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3.1 Mathematical expectation

3.1.6 Conditional expectations

3.1.6 Conditional expectations

Conditional distribution:

In the discrete case, the conditional probability mass

function of ξ for given η is

pξ|η(xi|yj) =
P (ξ = xi, η = yj)

P (η = yj)
=
pij
p·j
.

In the continuous case, the conditional probability

density function of ξ for given η is

pξ|η(x|y) =
p(x, y)

pη(y)
.
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In general, if the limit

Fξ|η(x|y) = lim
ε→0

P (ξ ≤ x,−ε+ y < η < ε+ y)

P (−ε+ y < η < ε+ y)

exists for all x, we call it the conditional distribution

of ξ for given η = y.
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3.1.6 Conditional expectations

The conditional distribution possesses the same

properties as usual distribution functions. Therefore

we can calculate mathematical expectations with

respect to it.

The mathematical expectation of a conditional

distribution is called the conditional mathematical

expectation:

E[η|ξ = x] =

∫ ∞
−∞

ydFη|ξ(y|x).

�
rNy´È©Cþ,þãÈ©�~�

�
∫∞
−∞ yFη|ξ(dy|x).
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If η has conditional density pη|ξ(y|x) given ξ = x,

then

E(η|ξ = x) =

∫ +∞

−∞
ypη|ξ(y|x)dy.

Example. (ξ, η) ∼ N(a, b, σ21, σ
2
2, r), then

η|ξ=x ∼N(b+ rσ2(x− a)/σ1, σ22(1− r2)).
In turn,

E(η|ξ = x) = b+ r
σ2
σ1

(x− a).
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Denote by E(η|ξ): when ξ = x the function takes

value E(η|ξ = x). E(η|ξ) is a r.v. and a function of

ξ.

E(E(η|ξ)) = Eη.

Proof.

We give the proof only for continuous

random variables below. Suppose that (ξ, η) has the

pdf p(x, y). In this case,

pξ(x) =

∫ ∞
−∞

p(x, y)dy,
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and then

pη|ξ(y|x) =
p(x, y)

pξ(x)
, (pξ(x) 6= 0),

E(η|ξ = x) =

∫ ∞
−∞

y
p(x, y)

pξ(x)
dy.

So

E(E(η|ξ)) =

∫ ∞
−∞

E(η|ξ = x)pξ(x)dx

=

∫ ∞
−∞

(

∫ ∞
−∞

y
p(x, y)

pξ(x)
dy)pξ(x)dx

=

∫ ∞
−∞

∫ ∞
−∞

yp(x, y)dydx = Eη.
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When ξ is a discrete random variable, letting

pi = P (ξ = xi), then

Eη =
∑
i

piE(η|ξ = xi).

This is similar to the total probability formula,

called the total expectation formula.
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Example. A miner is trapped in a mine containing

3 doors. The first door leads to a tunnel that will

take him to safety after 3 hours of travel. The

second door leads to a tunnel that will return him to

the mine after 5 hours of travel. The third door

leads to a tunnel that will return him to the mine

after 7 hours. If we assume that the miner is at all

times equally likely to choose any one of the doors,

what is the expected length of time until he reaches

safety?
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Solution. Let ξ be the amount of time (in hours)

until the miner reaches safety, and let η denote the

door he initially chooses.

Then

E[ξ|η = 1] = 3,

E[ξ|η = 2] = 5 + Eξ,

E[ξ|η = 3] = 7 + Eξ.
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Now

Eξ = E[ξ|η = 1]P (η = 1)

+E[ξ|η = 2]P (η = 2)

+E[ξ|η = 3]P (η = 3)

=
1

3
(3 + 5 + Eξ + 7 + Eξ)

= 5 +
2

3
Eξ.

So

Eξ = 15.
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Example 17. {ξi, i ≥ 1} i.i.d ∼ B(n, p), ν ∼ P (λ). ν is

independent of {ξi, i ≥ 1}. Find E(
∑ν

i=1 ξi).

Solution.

Let η =
∑ν

i=1 ξi, then small

E(η|ν = r) = E(
ν∑
i=1

ξi|ν = r) = E(
r∑
i=1

ξi|ν = r)

= E(
r∑
i=1

ξi) =
r∑
i=1

Eξi = rnp.

So

Eη =
∞∑
r=0

E(η|ν = r)P (ν = r)

= np
∞∑
r=1

rP (ν = r) = npEν = npλ.
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Remark Just as conditional probabilities satisfy all of

the properties of ordinary probabilities, so do

conditional expectations satisfy the properties of

ordinary expectations.

For instance, the following

formulas remain valid.

E[g(η)|ξ = x] =
∑
j

g(yj)pη|ξ(yj|x)

in the discrete case,

E[g(η)|ξ = x] =

∫ ∞
−∞

g(y)pη|ξ(y|x)dy

in the continuous case,
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Example:The quick-sort algorithm(¯�üS{)

�kn�ØÓ�êx1, x2, . . . , xn.·��ò§�U

l����gSü�å5x(1) < x(2) < . . . < x(n).

?1ù��ü�I�éùn�êüü?1'�, X

J�Ü?1, �I�'�n(n−1)
2 g, ùÒ´^O�

Åü�ù
ê¤I��O�þ. ´Äk�«�{

�±~�'�gêQ?
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�«¡�¯�üS�{(quick-sort algorithm)´ù

�?1�: l8Ü{x1, x2, . . . , xn}¥�Å/���
êxJ , òÙ§ê�xJ?1'�, r�uxJ�ê�3

Ù�>, ù��ê�¤8ÜL, r�uxJ�ê�3

Ùm>, ù��ê�¤8ÜR. ,�, éLÚR?1

Ó�?n, �daí, ����z�8Ü¥�k�

�ê��. ·�^ξL«?1'��og

ê,¦qn = Eξ.
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))): �^¯�üS{üL(xJ�>�ê)¤I�'�?1gê

�ξL, üR(xJm>�ê)¤I�?1'�gê�ξR. K

ξ = ξL + ξR + (n− 1).

3xJ = x(i)�^�e, LÚR¥©Oki− 1, n− i���. ¤

±

E[ξL|xJ = x(i)] = qi−1, E[ξR|xJ = x(i)] = qn−i.

Ïd

E[ξ|xJ = x(i)] = qi−1 + qn−i + (n− 1).




P (xJ = x(i)) =
1

n
.
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