Basic properties of expectations



Basic properties of expectations of discrete random
variables

Property 1 (Absolute integrability): Suppose € is a
discrete random variable. Then E¢ is finite if and
only if E|¢] < oco. Further

E§=EST - ES, El§|=E{ + EE.
Property 2 (Linearity): Suppose & and 7 are discrete
random variables. If £ and En exist, then

E(a& 4+ bn) = aEE + bEN.



Property 3 (Monotonicity): Suppose & and 7 are
discrete random variables. If £ < 7 and the
expectations of £ and 7 exist, then E¢ < En.



Corollary

Suppose & and n are discrete random variables,
€| <. If the expectation n exists, then the
expectation E exists, and |EE| < E|&| < En.




Corollary

Suppose & and n are discrete random variables,
€| <. If the expectation n exists, then the
expectation E exists, and |EE| < E|&| < En.

Proof. Suppose & = > 7, 2, 1{ = x;}. Write
£ = ij:l x; I{& =x;}. Then

€ = S0 e = 2.} < [¢] <, the
expectations of |£| and 7 exist. By Property 3,
E|¢| < En.



So,

Z || P (€

z;) < En.




So,

N

> |l P(6 =) < En.

i=1
Letting N — oo yields,

oo

El¢| = ) |z|P(¢ = z:) < En.

1=1

Hence, the expectation E¢ exists. Note

—gl <& < ¢l



So,

N

> |l P(6 =) < En.

i=1
Letting N — oo yields,

oo

El¢| = ) |z|P(¢ = z:) < En.

1=1

Hence, the expectation E¢ exists. Note
—Jé] < € < |g|. By Property 3, |E€| < He].



Property 4 Suppose £ and 7 are discrete random
variables and E¢ and En exists. Then E[{n)] exists
and

E[én] = E¢ - En.



Properties of Mathematical expectation for general
random variables



For a random variable £. Define

k.. k k+1
(m) _ v f <
f om I oam 5 - 9om ’

Then
o If£>0, then 0 <&, ¢ and
IEE=0" <0

o In general, |¢ — ¢M)| < Q%n



Theorem
E¢ emists if and only if EE™ exists for one m
(and then all m). Further,

E¢ = lim E&M™.

m— 00




Suppose ¢ has cdf F(z). Write z,,,; = 5. Then

g(m) — Z T e {Tmp < & < Tppgt},

k=—o00

and

()
Z ‘xm,k‘P(xm,k < 5 S xm,k—i—l)

k=—o0
= [Zmkl AF (@)
k=—00

-y / 2 bl dF (),

k=—o00 m,k<m§xm,k+l

where AF (k) = F(Tmpt1) — F(zmp).



For i < 2 < T kg1, We have |z, — 2| < 570 So,
Z |Zon k| AF (21, 1) Z / | T k| dF ()
k=—o0 k——o0 ¥ Tm,k<T<Tm k1

<y / (1 + ) dF(z)

k=—oc0 m, k<z<xm k+1

— [ laldr @) + 5



For i < 2 < T kg1, We have |z, — 2| < 570 So,
Z |Z ok | AF (T 1) Z / | T k| dF ()
k=—o0 k——o0 ¥ Tm,k<T<Tm k1

<>/ (12 + 5 4P (z)

k=—oc0 m, k<z<xm k+1

_/_Oo\qu( ) + zfn.

Similarly,

o0 o0 1
S bl AF (@) > / [eldF(2) ~ 51

k=—0oc0

So, E¢ exists if and only if E£(™) exits.



Similarly,
Ef(m) — Z ZL“m,k;P(l‘m,k <&L xm,k—&-l)
k=—00
k=0
_ Z / | Zm,x|dF ()
e —oo0 ¥ Tm k<T<Tpm k+1
and

o 1 > 1
/ 2dF(z) = o < EeM™ < / dF(z) + o

o0 —00

The proof is completed.
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3.1.5 Basic properties of expectations

3.1.5 Basic properties of expectations
@ (Positivity). If 0 <&, then

EeE > 0.
In general, if a < & <b, a,b > 0, then

a < E¢ <D

In fact,

B¢ = /_ ZxdF(:c): / ' vdF(2).



So



So
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3.1.5 Basic properties of expectations

@ (Linearity). E¢ and En exist —>
E(a& + bn) = aEE + bEN.
Proof. Note | X — X(™)| < L. So

|(ag + bn)™ — (ag™ + bn(m))}
< |(a& + bn)™ — (a& + bn)| + |a] |€™ — €| + [b] [n"™ —
Ltlal+ o]
<



3.1.5 Basic properties of expectations

@ (Linearity). E¢ and En exist —>

E(a& + bn) = aEE + bEN.
Proof. Note | X — X(™)| < L. So

|(a& + o)™ — (ag™ + bn(m))}
< |(a& + bn)™ — (a& + bn)| + |a] |€™ — €| + [b] [n"™ —

<Ltlal+ 8]
< om
It follows that
1 b
‘E[(af + bn)(m)] _ (aEéf(m) + bEn(m))‘ < #.

Taking the limit m — oo completes the proof.
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Corollary
Suppose £ < n and, E§ and En exist. Then
E¢ < En.




Corollary
Suppose £ < n and, E§ and En exist. Then

E¢ < En.

Proof
En— B = Elnp— €] > 0.
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@ Suppose that £ and 7 are independent, and

expectations F¢ and En exists. Then
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@ Suppose that £ and 7 are independent, and

expectations F¢ and En exists. Then

Eé&n = E€EN.

Proof. Note that E£(™ and En(™ both exist. So,
E(£mn(m) exists and

E(g(m)n(m)) _ Ef(m)EU(m) — EEEn.



On the other hand,

(Em)™ — en) < =



Note that £™n(™) (&n)m) |ntm)
discrete random variables, and E[¢(™)n(™)],
Elln™1], E[|e"™]] exist.
So E[(£n)™)] exists and

, 1€ are

|E[¢t™nt™] — E(¢n)™)|
A o L oanemm o 2
<5mBlln"™ )+ 57 ElE™ N + o5

1 1 4
<—E —E — 0.
<5 Bl + 5Bl + o — 0



Hence, E[¢n] exists and

Elgn] = lim E(&n)™)]
= lim E[¢M™ym]

m—0o0

— lim E[£™]B[™)]

m—o0

=E[¢|E(n].O0



Integral with respect to a probability measure

The random variable £(w) is a .#-measurable
function on the probability space (€2, .#, P). The
expectation of £ is the integral of £ with respect to

P
B¢ = /5 )dP(w /gdP



o If {(w) =D, xila, then

/ £dP = Z 2 P(A;);



o If {(w) =D, xila, then
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o If {(w) =D, xila, then

/ £dP = Z 2 P(A;);

o If £ >0, then

/gdp = sup{/qydP :n is discrete and 0 < 7 < £};

o [¢dP = [¢rdP — [¢dP.



For A € % and &, define

| &P = BieL
A



For A € % and &, define

| &P = BieL
A

/A+B§dP:/A§dP+/B§dP.

Then
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