
Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.6 Functions of random variables

If ξ is a random variable, y = g(x) a real function,

then η = g(ξ) is a function of ξ. Problems:

1 Is η = g(ξ) a random variable?

2 If so, is there any connection between the

distribution functions of ξ and η?



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Notice for η = g(ξ),

{ω : η(ω) ∈ B}
= {ω : g(ξ(ω)) ∈ B}
=
{
ω : ξ(ω) ∈ {x : g(x) ∈ B}

}
B ∈ B.

To require η being a random variable, it requires

that
{
ω : ξ(ω) ∈ {x : g(x) ∈ B}

}
is an event for

any Borel set B. So, it is sufficient to require that

for any Borel set B, {x : g(x) ∈ B} is also a Borel

set.
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2.6 Functions of random variables

Definition. Suppose that g(x) is a one

dimensional real function, B is a Borel σ-field in R.

If for any B ∈ B,

{x : g(x) ∈ B}=̂g−1(B) ∈ B,

(that is, the pre-image under g of an arbitrary Borel

set is also a Borel set) then we call g(x) a Borel

function.

All piecewise continuous functions, piecewise

monotone functions are Borel functions.
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2.6 Functions of random variables

If ξ is a r.v. defined on the probability space

(Ω,F , P ), f(x) a Borel function. Let η = f(ξ),

then for an arbitrary B ∈ B, we have

{ω : η(ω) ∈ B} = {ω : f(ξ(ω)) ∈ B}
= {ω : ξ(ω) ∈ f−1(B)} ∈ F ,

so η is a r.v.

Similarly, if f(x1, · · · , xn) is a Borel function, then

η = f(ξ1, · · · , ξn) is a random variable.
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2.5.1 Functions of discrete random variables

2.5.1 Functions of discrete random variables

Example 1. Suppose that ξ has distribution

sequence (
−1 0 1 2
1
4

1
2

1
8

1
8

)
.

Let η = 2ξ − 1,ζ = ξ2, find the distribution

sequences of η and ζ.

Solution.
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2.5.1 Functions of discrete random variables

The distribution of η = 2ξ − 1 as follows:(
−3 −1 1 3

1
4

1
2

1
8

1
8

)
.

The distribution sequence of ζ = ξ2:(
0 1 4
1
2

3
8

1
8

)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.1 Functions of discrete random variables

The distribution of η = 2ξ − 1 as follows:(
−3 −1 1 3
1
4

1
2

1
8

1
8

)
.

The distribution sequence of ζ = ξ2:(
0 1 4
1
2

3
8

1
8

)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.1 Functions of discrete random variables

The distribution of η = 2ξ − 1 as follows:(
−3 −1 1 3
1
4

1
2

1
8

1
8

)
.

The distribution sequence of ζ = ξ2:(
0 1 4

1
2

3
8

1
8

)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.1 Functions of discrete random variables

The distribution of η = 2ξ − 1 as follows:(
−3 −1 1 3
1
4

1
2

1
8

1
8

)
.

The distribution sequence of ζ = ξ2:(
0 1 4
1
2

3
8

1
8

)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.1 Functions of discrete random variables

In general, assume that ξ is such that

P (ξ = xi) = p(xi), i = 1, 2, · · · ,

then the distribution of η = f(ξ) is

P (η = yj) =
∑

f(xi)=yj

p(xi), j = 1, 2, · · · .
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2.5.1 Functions of discrete random variables

Example 2. Assume that ξ ∼ B(n1, p),

η ∼ B(n2, p), and that ξ, η are independent. Find

the distribution of ζ = ξ + η.
Solution.

P (ζ = r) =
r∑

k=0

P (ξ = k, η = r − k)

=
r∑

k=0

P (ξ = k)P (η = r − k)

=
r∑

k=0

(
n1

k

)
pkqn1−k

(
n2

r − k

)
pr−kqn2−r+k

= prqn1+n2−r
r∑

k=0

(
n1

k

)(
n2

r − k

)
=

(
n1 + n2

r

)
prqn1+n2−r.
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2.5.1 Functions of discrete random variables

ξ + η ∼ B(n1 + n2, p).......the additivity property

The formula

P (ζ = r) =
r∑

k=0

P (ξ = k)P (η = r − k).

is called the discrete convolution(òÈ) formula.
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2.5.2 Functions of continuous random variables

ξ ∼ pdf p(x). G(y) is the cdf of η = f(ξ). That

is,

G(y) = P (η ≤ y) = P (f(ξ) ≤ y).

