(n = 3)
— %(3+5+E§+7+E§)

- 5+§E§.

So
E¢ = 15.
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Solution.
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Example 17. {¢;,i > 1} i.i.d ~ B(n,p), v ~ P(\). vis
independent of {&;,7 > 1}. Find E(}_7_, &).
Solution. Let n =", &, then small
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Example 17. {¢;,i > 1} i.i.d ~ B(n,p), v ~ P(\). vis
independent of {&;,7 > 1}. Find E(}_7_, &).
Solution. Let n =", &, then small

Emv=r) = Z&]y—r Z@\V—r
E(Z &) = Z E¢; = rnp.
i=1 i=1

So

En = ZE(n]y =r)P(v=r)

= an’I“P(V =r)=npEv = npA.
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Remark Just as conditional probabilities satisfy all of
the properties of ordinary probabilities, so do
conditional expectations satisfy the properties of
ordinary expectations. For instance, the following

formulas remain valid.

Elg(n)|¢ = 2] = Z 9(y;)pnie(yjl2)

j
in the discrete case,

(0.9]

Elg(n)|€ = ] =/ 9(Y)pyie(yl|x)dy

—00

in the continuous case,
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Example: The quick-sort algorithm(HRIEREFVE)
BHN MRS D, 20, . .., 2, RATES EA 1%
MNBIRHIRFPHRIE Rz (1) < 29) < ... < 7).
BEAT XA FIHES 75 X X n NP AT LA, W
S AT, SR R R
MLARp XL R 2t EE. &6 A —MEIE
AJ LA D P A IR H e 7
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—MRR PR AR P % (quick-sort algorithm) /21X
Tﬂf‘lﬁﬁfﬁ/‘] y\&hé\{xl, To, ... ,xn}qjlglﬁ_jﬂiﬁﬂi#/l\
oy, BB S, 347 AL, B8/ T o, METRAE
HEih, EFEWERI R & L, KT o K HURAE
A, XREMBRREER. R)a, X LA RYEAT
[FIAEALEE, MR, BRlRE N EEGTRA —
NN L. AT 7R 34T EEA AR IR

. Rq, = EE.



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical expectation

3.1.6 Conditional expectations

fi#: DO PR A HEL (0, 22320 1% B 7 2 EUBGIEAT B
NEL, HER (430 BE) T 5 ZE AT LU IR BN . U

=& +Er+(n—1).



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical expectation

3.1.6 Conditional expectations

fi#: DO PR A HEL (0, 22320 1% B 7 2 EUBGIEAT B
NEL, HER (430 BE) T 5 ZE AT LU IR BN . U

=& +Er+(n—1).

fay = oo IFMET, LMRTIIHE -1, n—iNITEK. P
LA

Eléi|lry = 26)) = ¢i-1, Elérlzs = 23)] = gns-
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fi#: DO PR A HEL (0, 22320 1% B 7 2 EUBGIEAT B
NEL, HER (430 BE) T 5 ZE AT LU IR BN . U

=& +Er+(n—1).

oy = o RIFKMET, LR 3516 — 1, n — i IoE. B
PA
E[§L|$J = x(i)] = (qi-1, E[§R|$J = $(i)] = Qn—i-

E3Jlie
Elf|z; = x(i)] =¢i—1+ gni + (n—1).
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fi&: e F PR HE VA L (2 5 72 320 B8 BT 75 22 B A3 AT I3k
NEL, HER (AL HIH) B % ZEAT U BN R, W
=& +Eér+(n—1).
fExy = xoRIKAET, LMRHBHAT— 1, n —iDITR. B
PA
E[§L|$J = x(i)] = gi-1, E[§R|$J = $(i)] = Gn—i-

E3Jlie
Elf|z; = x(i)] =¢i—1+ gni + (n—1).
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e BA
gn =E¢ =) E[¢|z; = 53| P(x; = 2())
=1

1 2

ng, =n(n—1)+ QZqi,l.
i=1

ngp, —(n—1)g,1=nn—1)—(n—1)(n —2) + 2¢,_1.
ng, =2n—1)+ (n+ 1)gn—1.
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4n
n+1
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4n
n+1

— 1 ?) o
=2 (logn—l—v—i— o +O(n ))
ES)l:d

Gn=2(n+1logn+n(2y —4)+2y+1+0(n1).
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