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3.1.4 Expectations for functions of random variables

The expectation of a function of a discrete random

variable:

ξ has the pmf(
x1 x2 · · · xk · · ·
p1 p2 · · · pk · · ·

)
.

Then for η = f(ξ),(
f(x1) f(x2) · · · f(xk) · · ·
p1 p2 · · · pk · · ·

)
.
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So the pmf of η is(
y1 y2 · · · yi · · ·
p∗1 p∗2 · · · p∗i · · ·

)

where p∗i =
∑

j:f(xj)=yi
pj.

Hence Eη exists if and

only if ∑
i

|yi|p∗i =
∑
i

∑
j:f(xj)=yi

|f(xj)|pj

=
∑
k

|f(xk)|pk <∞.
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Further,

Eη =
∑
i

yip
∗
i =

∑
i

∑
j:f(xj)=yi

f(xj)pj =
∑
k

f(xk)pk.

Ef(ξ) =
∑
k

f(xk)pk =
∑
k

f(xk)P (ξ = xk).
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Theorem Suppose that ξ is a discrete random

variable with the distribution Fξ(x) and

P (ξ = xk) = pk, k = 1, 2, · · · ,

f(x) a Borel function on the real line. Let

η = f(ξ). Then Ef(ξ) exists if and only if∫ ∞
−∞
|f(x)|dFξ(x) =

∑
k

|f(xk)|P (ξ = xk) <∞

and

Ef(ξ) =
∑
k

f(xk)P (ξ = xk) =

∫ +∞

−∞
f(x)dFξ(x).
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In general, we have

Theorem 1. Suppose that ξ is a random variable

with the distribution Fξ(x), f(x) a Borel function

on the real line. Let η = f(ξ). Then

Ef(ξ) =

∫ +∞

−∞
ydFη(y) =

∫ +∞

−∞
f(x)dFξ(x).

When ξ has density p(x), then

Ef(ξ) =

∫ +∞

−∞
f(x)p(x)dx.
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When ξ is a random variable of the general type and f(x) is a

general Borel function, the proof of this theorem is due to

measure theory. Next, we give a proof for the case when ξ is a

continuous type random variable. Let p(x) be the pdf of ξ.

Then

E|η| =
∫ ∞
0

P (|η| > y)dy =

∫ ∞
0

P (|f(ξ)| > y)dy

=

∫ ∞
0

∫
x:|f(x)|>y

p(x)dxdy

=

∫ ∞
−∞

∫
y:|f(x)|>y,y≥0

p(x)dydx

=

∫ ∞
−∞
|f(x)|p(x)dx.

So Ef(ξ) exists if and only if
∫∞
−∞ |f(x)|p(x)dx <∞.
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Further,

Eη =

∫ ∞
0

P (η > y)dy −
∫ ∞
0

P (−η > y)dy

=

∫ ∞
0

∫
x:f(x)>y

p(x)dxdy −
∫ ∞
0

∫
x:−f(x)>y

p(x)dxdy

=

∫ ∞
−∞

[∫
y:f(x)>y,y≥0

dy −
∫
y:−f(x)>y,y≥0

dy

]
p(x)dx

=

∫ ∞
−∞

f(x)p(x)dx.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

Further,

Eη =

∫ ∞
0

P (η > y)dy −
∫ ∞
0

P (−η > y)dy

=

∫ ∞
0

∫
x:f(x)>y

p(x)dxdy −
∫ ∞
0

∫
x:−f(x)>y

p(x)dxdy

=

∫ ∞
−∞

[∫
y:f(x)>y,y≥0

dy −
∫
y:−f(x)>y,y≥0

dy

]
p(x)dx

=

∫ ∞
−∞

f(x)p(x)dx.



Chapter 3 Numerical Characteristics and Characteristic Functions c©Üá#
3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

Theorem 1 tells us that if ξ and η have the same

distribution function, then

Ef(ξ) = Ef(η).

On the contrary, if the above equality holds for any

bounded continuous function f , then ξ and η have

the same distribution function.
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In fact, for any z and ε > 0, let f(x) be a continuous function

such that f(x) = 1, 0 ≤ f(x) ≤ 1 and f(x) = 0 on (−∞, z],
(z, z + ε] and (z + ε,∞), respectively. Then

Fξ(z) =

∫ z

−∞
f(x)dFξ(x) ≤

∫ ∞
−∞

f(x)dFξ(x)

=

∫ ∞
−∞

f(x)dFη(x) =

∫ z+ε

−∞
f(x)dFη(x)

≤
∫ z+ε

−∞
dFη(x) = Fη(z + ε).

