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3.1.1 Expectations for discrete random variables

Example 1. In order to evaluate A’s shooting

level, randomly observe his ten shootings and record

the number of cycles he hits each time and the

frequency as below.

xk 8 9 10

vk 2 5 3

fk = vk/N 0.2 0.5 0.3

The average number of cycles is∑
xkfk = 8 ∗ 0.2 + 9 ∗ 0.5 + 10 ∗ 0.3 = 9.1.
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3.1.1 Expectations for discrete random variables

Definition 1 Suppose that a discrete random

variable ξ has the distribution sequence(
x1 x2 · · · xk · · ·
p1 p2 · · · pk · · ·

)
.

If the series
∑

k xkpk converges absolutely, that is,∑
k |xk|pk <∞, the sum is called mathematical

expectation or mean of ξ, written as

Eξ =
∑
k

xkpk.
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Example 2. The degenerate distribution

P (ξ = a) = 1 has mathematical expectation

Eξ = a. In other words, the expectation of a

constant is just itself.
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Example 3. Calculate the mathematical

expectation of the binomial distribution

P (ξ = k) =

(
n

k

)
pkqn−k, k = 0, 1, 2, · · · , n.
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Solution.

Eξ =
n∑
k=0

kpk

=
n∑
k=0

k
n!

k!(n− k)!
pkqn−k

= np
n∑
k=1

(n− 1)!

(k − 1)![(n− 1)− (k − 1)]!
pk−1qn−1−(k−1)

= np
n−1∑
r=0

(n− 1)!

r![(n− 1)− r]!
prqn−1−r

= np(p+ q)n−1 = np.
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Example 4. Calculate the mathematical

expectation of the Poisson distribution

P (ξ = k) =
λk

k!
e−λ, k = 0, 1, 2, · · · .

Solution.

Eξ =
∞∑
k=0

kP (ξ = k) =
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k=0

k
λk

k!
e−λ

= λ
∞∑
k=1

λk−1

(k − 1)!
e−λ

= λ.
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Example 5. Calculate the mathematical

expectation of the geometric distribution

P (ξ = k) = pqk−1, k = 1, 2, · · · , 0 < p < 1.
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Solution.

Eξ =
∞∑
k=1

kpqk−1

= p

∞∑
k=1

(xk)′|x=q = p(
∞∑
k=1

xk)′|x=q)

= p(
x

1− x
)′|x=q

= p
1

(1− x)2
|x=q =

1

p
.
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Example 6. Suppose that

P (ξ = (−1)k
2k

k
) =

1

2k
, k = 1, 2, · · · .

∞∑
k=1

xkpk =
∞∑
k=1

(−1)k
1

k
=?.
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Note that

∞∑
k=1

|xk|pk =
∞∑
k=1

1

k
=∞.

We say that Eξ does not exist, although
∑∞

k=1 xkpk

is convergent.
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Basic properties of expectations of discrete random

variables

Property 1 (Absolute integrability): Eξ is finite if

and only if E|ξ| <∞. Further

Eξ = Eξ+ − Eξ−, E|ξ| = Eξ+ + Eξ−.
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3.1.1 Expectations for discrete random variables

Property 2 (Linearity) (1): E(aξ) = aEξ.

In fact, if the pmf of ξ is P (ξ = xi) = pi, then the

pmf of aξ is P (aξ = axi) = pi. So

E(aξ) =
∑
i

(axi)pi = a
∑
i

xipi = aE(ξ).
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Property 2(2): E(ξ + η) = Eξ + Eη.
In fact, let ζ = ξ + η. Then

E(ζ) =
∑
l

zlP (ζ = zl) =
∑
l

zlP (ξ + η = zl)

=
∑
l

zl
∑

i,j:xi+yj=zl

P (ξ = xi, η = yj)

=
∑
l

∑
i,j:xi+yj=zl

(xi + yj)P (ξ = xi, η = yj)

=
∑
i,j

(xi + yj)P (ξ = xi, η = yj)

=
∑
i,j

xiP (ξ = xi, η = yj) +
∑
i,j

yjP (ξ = xi, η = yj)

=
∑
i

xiP (ξ = xi) +
∑
j

yjP (η = yj) = Eξ + Eη.
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3.1.1 Expectations for discrete random variables

Property 3 (Monotonicity): If ξ ≤ η and the

expectations of ξ and η exist, then Eξ ≤ Eη.