Note that D = {x : f(x) ≤ y} is a 1-dimensional

Borel set, so

G(y) = P (ξ ∈ D) =

∫
x∈D

p(x)dx.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.2 Functions of continuous random variables

2.5.2 Functions of continuous random variables

ξ ∼ pdf p(x). G(y) is the cdf of η = f(ξ). That

is,

G(y) = P (η ≤ y) = P (f(ξ) ≤ y).

Note that D = {x : f(x) ≤ y} is a 1-dimensional

Borel set, so

G(y) = P (ξ ∈ D) =

∫
x∈D

p(x)dx.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

2.5.2 Functions of continuous random variables

Theorem 3 Suppose f(x) is strictly monotone,

and its inverse f−1(y) is continuously differentiable.

Then η = f(ξ) is a continuous random variable with

density function:

g(y) =

{
p(f−1(y))|(f−1(y))′|, y ∈ the range of f(x),

0, otherwise.
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2.5.2 Functions of continuous random variables

Proof. Without loss of generality, assume that

f(x) is strictly increasing, and A < f(x) < B for

−∞ < x <∞.

Obviously, if y ≤ A then G(y) = 0,

so g(y) = 0. As A < y < B,

{f(ξ) ≤ y} = {ξ ≤ f−1(y)}, thus

G(y) = P (η ≤ y) =

∫ f−1(y)

−∞
p(x)dx.

Letting x = f−1(v), we have

G(y) =

∫ y

A

p(f−1(v))(f−1(v))′dv =

∫ y

−∞
g(v)dv.

As y ≥ B, G(y) = 1, so g(y) = 0. �
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2.5.2 Functions of continuous random variables

Corollary If y = f(x) is piecewise strictly
monotone in disjoint intervals I1, I2, · · · , and its
inverse hi(y) in the i-th interval is continuously
differentiable. Then η = f(ξ) is a continuous
random variable, whose density is

g(y) =


∑
p(hi(y))|h′i(y)|,
y ∈ the definition domain of each hi,

0, otherwise.
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2.5.2 Functions of continuous random variables

Proof. Let Ei(y) = {x : f(x) ≤ y, x ∈ Ii}.
Observe that {f(ξ) ≤ y} = {ξ ∈

∑
iEi(y)}. We

obtain

P (η ≤ y) = P (ξ ∈
∑
i

Ei(y)) =
∑
i

∫
Ei(y)

p(x)dx

=
∑
i

∫ y

−∞
p(hi(u))|h′i(u)|du

=

∫ y

−∞

∑
i

p(hi(x))|h′i(x)|dx,
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2.5.2 Functions of continuous random variables

Example 4. Assume ξ ∼ N(0, 1), calculate the

density function of η = ξ2.

Solution. Obviously, when y ≤ 0,

Fη(y) = P (ξ2 ≤ y) = 0. When y > 0,

Fη(y) =

∫ √y
−√y

ϕ(u)du,

and then

pη(y) =ϕ(
√
y)(
√
y)′ − ϕ(−√y)(−√y)′

=
1√
2πy

e−
y
2 .
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2.5.2 Functions of continuous random variables

Example 6 Assume θ ∼ U [0, 1] and a function

F (x) possesses the same three properties required of

a distribution function. Calculate the distribution of

ξ = F−1(θ), where F−1(y) = sup{x : F (x) < y}.
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2.5.2 Functions of continuous random variables

·�¡F−1(y) = sup{x : F (x) < y}�©Ù¼
êF (x)�2Â�¼ê, �âþ(.�½ÂÚ©Ù

¼ê�5��±�y2Â�¼êkXe5�:

(i) F−1(y) (0 < y < 1)´y�üNØ~¼

ê;

(ii) F (F−1(y)) ≥ y.

eF (x)3x = F−1(y)?ëY,

KF (F−1(y)) = y;

(iii) F−1(y) ≤ x�¿©7�^�

´y ≤ F (x).
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2.5.2 Functions of continuous random variables

Solution. By the properties of F−1, we have

F−1(y) ≤ x⇔ y ≤ F (x).

P (ξ ≤ x) = P (F−1(θ) ≤ x)

= P (θ ≤ F (x))

= F (x).
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2.5.2 Functions of continuous random variables

Solution. By the properties of F−1, we have

F−1(y) ≤ x⇔ y ≤ F (x).

P (ξ ≤ x) = P (F−1(θ) ≤ x)

= P (θ ≤ F (x))

= F (x).
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Solution. By the properties of F−1, we have

F−1(y) ≤ x⇔ y ≤ F (x).

P (ξ ≤ x) = P (F−1(θ) ≤ x)

= P (θ ≤ F (x))

= F (x).
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2.5.2 Functions of continuous random variables

Example 5. Assume that ξ has a continuous cdf

F (x), calculate the cdf of θ = F (ξ).

Solution.