Letting ε→ 0 yields Fξ(z) ≤ Fη(z). Similarly, Fη(z) ≤ Fξ(z).

So ξ and η have the same distribution function.
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Example. (Stein’s Lemma) (i) Let ξ ∼ N(0, 1),

and g be differentiable function satisfying

|g(x)| ≤ c1e
c2|x| and |g′(x)| ≤ c1e

c2|x| for some

c1 > 0, c2 > 0. Prove

E [g(ξ)ξ] = Eg′(ξ).

(ii)∗ On the contrary, if the above equality holds for

any bounded continuous function g(x) with

bounded derivation, then ξ ∼ N(0, 1).
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Proof. For (i), we have

E [g(ξ)ξ]

=
1√
2π

∫ ∞
−∞

g(x)x exp

{
−x

2

2

}
dx

=
1√
2π

∫ ∞
−∞

g(x)d

[
− exp

{
−x

2

2

}]
.
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Use integration by parts to get

E [g(ξ)ξ)]

=
1√
2π

[
−g(x) exp

{
−x

2

2

} ∣∣∣∞
−∞

+

∫ ∞
−∞

g′(x) exp

{
−x

2

2

}
dx

]
=

Eg′(ξ).
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For (ii), Let η ∼ N(0, 1). It is sufficient to show that

Eh(ξ) = Eh(η) holds for any bounded continuous function

h(x) .

Without loss of generality, we assume 0 ≤ h(x) ≤ 1.

Let g(x) satisfy

h(x)− Eh(η) = g′(x)− xg(x).

The above equation is called Stein’s equation. It can be

verified that

g(x) = e
x2

2

∫ x

−∞
[h(u)− Eh(η)] e−

u2

2 du

is a solution of the equation, and, both g(x) and g′(x) are

bounded continuous function.
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So

Eh(ξ) =

∫ ∞
−∞

[g′(x)− xg(x) + Eh(η)] dFξ(x)

=

∫ ∞
−∞

g′(x)dFξ(x)−
∫ ∞
−∞

xg(x)dFξ(x) + Eh(η)

∫ ∞
−∞

dFξ(x)

=Eg′(ξ)− E[ξg(ξ)] + Eh(η) = Eh(η).

The proof is completed. In the second equality above, the

linearity of the Stieltjes integral.
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Similarly,

E [ξg(ξ − 1)] = E[λg(ξ)], ∀g(bounded)⇔ ξ ∼ P (λ).

Stein-Chen method.
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In general,suppose (ξ1, · · · , ξn) ∼ F (x1, · · · , xn).
Also, assume that g(x1, · · · , xn) is a Borel function,
then

Eg(ξ1, · · · , ξn) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

g(x1, · · · , xn)dF (x1, · · · , xn).

If (ξ1, ξ2, . . . , ξn) has pmf

P (ξ1 = x1(i1), ξ2 = x2(i2), . . . , ξn = xn(in)) = pi1i2···in , then

Eg(ξ1, ξ2, . . . , ξn) =
∑

i1,i2,...,in

g
(
x1(i1), x2(i2), . . . , xn(in)

)
pi1i2···in ;

If (ξ1, ξ2, . . . , ξn) has pdf p(x1, x2, . . . , xn), then

Eg(ξ1, ξ2, . . . , ξn)

=

∫ ∞
−∞
· · ·
∫ ∞
−∞

g(x1, x2, . . . , xn)p(x1, x2, . . . , xn)dx1 · · · dxn.
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Here, the multi-variable Stieltjes integral is defined similarly as

in the one-variable case. For example∫ b1

a1

· · ·
∫ bn

an

g(x1, . . . , xn)dF (x1, . . . , xn)

= lim
∑

k1,··· ,kn

g(x1(k1), . . . , xn(kn))∆F (x1(k1), . . . , xn(kn)),

where xi(1), xi(2), . . . is a partition of (ai, bi],

∆F (x1(k1), . . . , xn(kn)) is the probability that (ξ1, . . . , ξn)

falls in (x1(k1), x1(k1 + 1)]× · · · × (xn(kn), xn(kn + 1)].
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In particular, we have

Eξi =

∫ ∞
−∞
· · ·
∫ ∞
−∞

xidF (x1, · · · , xn) =

∫ ∞
−∞

xdFi(x),

where Fi(x) is the distribution function of ξi.
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For F (x, y) it follows

Eξη =

∫ ∞
−∞

∫ ∞
−∞

xydF (x, y)

and

Eξ2 =

∫ ∞
−∞

∫ ∞
−∞

x2dF (x, y),

etc.
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Example. Suppose R and Θ are indept.,

Θ ∼ U(0, 2π), R ∼ Rayleigh. Find EeR sin Θ.

