Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.6  Functions of random variables

If £ is a random variable, y = g(z) a real function,
then 1 = g(&) is a function of £. Problems:

@ Isn = g(£) a random variable?

@ If so, is there any connection between the
distribution functions of £ and 7?



Notice for n = g(&),

{w:n(w) € B}

= {w:g(f(w)) € B}

= {w €(w) € {zr:g(x) € B}}
B e B.



Notice for n = g(&),

{w:n(w) € B}

= {w:g(E(w)) € B)

= {w €(w) € {zr:g(x) € B}}
B e B.

To require 1 being a random variable, it requires

that {w €(w) € {z:g(x) € B}} is an event for
any Borel set B. So, it is sufficient to require that
for any Borel set B, {x : g(x) € B} is also a Borel

set.



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

Definition. Suppose that g(z) is a one
dimensional real function, BB is a Borel o-field in R.
If for any B € B,

{z:g(x) € B}=¢g~'(B) € B,

(that is, the pre-image under g of an arbitrary Borel
set is also a Borel set) then we call g(z) a Borel

function.



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

Definition. Suppose that g(z) is a one
dimensional real function, BB is a Borel o-field in R.
If for any B € B,

{z:g(x) € B}=¢g~'(B) € B,

(that is, the pre-image under g of an arbitrary Borel
set is also a Borel set) then we call g(z) a Borel
function.

All piecewise continuous functions, piecewise
monotone functions are Borel functions.



If £ is a r.v. defined on the probability space
(Q,F,P), f(x) a Borel function. Let n = f(&),
then for an arbitrary B € BB, we have

{w:nw) e B} = {w: f(¢(w)) € B}
= {w:¢w) e f7'(B)} € F,

Sonisar.yv.



If £ is a r.v. defined on the probability space
(Q,F,P), f(x) a Borel function. Let n = f(&),
then for an arbitrary B € BB, we have

{w:n(w) e B} = {w: f(E(w)) € B}
= {w:éw) e (B} eF
Sonisar.yv.

Similarly, if f(xq,---,x,) is a Borel function, then
n= f(&, - ,&,) is a random variable.
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2.5.1 Functions of discrete random variables

2.5.1 Functions of discrete random variables
Example 1. Suppose that £ has distribution
sequence

L
o= O
o= =
ol DN

Let n = 2¢ — 1, = &2, find the distribution
sequences of 17 and (.
Solution.
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The distribution of n = 2§ — 1 as follows:

-3 —-113
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The distribution of n = 2§ — 1 as follows:
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2.6 Functions of randc iables

2.5.1 Functions of discrete random variables

The distribution of n = 2§ — 1 as follows:

=3 =l
1

4

DN —
o= =
ool— O

The distribution sequence of ( = £2:

01 4
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2.6 Functions of randc iables

2.5.1 Functions of discrete random variables

The distribution of n = 2§ — 1 as follows:

=3 =l
1

4

DN —

The distribution sequence of ( = £2:

= O
ol =
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2.6 Functions of random variables

2.5.1 Functions of discrete random variables

In general, assume that £ is such that
P(fzxi):p(a:i), i=1,2,'--,

then the distribution of n = f(§) is

Pn=y;) = Z p(z;), j=1,2---

f(@i)=y,
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2.6 Functions of randc iables
2.5.1 Functions of discrete random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find

the distribution of { = £ + .
Solution.
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2.6 Functions of random variables
2.5.1 Functions of discrete random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find

the distribution of { = £ + .
Solution.

P((=r)=) P(¢=kn=r—k)
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2.6 Functions of random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find
the distribution of { = £ + .

Solution.
PC=r)=) PE=kn=r—F)
k=0
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2.6 Functions of random variables
2.5.1 Functions of discrete random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find

the distribution of { = £ + .
Solution.

P((=r)=) P(¢=kn=r—k)

= Y P((=kPn=r—k)
k=0

.
— t k _ni—k T2 r—k nao—r+k
Z (k >p q <T . k)]? q

k=0
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2.6 Functions of random variables

2.5.1 Functions of discrete random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find

the distribution of { = £ + .
Solution.

P((=r)=) P(¢=kn=r—k)

= Y P((=kPn=r—k)
k=0

.
— t k _ni—k T2 r—k nao—r+k
Z (k >p q <T . k)]? q

k=0

_ " /n n
e g ()

k=0
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2.6 Functions of random variables

2.5.1 Functions of discrete random variables

Example 2. Assume that £ ~ B(ny,p),
n ~ B(ns,p), and that &, 7 are independent. Find

the distribution of { = £ + .
Solution.

P((=r)=) P(¢=kn=r—k)

= Y P((=kPn=r—k)
k=0

.
— t k _ni—k T2 r—k nao—r+k
Z (k >p q <T . k)]? q

k=0

" g N (M1 ny N1 +N2\ o pdne—r
:pq1+2 Z(k>(r_k):< . >pq1+2 )

k=0
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2.5.1 Functions of discrete random variables

£+ n ~ B(ny + no,p).......the additivity property



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.1 Functions of discrete random variables

E+n~ B(ny+ng,p)....... the additivity property

The formula

k‘:

o

is called the discrete convolution(*5#5) formula.



2.5.2 Functions of continuous random variables

€ ~ pdf p(x). G(y) is the cdf of n = f(&). That

G =Pl <y) = PO <)

Note that D = {z : f(z) < y} is a 1-dimensional
Borel set, so



2.5.2 Functions of continuous random variables

€ ~ pdf p(x). G(y) is the cdf of n = f(&). That

G =Pl <y) = PO <)

Note that D = {z : f(z) < y} is a 1-dimensional
Borel set, so

G(y) = P(¢ € D) = / p(2)de.

zeD



2.6 Fu ions of

2.5.2 Functions of continuous random variables

Theorem 3 Suppose f(x) is strictly monotone,
and its inverse f~1(y) is continuously differentiable.
Then n = f(&) is a continuous random variable with

density function:

o) = { p(f @I ®))], y € the range of f(x),

0, otherwise.



r 2 Random variables and distribution functions

nctions of random variables

.2 Functions of continuous random variables

Proof. Without loss of generality, assume that
f(x) is strictly increasing, and A < f(x) < B for

—00 < < Q.
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2.6 Functions of random vari

2.5.2 Functions of continuo random variables

Proof. Without loss of generality, assume that
f(x) is strictly increasing, and A < f(x) < B for
—00 < x < co. Obviously, if y < A then G(y) =0,
so g(y) =0. As A<y < B,

{£(©) <y} ={£< ['(y)}, thus



Proof. Without loss of generality, assume that
f(z) is strictly increasing, and A < f(z) < B for
—00 < x < co. Obviously, if y < A then G(y) =0,
so g(y) =0. As A<y < B,

{£(©) <y} ={£< ['(y)}, thus

()
Gly) = Pl < y) = / p(a)dz.

o

Letting z = f~1(v), we have



Proof. Without loss of generality, assume that
f(z) is strictly increasing, and A < f(z) < B for
—00 < x < co. Obviously, if y < A then G(y) =0,
so g(y) =0. As A<y < B,

{£(©) <y} ={£< ['(y)}, thus

()
Gly) = Pl < y) = / p(a)dz.

o
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2.6 Functions of random variables
5

2.5.2 Functions of continuous random variables

Corollary If y = f(x) is piecewise strictly
monotone in disjoint intervals Iy, I, -- -, and its
inverse h;(y) in the i-th interval is continuously
differentiable. Then n = f(£) is a continuous
random variable, whose density is

> p(hi(y))hi(y)l,
9(y) = y € the definition domain of each h;,
0, otherwise.



Proof. Let Ei(y) ={z: f(z) <y,z € [;}.
Observe that {f(¢§) <y} ={( € >, Ei(y)}. We

obtain

Psy) = PEEYBW =Y [  ps



Proof. Let Ei(y) ={z: f(z) <y,z € [;}.
Observe that {f(¢§) <y} ={( € >, Ei(y)}. We

obtain

P(ngy):PerE‘ Z/
= Z/ ) () o



Proof. Let Ei(y) ={z: f(z) <y,z € [;}.
Observe that {f(¢§) <y} ={( € >, Ei(y)}. We

obtain

P<y) = Plec Y EW) Z/
= 3 [ sttnicoian
=/ Zp x))|hi(z)|dz,
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2.6 Functions of random variables
2.5.2 Functions of continuous random variables

Example 4. Assume £ ~ N(0, 1), calculate the
density function of n = &2



r 2 Random variables and distribution functions

nctions of random variables

.2 Functions of continuous random variables

Example 4. Assume £ ~ N(0, 1), calculate the
density function of n = &2
Solution. Obviously, when y < 0,

Fy(y) = P(§& <y)=0.
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2.6 Functions of random variables

2.5.2 Functions of continuous random variables

Example 4. Assume £ ~ N(0, 1), calculate the
density function of n = &2

Solution. Obviously, when y < 0,

F,(y) = P(& <y) =0. When y > 0,

NG
R = [ e



Example 4. Assume £ ~ N(0, 1), calculate the
density function of n = &2

Solution. Obviously, when y < 0,
F,(y) = P(& <y) =0. When y > 0,
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2.6 Functions of random variables
5

2.5.2 Functions of continuous random variables

Example 6 Assume 6 ~ UJ0, 1] and a function
F(x) possesses the same three properties required of
a distribution function. Calculate the distribution of
£ = F10), where F~1(y) = sup{z : F(z) < y}.



FAFRE Y (y) = sup{z : F(z) < y} NI AR
HF ()W SCRREL, ARYE 4 5 8 ORI 9 AT
BRI T RT ABRAIE T SR R 80 I 1o
(i) F~'(y) (0 <y < 1)RyHH AR
i

(i) ( Hy)) =
(x)?'f:x: Ly AbiEEE,
J”'JF (F'(y) =y
(iii) F~'(y) < W o 2% AF
ey < F(z).



Solution. By the properties of F~!, we have
FHy) <z ey < Fla)

P <z) = P(F(0) <)



Solution. By the properties of F~!, we have
FHy) <z ey < Fla)

P <z) = P(F(0) <)



Solution. By the properties of F~!, we have
FHy) <z ey < Fla)

P <z) = P(F(0) <)



r 2 Random variables and distribution functions

nctions of random variables

.2 Functions of continuous random variables

Example 5. Assume that £ has a continuous cdf
F(x), calculate the cdf of 8 = F'(£).
Solution.
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2.6 Functions of random variables

=

2.5.2 Functions of continuous random variables

Example 5. Assume that £ has a continuous cdf
F(x), calculate the cdf of 8 = F'(£).

Solution. Obviously, when y < 0, P(0 <y) =0;
when y > 1, P(6 <y) = 1.



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables
2.5.2 Functions of continuous random variables

Example 5. Assume that £ has a continuous cdf
F(x), calculate the cdf of 8 = F'(£).

Solution. Obviously, when y < 0, P(0 <y) =0;
when y > 1, P(6 <y) = 1. Now assume
0<y<1 Definefor0<y<1

F~}(y) = sup{z : F(z) <y}
This is the inverse of F(x).



Example 5. Assume that £ has a continuous cdf
F(x), calculate the cdf of 8 = F'(£).

Solution. Obviously, when y < 0, P(0 <y) =0;
when y > 1, P(6 <y) = 1. Now assume
0<y<1 Definefor0<y<1

F~(y) = sup{z : F(z) < y}.

This is the inverse of F'(x). