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Yy Y2 0 Yi o
Pi Po tr pp o

where pf = Zj:f(l,j):yi ;-



Chapter 3 Numerical Characteristics and Characteristic Functions
Mathematical expectation

3.1.4 Expectations for functions of random variables

So the pmf of 7 is

vy Y2 - Y

*

Pl Dy D

where pf = ¢, 1, Pj. Hence En exists if and
only if

> lyilp}
)



Chapter 3 Numerical Characteri and Characteristic Functions

3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

So the pmf of 7 is

vy Y2 - Y

*

Pl Dy D

where pf = ¢, 1, Pj. Hence En exists if and
only if

Z‘yz“ﬁ Z Z x] ‘p]
i Yi

i J'f(xj)_



Chapter 3 Numerical Characteristics and Characteristic Functions

3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

So the pmf of 7 is

Yyr Y2 - Y
pI ps - Di

where pf = ¢, 1, Pj. Hence En exists if and
only if

Z‘yz“ﬁ Z Z x] ‘p]
i

i J'f(xj)_
Z | f(@k) P < oo
k



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

Further,

En = Zyz'pf => > f@pi =) fape
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Further,

En = Zyz'pf => > f@pi =) fape

i gif(my)=y; k

Ef(€) =) flax)pr =) flax)P(£ = zp).



Theorem Suppose that € is a discrete random
variable with the distribution F¢(z) and

P(gzxk):p/ﬁ k:1727'“7

f(x) a Borel function on the real line. Let
n = f(&). Then Ef() exists if and only if
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In general, we have

Theorem 1. Suppose that £ is a random variable
with the distribution F¢(z), f(x) a Borel function
on the real line. Let n = f(&). Then

B = [ Tdnw) = [ f@)db).

o0 =



In general, we have

Theorem 1. Suppose that £ is a random variable
with the distribution F¢(z), f(x) a Borel function
on the real line. Let n = f(&). Then

B = [ Tdnw) = [ f@)db).

00 =

When ¢ has density p(z), then

+00

Ef(¢) = f(@)p(z)de.
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When ¢ is a random variable of the general type and f(z) is a
general Borel function, the proof of this theorem is due to
measure theory. Next, we give a proof for the case when £ is a
continuous type random variable. Let p(z) be the pdf of &.
Then
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When ¢ is a random variable of the general type and f(z) is a
general Borel function, the proof of this theorem is due to
measure theory. Next, we give a proof for the case when £ is a
continuous type random variable. Let p(z) be the pdf of &.
Then
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- /—oo /y:f(w)|>y7y20 p(ﬂf)dydx
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So Ef(§) exists if and only if [~ |f(z)|p(z)dz < co.
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Further,
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Theorem 1 tells us that if £ and 1 have the same
distribution function, then

Ef(&) = Ef(n).

On the contrary, if the above equality holds for any
bounded continuous function f, then & and 7 have
the same distribution function.
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In fact, for any z and € > 0, let f(z) be a continuous function
such that f(z) =1, 0 < f(x) <1and f(z) =0 on (o0, 2],
(2,2 + €] and (z + €, 00), respectively. Then
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In fact, for any z and € > 0, let f(z) be a continuous function
such that f(z) =1, 0 < f(x) <1and f(z) =0 on (o0, 2],
(2,2 + €] and (z + €, 00), respectively. Then

/ f(z)dFe(x / f(@)dFe(x
= [ swany Z+Ef(x)an(x)
< /_:E dF,(z) = F,(z +¢).

Letting € — 0 yields F¢(2) < F,(z).



Chapter 3 Numerical Characteristics and Characteristic Functions

3.1 Mathematical expectation

3.1.4 Expectations for functions of random variables

In fact, for any z and € > 0, let f(z) be a continuous function
such that f(z) =1, 0 < f(x) <1and f(z) =0 on (o0, 2],
(2,2 + €] and (z + €, 00), respectively. Then

/ f(z)dFe(x / f(@)dFe(x
= [ swany Z+Ef(x)an(x)
< /_:E dF,(z) = F,(z +¢).

Letting € — 0 yields F¢(z) < F,(2). Similarly, F},(z) < Fe(z).
So ¢ and 7 have the same distribution function.
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Example. (Stein's Lemma) (i) Let £ ~ N(0,1),
and g be differentiable function satisfying

lg(z)| < c1e®l and |¢'(z)| < c1e®!®! for some

c1 > 0,co > 0. Prove

Elg(&)&] = Eg'(€).

(ii)* On the contrary, if the above equality holds for
any bounded continuous function g(x) with
bounded derivation, then £ ~ N(0,1).
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Proof. For (i), we have
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Use integration by parts to get

Eg()¢)] .
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For (ii), Let n ~ N(0,1). It is sufficient to show that
Eh(§) = Eh(n) holds for any bounded continuous function
h(z) .
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For (ii), Let n ~ N(0,1). It is sufficient to show that
Eh(§) = Eh(n) holds for any bounded continuous function
h(z) . Without loss of generality, we assume 0 < h(z) < 1.
Let g(x) satisfy

h(x) — Eh(n) = ¢'(z) — zg(x).

The above equation is called Stein's equation.
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For (ii), Let n ~ N(0,1). It is sufficient to show that
Eh(§) = Eh(n) holds for any bounded continuous function
h(z) . Without loss of generality, we assume 0 < h(z) < 1.
Let g(x) satisfy

h(x) — Eh(n) = ¢'(z) — zg(x).

The above equation is called Stein's equation. It can be
verified that

oa) =% [ " [h(u) — BR()] % du

is a solution of the equation, and, both g(z) and ¢/(z) are

bounded continuous function.
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B0 = [ 19/(0) — agla) + B(n)) dFe(o)

= [ @R - [ ag@ar) + one) [ ar)

=Eg'(§) — E[¢9(§)] + Eh(n) = Eh(n).

The proof is completed. In the second equality above, the

linearity of the Stieltjes integral.
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Similarly,



and Characteristic Functions

1 expect

ons for functions of random variables

Similarly,

E [6g(¢ — 1)] = E[\g(€)], Vg(bounded) & & ~ P(N).
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Similarly,

E [6g(¢ — 1)] = E[\g(€)], Vg(bounded) & & ~ P(N).

Stein-Chen method.
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In general,suppose (&1, , &) ~ F(x1, -+ ,xp).
Also, assume that g(x1,--- ,x,) is a Borel function,
then

Eg(fl ’ ~€n) _/ / g(fl"lv' o ./flfn)dF(fI/'l,“ ’ 7:1;7L)-
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In general,suppose (&1, , &) ~ F(x1, -+ ,xp).
Also, assume that g(x1,--- ,x,) is a Borel function,
then

Eg(&, - ,&) —/ / g(xy, -+ xn)dF (2, xy).

lf (§17§27 s 7£n> has pmf
P(fl = $1(i1)a S = $2(i2)> e = xn(zn)) = Diyig-in, then

Eg(&,&, - &) = Y g(@a(in),@aia)s o, Bn(in))Piriz i

01,82,y

If (517£2a 000 ,gn) has pdf p(l‘l, 2099 o o o ,l’n), then
Eg(&1,62 -,
/ / g(T1, 29, .., x)p(T1, Tay . o, Ty )dEy - - - dy.
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Here, the multi-variable Stieltjes integral is defined similarly as
in the one-variable case. For example

b1 bn
/ .../ g(q}l,...,xn)dF<l’17~--7xn)

=lim Y g(xi(kr), ... 2n(k)AF(x1(k), ..., 2 (kn)),

ki, ok
where z;(1), z;(2), ... is a partition of (a;, b;],
AF(x1(ky),...,z,(ky)) is the probability that (&, ...,&,)
falls in (x (kl) xl(kl + 1)] X -+ X (xn(kn), T (kn + 1)].
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In particular, we have

E¢ = / / v dF (zq,-+ ,x,) = / zdFi(x),

where F;(z) is the distribution function of &;.
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For F(z,y) it follows

Eén = / 2ydF(z,y)

—00

and o
Ee* = / 2dF(z, ),

—0Q

etc.
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O ~ U(0,27), R ~ Rayleigh. Find Eefsn®,

Solution.
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3.1.5 Basic properties of expectations-examples
Qa<éE<h = a< EELD.
Q@ E&, -, EE, exist —
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Q &, -, &, indept. and expectations exist —
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3.1.5 Basic properties of expectations-examples
Qa<éE<h = a< EELD.
Q@ E&, -, EE, exist —

n n

E(Y ci&+b) =) cE&+b.

1=1 i=1
Q &, -, &, indept. and expectations exist —
E(& &) = E& - By

@ If £ < n and the exceptions of £ and 7 exist,
then E¢ < En.



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical expectation

3.1.5 Basic properties of expectations

Example 12. Suppose that £ follows the binomial
distribution B(n,p), find EX.



r 3 Numerical Characteristics and Characteristic Functions

hematical expectation
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Example 12. Suppose that £ follows the binomial
distribution B(n,p), find EX.

Solution. Consider a Bernoulli trial and set

p= P(A) and

¢ 1, A occurs in the i-th trial |
Z' =

0, A does not occur in the i-th trial .
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distribution B(n,p), find EX.

Solution. Consider a Bernoulli trial and set

p= P(A) and

1, A occurs in the i-th trial |

&=

0, A does not occur in the i-th trial .

Thus &; follows 0-1 distribution, E¢; = p
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Example 12. Suppose that £ follows the binomial
distribution B(n,p), find EX.

Solution. Consider a Bernoulli trial and set

p= P(A) and
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Thus &; follows 0-1 distribution, F&; = p and
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Example 12. Suppose that £ follows the binomial
distribution B(n,p), find EX.

Solution. Consider a Bernoulli trial and set

p= P(A) and

1, A occurs in the i-th trial |

&=

0, A does not occur in the i-th trial .

Thus &; follows 0-1 distribution, F&; = p and
§=> " ,&. Hence E€ = np.
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M\ (N—M
(n <M < N). Find E¢.
Solution. Design a sampling without replacement.
Let & be the number of defective goods in the i-th

draw. Then £ =Y " & It is known that
P =1)= M/N, so E&§ = M/N. Hence

E¢ =) E¢ = %
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Example 14. Suppose that &, --- , &, are
independent identically distributed positive random
variables with a common density function f(x).
Show for any 1 < k < n,

pSit o t& _k

G+ t& n
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. §k: . o
Proof.Notice that &7 7, Is positive and
€x

T m
= /0 /0 flzy) - flzp)dzy - - - day,

1+ ... +xy

&

.+ ynf(yl) - fyn)dyr - - - dyn
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N
N

8
<
_.I_
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On the other hand,

E—> . 4 E—"
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On the other hand,

i tG DESRES
pht
§1+‘|‘€n

It follows that
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On the other hand,

Yarre Har s

S+ +&
E§1+...+€n_

It follows that

E 51 o —F £n

R A S

S e

Hence

S+ +&
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On the other hand,

Yarre Har s
gl b

E 4. +&
It follows that

. SRS W S

G+t GRS

S e

Hence

S+ +&
— —51 .« .. —gk =
R T

3 |
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Example

A grove of 52 trees is arranged in a circular
fashion. If a total of 15 chipmunks ( fEZEHR) live
in these tress, show that there is a group of 7

consecutive trees that together house at least 3

chipmunks.
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A grove of 52 trees is arranged in a circular
fashion. If a total of 15 chipmunks ( fEZEHR) live
in these tress, show that there is a group of 7

consecutive trees that together house at least 3

chipmunks.
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3.1.5 Basic properties of expectations

Example

A grove of 52 trees is arranged in a circular
fashion. If a total of 15 chipmunks ( fEZEHR) live
in these tress, show that there is a group of 7

consecutive trees that together house at least 3

chipmunks.

fif: o5 g, 10 T R R S I U £ D7 Tl HE A
IO B — AN BT, A TEAEU;
[fichipmunks ML AY;. FATRBAEHEY; > 2
Vi, B T AR AT 2 D
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E|> Y| <2x52
j=1
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E|> Y| <2x52
j=1

X5

52

> EY;>2x52
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1, if chipmunk i live in Uj,

0, otherwise.
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EX;=P(X;=1)= —.
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1, if chipmunk i live in Uj,

0, otherwise.

EX;=P(X;=1) = —.

15 105
DEY;, =S EX; = — > 2.
FrLAEY; ; =
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Example 15. Make a census on some kind of
disease in a community with large population. Now
check blood for IV citizens in two ways: (1) each
person each time, so need check N times. (2)
check the mixture of bloods of a group of k people.
If the outcome reports no virus, that means all
these k people are not of this disease; while if the
outcome reports virus, then each person from this
group is checked again, so k people need check

k + 1 times in this way. Which way may decrease
the number of checks?
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Solution. Consider the second way. Denote by &
the number of times each person needs check in a
group of k people in the second way. Then

1/k, none of k people is sick
(k+1)/k, at least one of k people is sick.

So
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Solution. Consider the second way. Denote by &
the number of times each person needs check in a
group of k people in the second way. Then

1/k, none of k people is sick

=
+

1)/k, at least one of k people is sick.

So P(¢=1¢)=(1—-p
P=1+5)=1-(1-p*
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Solution. Consider the second way. Denote by &
the number of times each person needs check in a
group of k people in the second way. Then

- 1/k, none of k people is sick
(k+1)/k, at least one of k people is sick.

P(=1+1)=1—(1—p)*. Hence
BE = —(1-p + 1+ D)1~ 1 -p)Y
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Basic properties of expectations (continue)
Corollary

Suppose €] <n, En < co. Then EE exists and
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Proof. For M > 0, let £y = [€] if [£] < M, and O if
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Basic properties of expectations (continue)
Corollary

Suppose €] <n, En < co. Then EE exists and
|E¢| < El¢| < En.

Proof. For M > 0, let £y = [€] if [£] < M, and O if
|€] > M. Then 0 < &y < M. By Property 1, 0 < E&y < M.
So Eéy, En exist, and £y < n. It follows that

M
[ laldFe(a) = Béw < By
M

by Property 4. Hence E|¢| = [* |z|dFe(z) < En < oo.
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Basic properties of expectations (continue)
Corollary

Suppose €] <n, En < co. Then EE exists and
|E¢| < El¢| < En.

Proof. For M > 0, let £y = [€] if [£] < M, and O if
|€] > M. Then 0 < &y < M. By Property 1, 0 < E&y < M.
So Eéy, En exist, and £y < n. It follows that

M
[ laldFe(a) = Béw < By
M

by Property 4. Hence E|¢| = [* |z|dFe(z) < En < oo.
Finally, since —|¢] < & < ||, by Property 4 we have
—FE[¢| < E¢ < E|£]. The proof is completed.
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Corollary
Let p > 1. If E|EP exists, then E|| exists.




s of expectations

Corollary
Let p > 1. If E|EP exists, then E|| exists. J

Proof. Since [£] < 1+ [£P, E|| < 1+ E|€|P.
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3.1 Mathemat

@ Markov inequality: If E|€| exists, then

P(¢] > ) < ﬂ, Ve > 0.

In fact, let

1, if || >,
n= e Then ng@.

0, for otherwise.

By Property 4, we have

P(l{|>e)=En<E

€ €

i) _ 2|
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3.1.5 Basic properties of expectations

@ P(¢=0)=1ifand only if E|(| =0.

In fact, the "only if" part is obvious. For the "if"
part, by Property 5 we have

P(|¢] > €) =0 for all € > 0.

So P(|¢] > 0) = 0.
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3.1.5 Basic properties of expectations

Convergence theorems

@ (Monotone convergence theorem). If 0 < &, (w) 7 &(w),
then
lim E¢, = E¢. (%)
n—0o0

If 0 < &,(w) \(0, and E¢,s are finite, then

lim F¢, =0.

n—00

© (Dominated convergence theorem). If &, (w) — &(w),
|€.] < mand En < oo, then (*) holds.

@ (Bounded convergence theorem). If &, (w) — &(w) and
€] < M < oo, then (*) holds.
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3.1.5 Basic properties of expectations

UEM: SEUEMIAA Sl siE H

B, TG < M, |¢| < M. di1ERR1, B¢, BEEAE, If
H|EE, — E¢| < B|&, — €. XHEL e > 0,

LA, ={|& — & > e} TEAS LA, — €| <e TMTEA, L
A& — &l < 2M. B

1€ — €| < €+2M1y,.

ES)lie
|B&, — B¢| < Elés — €] < e+ 2MP(A,).
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FI7H, HTE (W) = E(w), Brillim, o A, = 0. BB
LSS

lim P(A,) = P(lim A4,) =0.

n—0o0 n—oo

FITA

limsup |EE, — E¢| < limsup E|&, — | < e.

n—oo n—o0

e > L& e

lim |EE, — B¢| = lim E|¢, — £] = 0.
n—oo n—oo
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BUAEAE B BRI SSOE B, 0 < & (w) 2 E(w). MHER
IM >0, @n, = & I{[6] < M}, n=EI{[¢] < M}
W, < &y <&,

(W) = n(w), Y
FFHO < n, < M. i FHCSIUE BB 30 82 1 LR R,

M
lim F¢, > lim En, = En :/ xdFe(z).
n—oo 0

n—oo
LM — ocoff

n—o0

ISR EE = oo, ML AR,
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DUEUE BRI SUE 3. 130 < &, (w) N E(w). IR
W, < &n <€,

(W) = n(w), Y
FFHO < n, < M. i FHCSIUE BB 30 82 1 LR R,

M
lim F¢, > lim En, = En :/ xdFe(z).
n—oo 0

n—oo
LM — ocoff

n—o0

WREE = oo, MW ELE. MREE < oo, NH
F¢, < € HPREMRBES, < B Bl

lim F¢, = EE.
n—oo
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TR0 < &n(w) (0, BEAFAE, IXIT
0<& —& NG

FrEA
E(& - gn) — Egl'

A
E¢, — 0.
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M = Sup [&m — &].
m>n

Mo < np(w) (0. B—HH, HFO<n, <2n, AT
LLO < En, < 2En < co.
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iR IE PR SOE B il

M = Sup [&m — &].
m>n

Mo < n,(w) \ 0. H—JH, HT0<n, <2n, Bt
PLO < B, < 2E7n < co. HHIAISE #E,

En, — 0.

|E&, — E¢| < El& — &| < Eny.

Sl
lim F¢, = EE.

n—o0
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