Solution.

EeR sin Θ =

∫ ∞
0

∫ 2π

0

er sin θre−r
2/2 1

2π
dθdr

=

∫∫
ex

1

2π
e−

x2+y2

2 dxdy(4�IC�)

=

∫ ∞
−∞

ex
1√
2π
e−

x2

2 dx

= e
1
2

∫ ∞
−∞

1√
2π
e−

(x−1)2

2 dx = e
1
2 .
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3.1.5 Basic properties of expectations

3.1.5 Basic properties of expectations-examples

1 a ≤ ξ ≤ b =⇒ a ≤ Eξ ≤ b.

2 Eξ1, · · · , Eξn exist =⇒

E(
n∑
i=1

ciξi + b) =
n∑
i=1

ciEξi + b.

3 ξ1, · · · , ξn indept. and expectations exist =⇒

E(ξ1 · · · ξn) = Eξ1 · · ·Eξn.

4 If ξ ≤ η and the exceptions of ξ and η exist,

then Eξ ≤ Eη.
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3.1.5 Basic properties of expectations

Example 12. Suppose that ξ follows the binomial

distribution B(n, p), find Eξ.

Solution. Consider a Bernoulli trial and set

p = P (A) and

ξi =

{
1, A occurs in the i-th trial ,

0, A does not occur in the i-th trial .

Thus ξi follows 0-1 distribution, Eξi = p and

ξ =
∑n

i=1 ξi. Hence Eξ = np.
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Example 13. Suppose that

P (ξ = m) =

(
M
m

)(
N−M
n−m

)(
N
n

) , m = 0, 1, · · · , n.

(n ≤M ≤ N). Find Eξ.

Solution. Design a sampling without replacement.

Let ξi be the number of defective goods in the i-th

draw. Then ξ =
∑n

i=1 ξi. It is known that

P (ξi = 1) = M/N , so Eξi = M/N . Hence

Eξ =
n∑
i=1

Eξi =
nM

N
.
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Example 14. Suppose that ξ1, · · · , ξn are

independent identically distributed positive random

variables with a common density function f(x).

Show for any 1 ≤ k ≤ n,

E
ξ1 + · · ·+ ξk
ξ1 + · · ·+ ξn

=
k

n
.
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3.1.5 Basic properties of expectations

Proof.

Notice that ξk
ξ1+···+ξn is positive and

E
ξk

ξ1 + · · ·+ ξn

=

∫ ∞
0

· · ·
∫ ∞
0

xk
x1 + . . .+ xn

f(x1) · · · f(xn)dx1 · · · dxn

=

∫ ∞
0

· · ·
∫ ∞
0

y1
y1 + . . .+ yn

f(y1) · · · f(yn)dy1 · · · dyn

= E
ξ1

ξ1 + · · ·+ ξn
.
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On the other hand,

E
ξ1

ξ1 + · · ·+ ξn
+ · · ·+ E

ξn
ξ1 + · · ·+ ξn

= E
ξ1 + · · ·+ ξn
ξ1 + . . .+ ξn

= 1.

It follows that

E
ξ1

ξ1 + · · ·+ ξn
= . . . = E

ξn
ξ1 + · · ·+ ξn

=
1

n
.

Hence

E
ξ1 + · · ·+ ξk
ξ1 + · · ·+ ξn

= E
ξ1

ξ1 + · · ·+ ξn
+ · · ·+ E

ξk
ξ1 + · · ·+ ξn

=
k

n
.
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3.1.5 Basic properties of expectations

Example

A grove of 52 trees is arranged in a circular

fashion. If a total of 15 chipmunks ( svà) live

in these tress, show that there is a group of 7

consecutive trees that together house at least 3

chipmunks.

))): �½äj,P§ëÓ§�>U^����ü�

�6��¤����Uj, )¹3Uj¥

�chipmunks�êP�Yj. ·���y²EYj > 2

∀j, Ò`²
�3��ä,¦���

k3�chipmunks )¹3dä���¥.
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¯¢þ, XJYj ≤ 2 ∀j, @o
∑52

j=1 Yj ≤ 2 ∗ 52.

l




E

[
52∑
j=1

Yj

]
≤ 2 ∗ 52.

ù�
52∑
j=1

EYj > 2 ∗ 52

gñ.
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e¡¦EYj.

- Xi =

1, if chipmunk i live in Uj,

0, otherwise.

KYj =
∑15

i=1Xi.

Ï�

EXi = P (Xi = 1) =
7

52
.

¤±EYj =
15∑
i=1

EXi =
105

52
> 2.
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Example 15. Make a census on some kind of

disease in a community with large population. Now

check blood for N citizens in two ways: (1) each

person each time, so need check N times. (2)

check the mixture of bloods of a group of k people.

If the outcome reports no virus, that means all

these k people are not of this disease; while if the

outcome reports virus, then each person from this

group is checked again, so k people need check

k + 1 times in this way. Which way may decrease

the number of checks?
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Solution. Consider the second way. Denote by ξ

the number of times each person needs check in a

group of k people in the second way. Then

ξ =

1/k, none of k people is sick

(k + 1)/k, at least one of k people is sick.

So

P (ξ = 1
k) = (1− p)k,

P (ξ = 1 + 1
k) = 1− (1− p)k. Hence

Eξ =
1

k
(1− p)k + (1 +

1

k
)(1− (1− p)k)

= 1− (1− p)k +
1

k
.
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Basic properties of expectations (continue)

Corollary

Suppose |ξ| ≤ η, Eη <∞. Then Eξ exists and

|Eξ| ≤ E|ξ| ≤ Eη.

Proof. For M > 0, let ξM = |ξ| if |ξ| ≤M , and 0 if

|ξ| > M . Then 0 ≤ ξM ≤M . By Property 1, 0 ≤ EξM ≤M .

So EξM , Eη exist, and ξM ≤ η. It follows that∫ M

−M
|x|dFξ(x) = EξM ≤ Eη

by Property 4. Hence E|ξ| =
∫∞
−∞ |x|dFξ(x) ≤ Eη <∞.

Finally, since −|ξ| ≤ ξ ≤ |ξ|, by Property 4 we have

−E|ξ| ≤ Eξ ≤ E|ξ|. The proof is completed.
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Corollary

Let p > 1. If E|ξ|p exists, then E|ξ| exists.

Proof. Since |ξ| ≤ 1 + |ξ|p, E|ξ| ≤ 1 + E|ξ|p.
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5 Markov inequality: If E|ξ| exists, then

P (|ξ| ≥ ε) ≤ E|ξ|
ε
, ∀ε > 0.

In fact, let

η =

1, if |ξ| ≥ ε,

0, for otherwise.
Then η ≤ |ξ|

ε
.

By Property 4, we have

P (|ξ| ≥ ε) = Eη ≤ E

[
|ξ|
ε

]
=
E|ξ|
ε
.
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6 P (ξ = 0) = 1 if and only if E|ξ| = 0.

In fact, the ”only if” part is obvious. For the ”if”

part, by Property 5 we have

P (|ξ| ≥ ε) = 0 for all ε > 0.

So P (|ξ| > 0) = 0.
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Convergence theorems

7 (Monotone convergence theorem). If 0 ≤ ξn(ω)↗ ξ(ω),

then

lim
n→∞

Eξn = Eξ. (∗)

If 0 ≤ ξn(ω)↘ 0, and Eξns are finite, then

lim
n→∞

Eξn = 0.

8 (Dominated convergence theorem). If ξn(ω)→ ξ(ω),

|ξn| ≤ η and Eη <∞, then (*) holds.

9 (Bounded convergence theorem). If ξn(ω)→ ξ(ω) and

|ξn| ≤M <∞, then (*) holds.
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yyy²²²: ky²k.Âñ½n.

Äk, ®�|ξn| ≤M , |ξ| ≤M . d5�1, Eξn, Eξ�3, ¿

�|Eξn − Eξ| ≤ E|ξn − ξ|.

é?��ε > 0,

PAn = {|ξn − ξ| > ε}. 3Acnþk|ξn − ξ| ≤ ε. 
3Anþ

k|ξn − ξ| ≤ 2M . ¤±

|ξn − ξ| ≤ ε+ 2MIAn .

Ïd

|Eξn − Eξ| ≤ E|ξn − ξ| ≤ ε+ 2MP (An).
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,��¡, duξn(ω)→ ξ(ω), ¤±limn→∞An = ∅.

dVÇ

�ëY5�

lim
n→∞

P (An) = P ( lim
n→∞

An) = 0.

¤±

lim sup
n→∞

|Eξn − Eξ| ≤ lim sup
n→∞

E|ξn − ξ| ≤ ε.

dε > 0�?¿5�

lim
n→∞

|Eξn − Eξ| = lim
n→∞

E|ξn − ξ| = 0.
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xdFξ(x).
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XJEξ =∞, K(Ø®²�y.
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Eξn = Eξ.
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