Obviously, when y < 0, P (θ ≤ y) = 0;

when y ≥ 1, P (θ ≤ y) = 1. Now assume

0 ≤ y < 1. Define for 0 ≤ y ≤ 1

F−1(y) = sup{x : F (x) < y}.

This is the inverse of F (x). Thus we have

P (θ ≤ y) = P (F (ξ) ≤ y) = P (ξ ≤ F−1(y))

= F (F−1(y)) = y.

So θ ∼ U [0, 1].
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2.5.3 Functions of continuous random vectors

(ξ1, · · · , ξn) ∼ pdf p(x1, · · · , xn).

Let η = f(ξ1, · · · , ξn), then the distribution

function of η is determined by the following

Fη(y) = P (f(ξ1, · · · , ξn) ≤ y)

=

∫
· · ·
∫
f(x1,··· ,xn)≤y

p(x1, · · · , xn)dx1 · · · dxn.
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2.5.3 Functions of continuous random vectors

Special cases: 1. η = ξ1 + ξ2

Fη(y) =

∫ ∫
x1+x2≤y

p(x1, x2)dx1dx2

=

∫ ∞
−∞

dx1

∫ y−x1

−∞
p(x1, x2)dx2

x2=z−x1=

∫ ∞
−∞

dx1

∫ y

−∞
p(x1, z − x1)dz

=

∫ y

−∞
(

∫ ∞
−∞

p(x1, z − x1)dx1)dz.

pη(y) =

∫ ∞
−∞

p(x1, y − x1)dx1.
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2.5.3 Functions of continuous random vectors

When ξ1 ∼ pdf p1(x) and ξ2 ∼ pdf p2(x) are

independent, the pdf of ξ1 + ξ2 is

pη(z) =

∫ ∞
−∞

p1(x)p2(z − x)dx.

Similarly, we have

pη(z) =

∫ ∞
−∞

p1(z − x)p2(x)dx.

Convolution formulas
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2.5.3 Functions of continuous random vectors

Example 7. Suppose that ξ, η are i.i.d.r.v.s

∼ N(0, 1). Calculate the pdf of ζ = ξ + η.

Solution. For an arbitrary z ∈ R,

pζ(z) =

∫ ∞
−∞

1√
2π
e−

x2

2
1√
2π
e−

(z−x)2
2 dx

=
1√

2π
√

2
e−

z2

4

∫ ∞
−∞

√
2√

2π
e−(
√

2x− z√
2
)2/2dx

=
1√

2π
√

2
e−

z2

4 ,

which implies ζ = ξ + η ∼ N(0, 2).
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2.5.3 Functions of continuous random vectors

In general , if ξ, η are indept., and ξ ∼ N(a, σ2
1),

η ∼ N(b, σ2
2), then ξ + η ∼ N(a+ b, σ2

1 + σ2
2).

ξi ∼ N(µi, σ
2
i ), i = 1, · · · , n, indept. =⇒

ξ1 + · · ·+ ξn ∼ N(µ1 + · · ·+ µn, σ
2
1 + · · ·+ σ2

n).
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Proof. Let

c =
1

2σ2
1

+
1

2σ2
2

=
σ2

1 + σ2
2

2σ2
1σ

2
2

.

We have

pξ(z − y)pη(y) =
1√

2πσ1

e
− (z−y−a)2

2σ21
1√

2πσ2

e
− (y−b)2

2σ22

=
1

2πσ1σ2
e
− (z−a)2

2σ21
− y2

2σ21
+2y z−a

2σ21
− y2

2σ22
− b2

2σ22
+2y b

2σ22

=e
− (z−a−b)2

2(σ21+σ
2
2)

1

2πσ1σ2
e
−c
(
y− σ22

σ21+σ
2
2

(z−a)− σ21
σ21+σ

2
2
b

)2

.
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It follows that

pξ+η(z) =

∫ ∞
−∞

pξ(z − y)pη(y)dy

=C0e
− (z−a−b)2

2(σ21+σ
2
2) =

1
√

2π
√
σ2

1 + σ2
2

e
− (z−a−b)2

2(σ21+σ
2
2) .

So, ξ + η ∼ N(a+ b, σ2
1 + σ2

2).
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2.5.3 Functions of continuous random vectors

Example 8. Suppose that ξ, η are indept. with

the following density functions:

pξ(x) =

{
ae−ax, x > 0,

0, x ≤ 0,
a > 0,

and

pη(x) =

{
be−bx, x > 0,

0, x ≤ 0,
b > 0.

Calculate the density function of ζ = ξ + η.
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2.5.3 Functions of continuous random vectors

Solution.

Observe that pξ(x)pη(z − x) 6= 0 iff

x > 0 and z − x > 0 iff z > x > 0. Hence,

pζ(z) =
∫∞
−∞ pξ(x)pη(z − x)dx = 0 when z ≤ 0;

pζ(z) =

∫ z

0

ae−axbe−b(z−x)dx = abe−bz
∫ z

0

e−(a−b)xdx

when z > 0.

We take the following two cases into account:

(1) If a = b, then pζ(z) = abze−bz;

(2) If a 6= b, then

pζ(z) =
ab

a− b
(e−bz − e−az).
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2. η = ξ1/ξ2

Fη(y) = P (
ξ1

ξ2
≤ y) =

∫ ∫
x1/x2≤y

p(x1, x2)dx1dx2

=

∫ ∞
0

dx2

∫ yx2

−∞
p(x1, x2)dx1

+

∫ 0

−∞
dx2

∫ ∞
yx2

p(x1, x2)dx1.
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Letting x1 = zx2 and noticing z = −∞ when

x1 =∞ and x2 < 0, we obtain

Fη(y) =

∫ ∞
0

dx2

∫ y

−∞
p(zx2, x2)x2dz

+

∫ 0

−∞
dx2

∫ −∞
y

p(zx2, x2)x2dz

=

∫ ∞
0

dx2

∫ y

−∞
p(zx2, x2)x2dz

−
∫ 0

−∞
dx2

∫ y

−∞
p(zx2, x2)x2dz.
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and exchanging the order of integration,

Fη(y) =

∫ y

−∞
[

∫ ∞
0

p(zx2, x2)x2dx2

−
∫ 0

−∞
p(zx2, x2)x2dx2]dz

=

∫ y

−∞
pη(z)dz.

This shows that η = ξ1/ξ2 has the density function

pη(z) =

∫ ∞
−∞

p(zx, x)|x|dx.
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2.5.3 Functions of continuous random vectors

Example

Suppose that ξ and η are independent standard

normal random variables. Find the distribution

of ζ = ξ/η.

Solution. We have

pζ(z) =

∫ ∞
−∞

1√
2π
e−

(zx)2

2
1√
2π
e−

x2

2 |x|dx

=

∫ ∞
0

1

π
e−

(z2+1)x2

2 xdx =
1

π(z2 + 1)
.
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2.5.3 Functions of continuous random vectors

Example 9. Suppose that ξ, η are independent

identically distributed random variables with a

common distribution U(0, a). Calculate the density

function of ξ/η.
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Solution. Observe that

pξ(x) = pη(x) =

{
1
a , 0 ≤ x ≤ a,

0, otherwise.

Since ξ, η are indept, only when 0 ≤ xz ≤ a and

0 ≤ x ≤ a

p(zx, x) = pξ(zx)pη(x) =
1

a2
6= 0.

When z < 0, it follows that for any x

p(zx, x) = 0,

which implies that pξ/η(z) = 0;
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when 0 ≤ z < 1, it follows obviously 0 ≤ xz ≤ a, so

we have

pξ/η(z) =

∫ a

0

1

a2
xdx =

1

2
.

When z ≥ 1, the integral becomes

pξ/η(z) =

∫ a/z

0

1

a2
xdx =

1

2z2
.
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2.5.3 Functions of continuous random vectors

3. Distributions of order statistics

ξ1, · · · , ξn are independent identically distributed

random variables with the common distribution

function F (x).

Order statistics:

ξ∗1 ≤ · · · ≤ ξ∗n.

ξ∗1 = min{ξ1, · · · , ξn}, ξ∗n = max{ξ1, · · · , ξn}.
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2.5.3 Functions of continuous random vectors

(1) The distribution of ξ∗n

P (ξ∗n ≤ x) = P (ξ1 ≤ x, ξ2 ≤ x, · · · , ξn ≤ x)

= P (ξ1 ≤ x)P (ξ2 ≤ x) · · ·P (ξn ≤ x)

= [F (x)]n.
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(3) The joint distribution of (ξ∗1 , ξ
∗
n)

F (x, y) = P (ξ∗1 ≤ x, ξ∗n ≤ y)

= P (ξ∗n ≤ y)− P (ξ∗1 > x, ξ∗n ≤ y)

= [F (y)]n − P (
n⋂
i=1

(x < ξi ≤ y)).

So, when x < y

F (x, y) = [F (y)]n − [F (y)− F (x)]n

and when x ≥ y

F (x, y) = [F (y)]n.
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2.5.4 Transforms of random vectors

(ξ1, · · · , ξn) ∼ pdf p(x1, · · · , xn)

and

y1 = f1(x1, · · · , xn),
· · ·

ym = fm(x1, · · · , xn)
measurable functions.