Proof. η − ξ is also a discrete random variable. By

Property 2. E[η − ξ] = Eη − Eξ exists. On the

other hand, η − ξ ≥ 0. It follows that E[η − ξ] ≥ 0

by the definition of the expectation. So Eη ≥ Eξ.
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3.1.1 Expectations for discrete random variables

Property 4 : If the expectations of ξ and η exist,

and ξ and η are independent, then the expectation

of ξη exists and

E[ξη] = EξEη.

Proof. Write ξ =
∑∞

i=1 xiI{ξ = xi} and

η =
∑∞

j=1 yjI{η = yj}. Let ζ = ξη. Then the distribution

sequence of ζ is

P (ζ = zk) =
∑

i,j:xiyj=zk

P (ξ = xi, η = yj)

=
∑

i,j:xiyj=zk

P (ξ = xi)P (η = yj).
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P (ζ = zk) =
∑

i,j:xiyj=zk

P (ξ = xi, η = yj)

=
∑

i,j:xiyj=zk

P (ξ = xi)P (η = yj).
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Then

E|ζ| =
∑
k

|zk|P (ζ = zk)

=
∑
k

∑
i,j:xiyj=zk

|zk|P (ξ = xi)P (η = yj)

=
∞∑
i=1

∞∑
j=1

|xiyj|P (ξ = xi)P (η = yj)

=
∞∑
i=1

|xi|P (ξ = xi) ·
∞∑
j=1

|yj|P (η = yj)

=E|ξ| · E|η|.

So E[ζ] exists.
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Repeating the argument yields

Eζ =
∑
k

zkP (ζ = zk)

=
∑
k

∑
i,j:xiyj=zk

zkP (ξ = xi)P (η = yj)

=
∞∑
i=1

∞∑
j=1

xiyjP (ξ = xi)P (η = yj)

=
∞∑
i=1

xiP (ξ = xi) ·
∞∑
j=1

yjP (η = yj)

=Eξ · Eη.
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3.1.2 Expectations of continuous random variables

Suppose ξ has pdf p(x). First, assume that ξ takes

its values only on a finite interval [a, b].

Now partition [a, b] into smaller intervals:

a = x0 < x1 < · · · < xn = b, then

P (xk < ξ ≤ xk+1) =

∫ xk+1

xk

p(x)dx ≈ p(xk)∆xk,
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Define a random ξn as

ξn = xk, if xk < ξ ≤ xk+1.

The ξn is discrete random variable with

Eξn =
∑
k

xkP (xk < ξ ≤ xk+1) ≈
∑
k

xkp(xk)∆xk.

As n→∞,

|ξn − ξ| ≤ max
k

∆xk → 0

and ∑
k

xkp(xk)∆xk →
∫ b

a

xp(x)dx.
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3.1.2 Expectations of continuous random variables

It is natural to define

Eξ =

∫ b

a

xp(x)dx.

If ξ takes its values on the real line (−∞,∞),

letting a→ −∞, b→∞, we get the following

definition.
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Definition 2 Suppose that ξ is a continuous random

variable with density p(x), and∫ +∞

−∞
|x|p(x)dx <∞,

then we call

Eξ =

∫ +∞

−∞
xp(x)dx

the mathematical expectation of ξ. If∫∞
−∞ |x|p(x)dx =∞, we say that the expectation of

ξ does not exist.
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3.1.2 Expectations of continuous random variables

Example 7. Suppose ξ ∼ U [a, b]. Calculate Eξ.

Solution.

Since ξ has the density function

p(x) =

{
1
b−a , a ≤ x ≤ b,

0, otherwise,

then we have

Eξ =

∫ ∞
−∞

xp(x)dx =

∫ b

a

x
1

b− a
dx

=
1

2

b2 − a2

b− a
=
a+ b

2
.
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3.1.2 Expectations of continuous random variables

Example 8. Calculate the expectation of the

exponential random variable ξ with parameter λ.

Solution.

Since ξ has the density function

p(x) =

{
λe−λx, x > 0,

0, x ≤ 0,

then we have

Eξ =

∫ ∞
0

xλe−λxdx =
1

λ
.
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3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the

normal random variable ξ ∼ N(a, σ2).

Solution.

First we note∫ ∞
−∞
|x| 1√

2πσ
e−

(x−a)2

2σ2 dx <∞,

which implies that ξ has expectation. Also,

Eξ =

∫ ∞
−∞

x
1√
2πσ

e−
(x−a)2

2σ2 dx

=
a√
2π

∫ ∞
−∞

e−
z2

2 dz +
σ√
2π

∫ ∞
−∞

ze−
z2

2 dz

= a.
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3.1.2 Expectations of continuous random variables

Example 10. Show the Cauchy distribution does

not have expectation.

Proof.

The Cauchy distribution has the density

p(x) =
1

π(1 + x2)
, −∞ < x <∞.

Since∫ ∞
−∞
|x|p(x)dx = 2

∫ ∞
0

x

π(1 + x2)
dx =∞,

so the expectation does not exist.
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3.1.2 Expectations of continuous random variables

Example 10. The expectation of the Cauchy

distribution

p(x) =
σ

π(σ2 + (x− µ)2)
, −∞ < x <∞.

does not exist.

µ ´�o?∫ µ

−∞
p(x)dx =

1

2
−−−−¥ ê

— © ê£8
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3.1.3 General definition Suppose ξ has cdf F (x).

Consider −n = x0 < x1 < · · · < xkn = n, Define a

random ξn as

ξn = xk, if xk < ξ ≤ xk+1.

The ξn is discrete random variable with

Eξn =
∑
k

xkP (xk < ξ ≤ xk+1) =
∑
k

xk∆F (xk),

where ∆F (xk) = F (xk+1)− F (xk). As n→∞,

|ξn − ξ| ≤ maxk ∆xk → 0.
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3.1.3 General definition

It is natural to define

Eξ = lim
∑
k

xk∆F (xk)

=

∫ ∞
−∞

xdF (x) (Stieltjes integral).
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3.1.3 General definition

Definition 3. Suppose that ξ has distribution

function F (x). If
∫∞
−∞ |x|dF (x) <∞, then we call

Eξ =

∫ ∞
−∞

xdF (x)

the mathematical expectation of ξ. When∫∞
−∞ |x|dF (x) =∞, we say that the expectation of

ξ does not exist.
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3.1.3 General definition

Remark 1 When ξ is a discrete r.v.,∫ ∞
−∞

xdF (x) =
∑
k

xk[F (xk)− F (xk − 0)]

=
∑
k

xkP (ξ = xk).

When ξ is a continuous r.v., then∫ ∞
−∞

xdF (x) =

∫ ∞
−∞

xd

[∫ x

−∞
p(y)dy

]
=

∫ ∞
−∞

xp(x)dx.
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3.1.3 General definition

Remark 2. F (x) =
∫ x
−∞ dF (t). So for any

random variable ξ, P (ξ ∈ B) can be written as the

Stieltjes integral

P (ξ ∈ B) =

∫
x∈B

dF (x).
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5¿�ξ+ = max{ξ, 0}, ξ− = max{−ξ, 0}�©Ù¼ê©O�

Fξ+(x) =

P (ξ ≤ x) = F (x), ex ≥ 0;

0; ex < 0;

Fξ−(x) =

P (−ξ ≤ x) = 1− F (−x− 0), ex ≥ 0;

0; ex < 0.

N´�y
∫∞
0
xdF (x) =

∫∞
0
xdFξ+(x),∫ 0

−∞
xdF (x) =

∫ 0

−∞
xdF (x− 0) = −

∫ ∞
0

xd(1− F (−x− 0))

=−
∫ ∞
0

xdFξ−(x).

ÏdEξ�3�¿©7�^�´Eξ+ÚEξ−�3, ¿�

kEξ = Eξ+ − Eξ−, E|ξ| = Eξ+ + Eξ−.
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3.1.3 General definition

Proposition. Let F (x) be the cdf of ξ. Then

Eξ =

∫ ∞
0

P (ξ > y)dy −
∫ ∞
0

P (−ξ > y)dy,

=

∫ ∞
0

P (ξ ≥ y)dy −
∫ ∞
0

P (−ξ ≥ y)dy.

Proof. ∫ ∞
0

xdF (x) =

∫ ∞
0

∫
0≤y<x

dydF (x)

=

∫ ∞
0

dy

∫
y<x

dF (x)

=

∫ ∞
0

P (ξ > y)dy.
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3.1.3 General definition

Similarly,∫ 0

−∞
xdF (x) = −

∫ 0

−∞

∫
x<y≤0

dydF (x)

= −
∫ 0

−∞
dy

∫
x<y

dF (x)

= −
∫ 0

−∞
P (ξ < y)dy

= −
∫ ∞
0

P (−ξ > y)dy.

The first equality is proved. The proof of the second

equality is similarly.
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