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(Mathematical) expectation: mean of the values of

a random variable;

Variance: to express the extent to which a random

variable diverts from the mean.

Characteristic function: a powerful tool to analyze

random variables.



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical Exp tion

3.1.1 Expectations for discrete random variables

3.1.1 Expectations for discrete random variables
Example 1. In order to evaluate A's shooting
level, randomly observe his ten shootings and record
the number of cycles he hits each time and the
frequency as below.

Tk 8 | 9|10
Vi 2 5 3
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3.1.1 Expectations for discrete random variables

3.1.1 Expectations for discrete random variables
Example 1. In order to evaluate A's shooting
level, randomly observe his ten shootings and record
the number of cycles he hits each time and the
frequency as below.

Tk 8 | 9|10
Vi 2 5 3

The average number of cycles is

> afy =8%02+9%0.5+10%0.3=9.1.
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3.1 Mathematical Exp
3.1.1 Expectations for discrete random variables

Definition 1 Suppose that a discrete random
variable £ has the distribution sequence

xl xQ e o o l'k
b1 P2 - Dk

If the series Zk xTipr converges absolutely, that is,

Z k

expectation or mean of &, written as

B¢ =) i
k

z|pr < 00, the sum is called mathematical



Chapter 3 Numerical Ct ristics and Characteristic Functions
3.1 Mathematical Exp

3.1.1 Expectations for discrete random variables

Example 2. The degenerate distribution
P(§ = a) = 1 has mathematical expectation
E¢ = a. In other words, the expectation of a
constant is just itself.
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3.1.1 Expectations for discrete random variables

Example 3. Calculate the mathematical
expectation of the binomial distribution

P(fzk): Z pkqnik7 k2071727'”7n'
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Solution.

E¢ = Z Epr
k=0
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3.1.1 Expectations for discrete random variables

Solution.

E¢ =) kp
k=0
Z k k),p q""



Solution.

E¢ =) kp
B0

- n!
_ L pkqn—k‘
kz:; kl(n — k)!

(n—1)! k—1 n—1—(k—1)

- ”pkz:; k—Dm—1)— k-1~ 1




3.1.1 E\pe rete random variables

Solution.

E¢ =) kp
B0

_ (n —1)! k=1 _n—1—(k—1)
- "pz n—1)— k—1pF 1
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Solution.

E¢ =) kp
B0
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3.1.1 Expectations for discrete random variables

Example 4. Calculate the mathematical
expectation of the Poisson distribution
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3.1.1 Expectations for discrete random variables

Example 4. Calculate the mathematical
expectation of the Poisson distribution

Solution.
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3.1.1 Expectations for discrete random variables

Example 4. Calculate the mathematical
expectation of the Poisson distribution

Solution.

E¢ = Y kP(E=k)=)_ kHe_A
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3.1.1 Expectations for discrete random variables

Example 4. Calculate the mathematical
expectation of the Poisson distribution

Solution.
E¢ = ) kP(E=k)= Zkye
k=0 k=0 ’
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3.1.1 Expectations for discrete random variables

Example 4. Calculate the mathematical
expectation of the Poisson distribution

Solution.
E¢ = ) kP(E=k)= Zkye_
k=0 k=0
8o /\k—l .
= )\Z = 1)|e
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3.1.1 Expectations for discrete random variables

Example 5. Calculate the mathematical
expectation of the geometric distribution

P=k) =p* 1 k=1,2-.,0<p<l.



sic Functions

Solution.

E¢ =) kpd*!
k=1
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3.1.1 Expectations for discrete random variables

Solution.

o

E¢ =) kpg"!

k=1

— pZ(xk)/\x:q = P(Z 7Y =g
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3.1.1 Expectations for discrete random variables

Solution.

E¢ = kpg"!
k=1



3.1.1 Expectations for discrete random variables

Solution.

E¢ = kpg"!
k=1

= p (@ ]amg =P 2" ]2=y)
k=1 k=1
_ LN
1 1

I DA
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3.1.1 Expectations for discrete random variables

Example 6. Suppose that

ok 1
’fz):— k=1,2---.

PlE=(-1)"2) = o
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3.1.1 Expectations for discrete random variables

Example 6. Suppose that

L.

P(€ = (-1

> e = S-Dk

k=1

)= 55 b=
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3.1.1 Expectations for discrete random variables

Example 6. Suppose that

L.

P(€ = (-1

Z:Ckpk = Z(—l)k% =7.
k=1

k=1

)=—, k=1,2,--
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3.1.1 Expectations for di te random variables

Note that

(0.8} (0.} 1
Z |5Ck‘pk' = ZE = Q.
k=1 k=1
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3.1.1 Expectations for discrete random variables

Note that

o

=1
Z |z |px = ZE = 00.
) k=1

k,_

We say that E¢ does not exist, although > 72 | py

is convergent.
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3.1.1 Expectations for discrete random variables

Basic properties of expectations of discrete random
variables

Property 1 (Absolute integrability): E¢ is finite if
and only if F|¢| < co. Further

E{=E{" - EE, Elf|=EE + EC.
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3.1.1 Expectations for di te random variables

Property 2 (Linearity) (1): E(af) = aE¥¢.
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3.1.1 Expectations for discrete random variables

Property 2 (Linearity) (1): E(af) = aE¥¢.

In fact, if the pmf of £ is P(§ = x;) = p;, then the
pmf of a is P(a& = ax;) = p;. So
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3.1.1 Expectations for discrete random variables

Property 2 (Linearity) (1): E(af) = aE¥¢.

In fact, if the pmf of £ is P(§ = x;) = p;, then the
pmf of a is P(a& = ax;) = p;. So

E(a&) = Z ax;)p; = aZprZ =aF(¢

1



nd Characteristic Functions

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =& +n. Then
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Mathematic

3.1.1 Expectations f()l discrete random variables

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =&+ 1. Then

ZzlP(( =z)= ZZzP(f +n=z)
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3.1.1 Expectations for discrete random variables

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =&+ 1. Then

E(() = ZZIP(C:ZI) :Zzlp(f‘HI:Zl)
. .
= Zzl Z Pl ==zin=y;)

1,7:T+Y; =21
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3.1.1 Expectations for discrete random variables

Property 2(2): E(§ + 1) = E£+ En.
In fact, let ( =& +n. Then

E(() = ZZlP(C:Zl>:ZZlP(£+7]:Zl>
= Zzl Z Pl ==zin=y;)

L,J:wity; =2

_ Z S (@i+y)PE = zin =1y

4,J Y =21
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3.1.1 Expectations for discrete random variables

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =& +n. Then

E(() = ZZIP(C:ZI) :Zzlp(f‘HI:Zl)
. .
= Zzl Z Pl ==zin=y;)

4]y =2

- Y Y @+y)PE ==y,

l jmity;=2

- Z(‘T’ +y;)P(§ = xi,m = y;)

1,J
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3.1.1 Expectations for discrete random variables

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =& +n. Then

E(() = ZZIP(C:ZI) :Zzlp(f‘HI:Zl)
. .
= Zzl Z Pl ==zin=y;)

4]y =2

- Y Y @+y)PE ==y,

l jmity;=2

= Z($i+yj)P(§:$ian:yj)
= Z$ZP(§:xZ7 = +Zy] = T, N :yj)
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3.1.1 Expectations for discrete random variables

d Characteristic Functions

Property 2(2): E(§ +1n) = E£+ En.
In fact, let ( =&+ 1. Then

ZzlP((: z) = Zzlp(f+77: 21)
l l
Zzl Z P(§ =z, = y5)

E(¢)

1,7:T+Y; =21

Z Z (zi +y;)P(§

U dgwityj=2

> (@i + ;) P(€ = 24,m =

= T4, 1]

yj)

Za:iP(g = 3,7 = +Zyj

ZJ:P = By —I—Zy]

_yj

= ;)

=T N = y])
= E¢ + En.
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3.1.1 Expectations for discrete random variables

Property 3 (Monotonicity): If £ < n and the
expectations of £ and n exist, then E¢ < En.
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3.1 Mathematical Exp
3.1.1 Expectations for discrete random variables

Property 3 (Monotonicity): If £ < n and the
expectations of £ and n exist, then E¢ < En.
Proof. n — £ is also a discrete random variable. By

Property 2. E[n — & = En — E¢ exists.
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3.1 Mathematical Expectation
3.1.1 Expectations for discrete random variables

Property 3 (Monotonicity): If £ < n and the
expectations of £ and n exist, then E¢ < En.
Proof. n — £ is also a discrete random variable. By
Property 2. E[n — & = En — F¢ exists. On the
other hand, n — £ > 0. It follows that E[n —&] > 0
by the definition of the expectation. So En > EE.
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3.1.1 Expectations for discrete random variables

Property 4 : If the expectations of £ and 7 exist,
and £ and n are independent, then the expectation

of &n exists and

Eén] = ESEN.
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3.1.1 Expectations for discrete random variables

Property 4 : If the expectations of £ and 7 exist,
and £ and n are independent, then the expectation

of &n exists and
El¢n) = E¢EN.

Proof. Write £ =Y 2, x;J{{ = z;} and
n=>;21Y1{n=y;}. Let { =&n. Then the distribution
sequence of ( is
PC=a)= Y,k Pl=z,n=uy)
4,510y =2k

= Z P( = z;)P(n =y;).

4,J: %Y =2k
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3.1.1 Expectations for discrete random variables

Then
E|(] :Z 2| P(C = k)
=>" ) |alPE=xz)P(n=y,)

k  1,0:my;=2k

=3 ) |z |P(& = 2:)P(n = y))

i=1 j=1
= |zl P =) ) |y;|P(n=y;)
i=1 j=1
=E[¢| - Elnl.

So E|(] exists.
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3.1.1 Expectations for discrete random variables

Repeating the argument yields

E¢=) 2P(¢ = 2)
:Z Z 2. P(€ = ;) P(n = yj)

k  4,J:y5=2k

:ZZCUiyjP(g = z;)P(n = y;)

i=1 j=1

= Z z; P& = Z yiP(n = y]
7=l

=F¢ - En.
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3.1.2 Expectations of continuous random variables

3.1.2 Expectations of continuous random variables
Suppose £ has pdf p(z). First, assume that ¢ takes
its values only on a finite interval [a, b].

Now partition [a, b] into smaller intervals:

a=x9g<x1<---<x,=>, then

Th41

P(xr < & < apy) = / p(x)dz = p(xy)Azy,

Tk
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3.1.2 Expectations of continuous random variables

Define a random &, as
fn = Tk, if T < f < Ty
The &, is discrete random variable with

E& =) axP(wp < & <appr) = Y wip(e) Az
k k
As n — oo,
1€, — €| < ml?XAxk — 0

and

b
Zxkp(xk)Aa:k—)/ xp(x)d.
k a
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3.1.2 Expectations of continuous random variables

It is natural to define

b
Eﬁz/ xp(x)d.

If £ takes its values on the real line (—o0, 00),
letting a — —o0, b — o0, we get the following
definition.
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3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Definition 2 Suppose that £ is a continuous random

variable with density p(z), and

+00
/ |z|p(z)dr < oo,

oo

then we call
400
E¢ :/ xp(x)dx

the mathematical expectation of £. If
[ |z|p(z)dz = oo, we say that the expectation of

¢ does not exist.



Chapter 3 Numerical Characteristics and Characteristic Functions
3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Example 7. Suppose £ ~ Ula, b]. Calculate E¢.

Solution.
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3.1.2 Expectations of continuous random variables

Example 7. Suppose £ ~ Ula, b]. Calculate E¢.

Solution.Since ¢ has the density function

a<x<b,

1
) = b—a’
p(z) 0, otherwise,



Chapter 3 Numerical Characteri and Characteristic Functions
3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Example 7. Suppose £ ~ Ula, b]. Calculate E¢.

Solution.Since ¢ has the density function

a<x<b,

1
) = b—a’
p(z) 0, otherwise,
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3.1.2 Expectations of continuous random variables

Example 7. Suppose £ ~ Ula, b]. Calculate E¢.

Solution.Since ¢ has the density function

a<x<b,

1
) = b—a’
p(z) 0, otherwise,

then we have

00 b
1
£ /_Ooxp(x) x /a Ty ——dz
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3.1.2 Expectations of continuous random variables

Example 7. Suppose £ ~ Ula, b]. Calculate E¢.

Solution.Since ¢ has the density function

a<x<b,

1
) = b—a’
p(z) 0, otherwise,

then we have

00 b
1
£ /_Ooxp(x) x /a Ty ——dz

1b2—a2_a—|—b
2b—a 2
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3.1.2 Expectations of continuous random variables

Example 8. Calculate the expectation of the
exponential random variable ¢ with parameter \.

Solution.
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3.1.2 Expectations of continuous random variables

Example 8. Calculate the expectation of the
exponential random variable ¢ with parameter \.

Solution. Since ¢ has the density function

e M x>0,

p(x) = 0. r <0
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3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Example 8. Calculate the expectation of the
exponential random variable ¢ with parameter \.

Solution. Since ¢ has the density function

e M x>0,

p(x) = 0. r <0

then we have

o0 1
E¢ = / zhe dr = =
0
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3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the
normal random variable £ ~ N(a, c?).

Solution.
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3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the
normal random variable £ ~ N(a, c?).

Solution. First we note
o0 1 _(e—a)?
|z| ——e" 2% dz < o0,

50 2o

which implies that & has expectation.
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3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the
normal random variable £ ~ N(a, c?).

Solution. First we note
o0 1 _(e—a)?
|z| ——e" 2% dz < o0,

50 2o

which implies that § has expectation. Also,

_(@-a)?
——e 22 dx
2o
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3.1 Mathematical Expectation

3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the
normal random variable £ ~ N(a, c?).

Solution. First we note
o0 1 _(e—a)?
|z| ——e" 2% dz < o0,

50 2o

which implies that § has expectation. Also,

EE = / e
27TJ

a ~ i 2 /OO 54
= e zZ+ — ze z
V2T J o V2T J o
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3.1.2 Expectations of continuous random variables

Example 9. Calculate the expectation of the
normal random variable £ ~ N(a, c?).

Solution. First we note

> 1 @a?
|z| ——e" 2% dz < o0,
o 2mo

which implies that § has expectation. Also,

EE = / e
27TJ

a ~ i 2 /OO 54
= e zZ+ — ze z
V2T J o V2T J o
a.
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3.1.2 Expectations of continuous random variables

Example 10. Show the Cauchy distribution does
not have expectation.

Proof.
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3.1.2 Expectations of continuous random variables

Example 10. Show the Cauchy distribution does
not have expectation.

Proof. The Cauchy distribution has the density

1
= ——~ —o00 < x < oQ.
PO iy =
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3.1.2 Expectations of continuous random variables

Example 10. Show the Cauchy distribution does
not have expectation.

Proof. The Cauchy distribution has the density

1
= ——~ —o00 < x < oQ.
PO iy =

Since

(0.0] o0 T
— 2 _— —
/_OO |z|p(x)dx /0 —r x2)dx 00,

so the expectation does not exist.
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3.1.2 Expectations of continuous random variables

Example 10. The expectation of the Cauchy
distribution

, —o0o < T < 00.

does not exist.
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3.1.2 Expectations of continuous random variables

Example 10. The expectation of the Cauchy
distribution

, —o0o < T < 00.

does not exist.

p At A

— IR el
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3.1 Mathematical Expectation
3.1.3 General definition

3.1.3 General definition Suppose & has cdf F(x).
Consider —n =29 < 1 < -+ < 2, = n, Define a
random &, as

En = x, if 2 <& < T
The &, is discrete random variable with

E& =Y xpPlay <& < appr) = Y mpAF(zp),
k k

where AF(zy) = F(xp1) — F(xg). As n — oo,
1€, — €| < maxy Az — 0.
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3.1 Mathematical Expectation
3.1.3 General definition

It is natural to define

E¢ = lim Z T, AF(z1)
k
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3.1 Mathematical Expectation

3.1.3 General definition

It is natural to define
E¢ = lim )  xAF (w)
k

:/ xdF(x) (Stieltjes integral).

oo
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3.1 Mathematical Expectation
3.1.3 General definition

Deﬁnition 3 Suppose that £ has distribution
function F'(z). If [* |z|dF(z) < oo, then we call

Ee = /_ Z 2dF(z

the mathematical expectation of £&. When
[ |z|dF(x) = oo, we say that the expectation of
¢ does not exist.
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3.1 Mathematical Expectation
3.1.3 General definition

Remark 1 When £ is a discrete r.v.,

/ N zdF(z) = Y z[F(xx) — F(zp — 0)]

o0 k
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3.1 Mathematical Expectation
3.1.3 General definition

/ N zdF(z) = Y z[F(xx) — F(zp — 0)]

o0 k

When £ is a continuous r.v., then

[ = [ wa| [ s

= /OO xp(x)d.

(0. ¢]
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3.1 Mathematical Expectation
3.1.3 General definition

Remark 2. F(z) = [_dF(t). So for any
random variable f, P(& € B) can be written as the
Stieltjes integral

P(¢ € B) :/ AP (@)
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3.1 Mathematical Expectation
3.1.3 General definition

FHEREEIET = max{€, 0}, & = max{—¢&, 0} KI5 5K E 7371 M

F5+(a:) = P(f = :L‘) = F(x)) %l‘ > 0;
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3.1 Mathematical Expectation
3.1.3 General definition

EERET = max{¢, 0}, & = max{—¢, 0} I AR £ 7 7 A

P <x)=F(z), %z >0;
)= 0-(f o %i < 0;
Fe(z) = P(—¢(<z)=1—-F(—x—-0), #Hz >0

BHWAE [ xdF (x) = [[° xdFe+ (2),

/O vdF(z) = /0 vdF(z — 0) = — /Ooo 2d(1 — F(—z — 0))

—Oo0 —00

— /O " 2dFe (o).
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3.1 Mathematical Expectation
3.1.3 General definition

EERET = max{¢, 0}, & = max{—¢, 0} I AR £ 7 7 A

T
Fe(z) = (=¢<z)=1—-F(—x—-0), Hx>0

BHWAE [ xdF (x) = [[° xdFe+ (2),
/ xdF (x) :/ xdF(z —0) = —/Oooxd(l—F(—x—O))

—Oo0 —00

= /O " 2dFe (o).

Kl EEAFAEI TS i b Bk A R BET R EE174E, FFH.
BEE = E¢t — E¢, Bl§| = EET + E¢.
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3.1 Mathematical Expectation
3.1.3 General definition

Proposition. Let F(x) be the cdf of £&. Then
Be= [ PE>wiy- [ P(-¢> )y,

0 0
— [Pz nay- [ P-gzpay

0 0
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3.1 Mathematical Expectation
3.1.3 General definition

Proposition. Let F(x) be the cdf of £&. Then

Eé - / P > y)dy - / P(=¢ > y)dy,

:/Oop(g > y)dy — /OOP(—é > y)dy
0 0

Proof.
/ zdF(z / / dydF(x
0 0<y<zx
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3.1 Mathematical Expectation
3.1.3 General definition

Proposition. Let F(x) be the cdf of £&. Then
Be= [ PE>wiy- [ P(-¢> )y,

0 0
— [Pz nay- [ P-gzpay

0 0

Proof.
/OO zdF(z) = /00 / dydF(x)
0 0 0<y<z

_ /Ooo dy/yq dF ()
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3.1 Mathematical Expectation
3.1.3 General definition

Proposition. Let F(x) be the cdf of £&. Then
Be= [ PE>wiy- [ P(-¢> )y,

0 0
— [Pz nay- [ P-gzpay

0 0

Proof.
/OO zdF(z) = /00 / dydF(x)
0 0 0<y<z

_ /Ooo dy/yq dF ()

= /0 P(§ > y)dy.
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3.1 Mathematical Expectation
3.1.3 General definition

Similarly,

: rdF(z) = — : dydF (x)

—00 —o0 J z<y<0
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3.1 Mathematical Expectation
3.1.3 General definition

Similarly,

0 0
rdF(z) = — / / dydF (x)
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3.1.3 General definition

Similarly,

[t <[ f s
[ ]
0

= —/OOP(§<y)dy
= —/OOOP(—€>y)dy-

The first equality is proved. The proof of the second
equality is similarly.
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