Let η1 = f1(ξ1, · · · , ξn), · · · , ηm = fm(ξ1, · · · , ξn).

Then (η1, · · · , ηm) is a random vector and its cdf is
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G(y1, · · · , ym) = P (η1 ≤ y1, · · · , ηm ≤ ym)

=

∫
· · ·
∫
D

p(x1, · · · , xn)dx1 · · · dxn,

where D is an n-dimensional domain:

{(x1, · · · , xn) : f1(x1, · · · , xn) ≤ y1,

· · · ,
fm(x1, · · · , xn) ≤ ym} .
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Theorem 5 If m = n, fj, j = 1, · · · , n have

unique inverse functions

xi = xi(y1, · · · , yn), i = 1, · · · , n, and

J =
∂(x1, · · · , xn)
∂(y1, · · · , yn)

6= 0.

Then (η1, · · · , ηn) has density function
q(y1, · · · , yn) as follows:

q(y1, · · · , yn) = p(x1(y1, · · · , yn), · · · , xn(y1, · · · , yn))|J |;

when (y1, · · · , yn) ∈ the range domain of

(f1, · · · , fn), otherwise, q(y1, · · · , yn) = 0.
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Proof. Making a change of variables

u1 = f1(x1, · · · , xn), · · · , un = fn(x1, · · · , xn)

we obtain

G(y1, · · · , yn)

=

∫
· · ·
∫
D

p(x1, · · · , xn)dx1 · · · dxn

=

∫ y1

−∞
· · ·
∫ yn

−∞
q(u1, · · · , un)du1 · · · dun.

Hence q(y1, · · · , yn) is the joint density of

(η1, · · · , ηn).
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2.5.4 Transforms of random vectors

Example. If ξ1 and ξ2 are independent and

uniformly distributed over (0, 1), let

η1 = (−2 ln ξ1)
1/2 cos(2πξ2),

η2 = (−2 ln ξ1)
1/2 sin(2πξ2)

Then η1 and η2 are independent and both follow a

normal distribution N(0, 1).
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Proof. Let

y1 = (−2 lnx1)
1/2 cos(2πx2),

y2 = (−2 lnx1)
1/2 sin(2πx2).

Then

x1 =e−
y21+y

2
2

2

x2 =
1

2π
arcctag

(
y1

y2

)
.
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J =
∂(x1, x2)

∂(y1, y2)
=

∣∣∣∣∣−y1e
−y

2
1+y

2
2

2 −y2e
−y

2
1+y

2
2

2

1
2π

y2
y21+y22

− 1
2π

y1
y21+y22

∣∣∣∣∣
=

1

2π
e−

y21+y
2
2

2 .

So, the pdf of (η1, η2) is

p(y1, y2) =p(x1, x2)|J | =
1

2π
e−

y21+y
2
2

2

=
1√
2π
e−

y21
2 · 1√

2π
e−

y22
2 .

Hence η1 and η2 are independent N(0, 1) variables.
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Example 10. Suppose that ξ and η are

independent with exponential distributions of

parameter 1. Calculate the joint density of

α = ξ + η and β = ξ/η, and calculate the densities

of α, β respectively.
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Solution. Observe first that the joint density of

(ξ, η) is as follows:

p(x, y) = e−(x+y), x > 0, y > 0.

Also, it is easy to see that u = x+ y, v = x/y =⇒
x = uv/(1 + v), y = u/(1 + v). When x, y > 0,

u, v > 0 and

J−1 =
∂(u, v)

∂(x, y)
=

∣∣∣∣∣ 1 1

1/y −x/y2

∣∣∣∣∣
= −x+ y

y2
= −(1 + v)2

u
.
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Hence we have

|J | = u

(1 + v)2
.

It follows that the joint density of (α, β) is

q(u, v) =

{
ue−u

(1+v)2 , u > 0, v > 0,

0, otherwise.

pα(u) = ue−u, u > 0, pβ(v) =
1

(1 + v)2
, v > 0.
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Example 13. Suppose that ξ and η are i.i.d. with

a common normal distribution N(0, 1). Let

ρ =
√
ξ2 + η2, ν = ξ/η. Prove that ρ and ν are

independent.
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Proof. By the hypothesis the joint density of (ξ, η)

is

p(x, y) =
1

2π
exp(−x

2 + y2

2
).

So, the joint distribution of (ρ, ν) is

Fρ,ν(x, y) = P (ρ ≤ x, ν ≤ y)

= P (
√
ξ2 + η2 ≤ x, ξ/η ≤ y)

=

∫∫
√
u2+v2≤x,u/v≤y

1

2π
exp(−u

2 + v2

2
)dudv
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Letting u = r sin θ and v = r cos θ yields

Fρ,ν(x, y) =

∫∫
0≤r≤x,tan θ≤y,−π≤θ<π

1

2π
e−r

2/2rdrdθ

=

∫ x

0

e−r
2/2rdr · 2

∫ tan−1 y

−π/2

1

2π
dθ

= (1− e−x2/2) · 1

π

(
tan−1 y +

π

2

)
,

x > 0,−∞ < y <∞.
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The pdf of (ρ, ν) is

fρ,ν(x, y) =

xe−x
2/2 1

π(1+y2) , x > 0,−∞ < y <∞,

0, otherwise.

∧
= fρ(x) · fν(y).

So, ρ and ν are indept.

Here

fρ(x) =

xe−x
2/2, x > 0,

0, otherwise.

is called Rayleigh distribution.
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Example Suppose ξ = (ξ1, . . . , ξn)
′ ∼ N(µ,Σ),

η = (η1, . . . , ηn)
′ = Cξ + a, where C is a n× n

invertible matrix. Find the distribution of η.

Solution. The pdf of ξ is

pξ(x) =
1

(2π)n/2|Σ|1/2
exp

{
−1

2
(x− µ)′Σ−1(x− µ)

}
.

Let y = Cx+ a, then x = C−1(y − a). It follows

that the pdf of η is

pη(y) = pξ(C
−1(y − a))|C−1|
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=
1

(2π)n/2|Σ|1/2|C|

· exp

{
−1

2
(C−1(y − a)− µ)′Σ−1(C−1(y − a)− µ)

}

=
1

(2π)n/2|(CΣC ′|1/2

· exp

{
−1

2
(y − a−Cu)′(C−1)′Σ−1C−1(y − a−Cµ)

}
=

1

(2π)n/2|(CΣC ′|1/2

· exp

{
−1

2
(y −Cµ− a)′(CΣC ′)−1(y −Cµ− a)

}
.

So η = Cξ + a ∼ N(Cµ+ a,CΣC ′).
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· exp

{
−1

2
(y − a−Cu)′(C−1)′Σ−1C−1(y − a−Cµ)

}

=
1

(2π)n/2|(CΣC ′|1/2

· exp

{
−1

2
(y −Cµ− a)′(CΣC ′)−1(y −Cµ− a)

}
.

So η = Cξ + a ∼ N(Cµ+ a,CΣC ′).
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Corollary

If ξ ∼ N(µ,Σ), then

η = Σ−1/2(ξ − µ) ∼ N(0, I), i.e., η1, . . . , ηn are

i.i.d. standard normal random variables.

Because C = Σ−1/2, a = −Σ−1/2µ

Cµ+ a = 0, CΣC ′ = I.
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Example 14. Suppose that X and Y are

independent random variables. Assume that the

random variable Z depends only on X, and W on

Y , that is, Z = g(X),W = h(Y ) for g, h, where g

and h are Borel functions. Then Z and W are

independent.
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Proof. For any x and y,

P (Z ≤ x,W ≤ y) = P (g(X) ≤ x, h(Y ) ≤ y)

= P
(
X ∈ g−1

(
(−∞, x]

)︸ ︷︷ ︸
B1∈B

, Y ∈ h−1
(
(−∞, y])

)︸ ︷︷ ︸
B2∈B

)
= P

(
X ∈ g−1

(
(−∞, x]

))
P
(
Y ∈ h−1

(
(−∞, y])

))
= P (Z ≤ x)P (W ≤ y).

So, Z and W are indept.
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More generally,

Theorem 3 Let 1 ≤ n1 < n2 < · · · < nk = n.

Assume that f1 is a Borel function of n1

arguments,· · · , fk a Borel function of nk − nk−1

arguments. If X1, · · · , Xn are indepet,, then so are

f1(X1, · · · , Xn1), f2(Xn1+1, · · · , Xn2), · · · ,
fk(Xnk−1+1, · · · , Xnk).

In particular, when f1, · · · , fk are functions of a

single argument, f1(X1), · · · , fk(Xk) are indept.
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χ2 distribution

Γ distribution

ξ ∼ Γ(λ, r) if it has pdf

p(x) =

{
λr

Γ(r)x
r−1e−λx, x ≥ 0,

0, x < 0.
(λ > 0, r > 0)

Lemma (Additivity of Gamma distribution) If ξ1

and ξ2 are indept., and ξ1 ∼ Γ(λ, r1), ξ2 ∼ Γ(λ, r2),

then ξ1 + ξ2 ∼ Γ(λ, r1 + r2).
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Proof. Let η = ξ1 + ξ2. Obviously, when z < 0,

pη(z) = 0.

When z > 0,

pη(z) =

∫ z

o

pξ1(x)pξ2(z − x)dx

=

∫ z

o

λr1

Γ(r1)
xr1−1e−λx

λr2

Γ(r2)
(z − x)r2−1e−λ(z−x)dx

x=zt
=

λr1+r2

Γ(r1)Γ(r2)
zr1+r2−1e−λz

∫ 1

0

tr1−1(1− t)r2−1dt

=
λr1+r2

Γ(r1 + r2)
zr1+r2−1e−λz.

Therefore, η ∼ Γ(λ, r1 + r2).
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Proof. Let η1 = ξ1 + ξ2, η2 = ξ1
ξ1+ξ2

. Thenξ1 = η1η2,

ξ2 = η1(1− η2).

x1 = y1y2,

x2 = y1(1− y2),

y1 ≥ 0, 0 ≤ y2 ≤ 1. Then

∂(x1, x2)

∂(y1, y2)
= −y1.

So, the density of (η1, η2) is
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p(y1, , y2) =
λr1

Γ(r1)
(y1y2)

r1−1e−λy1y2

· λr2

Γ(r2)
(y1(1− y2))

r2−1e−λy1(1−y2) · |y1|

=
λr1+r2

Γ(r1 + r2)
yr1+r2−1

1 e−λy1

· Γ(r1 + r2)

Γ(r1)Γ(r2)
yr1−1

2 (1− y2)
r2−1, y1 ≥ 0, 0 ≤ y2 ≤ 1.

So, η1 = ξ1 + ξ2 ∼ Γ(λ, r1 + r2),

η2 = ξ1
ξ1+ξ2

∼ β(r1, r2).
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Example

Suppose that ξ1, · · · , ξn are independent standard

normal random variables. Let

η = ξ2
1 + · · ·+ ξ2

n.

Find the distribution of η.

Solution. First, we consider the case of n = 1.

The cdf of ξ2
i is

Fξ2i (y) =

∫ √y
−√y

φ(u)du, y > 0.
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Hence the pdf of ξ2
i is

pξ2i (y) =φ(
√
y)(
√
y)′ − φ(−√y)(−√y)′

=
1√
2π
y−1/2e−y/2, y > 0,

which is the pdf of Γ(1
2 ,

1
2) distribution. So

ξ2
i ∼ Γ(1

2 ,
1
2).

By the additivity of Gamma distribution,

η ∼ Γ(
1

2
,
1

2
+ · · ·+ 1

2
) = Γ(

1

2
,
n

2
).
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Hence, the pdf of η = ξ2
1 + · · ·+ ξ2

n is

p(x) =


(1/2)n/2

Γ(n/2) x
n/2−1e−x/2, x > 0,

0, x ≤ 0.
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1. The χ2 distribution

Call Γ(1/2, n/2) a χ2(n) distribution, where n is

the degree of freedom. The density function is

p(x) =


(1/2)n/2

Γ(n/2) x
n/2−1e−x/2, x > 0,

0, x ≤ 0.
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Theorem 4 (1) Suppose that ξ1, · · · , ξn are

independent standard normal random variables, then

η = ξ2
1 + · · ·+ ξ2

n ∼ χ2(n).

(2) The χ2(n) distribution possesses the additivity

property. That is, if ξ1 ∼ χ2(n1), ξ2 ∼ χ2(n2), and

ξ1 and ξ2 are independent, then

ξ1 + ξ2 ∼ χ2(n1 + n2).

Proof. (1) had been proved. (2) follows from the

additivity of Gamma distribution immediately.
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Corollary

If ξ = (ξ1, . . . , ξn)
′ ∼ N(µ,Σ), then

(ξ − µ)′Σ−1(ξ − µ) ∼ χ2(n).

Proof. Let η = Σ−1/2(ξ − µ). Then η ∼ N(0, I).

That is, η1, · · · , ηn are i.i.d. standard normal

random variables. So

(ξ − µ)′Σ−1(ξ − µ) = η′η

=η2
1 + · · ·+ η2

n ∼ χ2(n).
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2. The t-distribution

Theorem 5 If ξ and η are independent, and

ξ ∼ N(0, 1), η ∼ χ2(n), then the random variable

T = ξ√
η/n

has the density

p(t) =
Γ((n+ 1)/2)√
nπΓ(n/2)

(1 + t2/n)−(n+1)/2,

−∞ < t <∞.

We call the random variable T above a t(n)

distribution with n as its degree of freedom.
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yyy²²²: -S = η. �	C�:t = x√
y/n
,

s = y;

x = t
√
s/n,

y = s.

K

J =
∂(x, y)

∂(t, s)
=

∣∣∣∣∣
√
s/n

t
√

1/n

2
√
s

0 1

∣∣∣∣∣ =
√
s/n.
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¤±(T, S)��Ý¼ê�

p(t, s) =
1√
2π
e−

t2s/n
2

(1/2)n/2

Γ(n/2)
sn/2−1e−s/2

√
s/n

=
(1/2)(n+1)/2

√
nπΓ(n/2)

s
n+1

2
−1 exp

{
−s
( t2

2n
+

1

2

)}
,

−∞ < t <∞, s ≥ 0.

ÏdT��Ý¼ê�

p(t) =

∫ ∞
0

p(t, s)ds =
(1/2)(n+1)/2Γ(n+1

2
)

√
nπΓ(n/2)

( t2
2n

+
1

2

)−n+1
2

=
Γ(n+1

2
)

√
nπΓ(n/2)

(
1 + t2/n

)−n+1
2 , −∞ < t <∞.
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3. The F -distribution

Theorem 6 Suppose that ξ and η are

independent, and ξ ∼ χ2(m), η ∼ χ2(n), then the

random variable F = ξ/m
η/n has the density

p(x) =


Γ((m+n)/2)

Γ(m/2)Γ(n/2)m
m/2nn/2 xm/2−1

(mx+n)(m+n)/2 , x > 0,

0, x ≤ 0

We call the random variable F above an F (m,n)

distribution with m and n as its first and second

degrees of freedom respectively.
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yyy²²²: -S = η. �	C�:t = x/m
y/n ,

s = y;

x = m
n ts,

y = s.

K

J =
∂(x, y)

∂(t, s)
=

∣∣∣∣∣mn s m
n t

0 1

∣∣∣∣∣ =
m

n
s.
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The F -distribution possesses the following

properties:

(1) If F ∼ F (m,n), then 1/F ∼ F (n,m).

(2) If T ∼ t(n), then T 2 ∼ F (1, n).

Proof. (1) Simple. It immediately follows from the

definition of F . (2) Write T = ξ/
√
η/n, where ξ

and η are independent and ξ ∼ N(0, 1), η ∼ χ2(n).

Note that T 2 = ξ2/(η/n). Also, ξ2 ∼ χ2(1) and

ξ2, η are independent. Hence T 2 ∼ F (1, n).
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Simulation

4. Simulating the distribution

In many cases, the analytic formula of the cdf of

Y = f(X1, · · · , Xn) is difficult (or impossible) to

derive, though the cdf of X = (X1, · · · , Xn)
′ is

known. In some case, the cdf of Y is too complex

for applications. For example,

T = max
0≤i,j≤k

|Xi −Xj|,

where Xi ∼ N(0, 1/ni), i = 1, 2, · · · , k, are indept.

The cdf of T is important in statistics. But the

analytic formula of its cdf is very complex.
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In statistics, there is a method to obtain the

approximation of the cdf.

Notice

FY (x) = P (A), A = {Y ≤ x}.

If we can repeat a trial related to A a lot of times,

then

FY (x) = P (A) ≈ frequency of A.

Simulation or Monte Carlo method
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Simulation

Step 1, using the cdf of X = (X1, · · · , Xn)
′,

generate a random number X = x;

Step 2, compute the value of

Y = f(X) = f(x) denoted by y1;

Step 3, repeat Steps 1-2 N times

(N = 10, 000,N = 100, 100,N = 1, 000, 000),

obtain y1, · · · , yN ;

Step 4,

FY (y) ≈ FN(y) =
#{i : yi ≤ y}

N
.
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Example. χ2 = ξ2
1 + · · ·+ ξ2

6 , ξ1, · · · , ξ6 i.i.d.

∼ N(0, 1). N = 1, 000, 000.



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation cdf-figs N = 1, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation cdf-figs N = 10, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation cdf-figs N = 100, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation pdf-figs N = 1, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation pdf-figs N = 10, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation pdf-figs N = 100, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation pdf-figs N = 1, 000, 000



Chapter 2 Random variables and distribution functions c©Üá#
2.6 Functions of random variables

Simulation pdf-figs N = 1, 000, 000

�f(x), g(y) ��Ý¼ê, g(y) > 0. ¿��3~

êc > 0÷v
f(y)

g(y)
≤ c, ∀ y.

y�Y1, U1, Y2, U2, · · · , ���Õá�ÅCþ, Yi�

�Ý¼êÑ�g(y), UiÑ�[0, 1]þ�þ!�ÅC

þ.

½ÂXXe: eU1 ≤ f(Y1)
cg(Y1) , K-X = Y1, ÄK2

�ÄU2, Y2, eU2 ≤ f(Y2)
cg(Y2) , K-X = Y2, ÄK2�

ÄU3, Y3, ±daí.

y²: X��Ý¼ê�f(y).
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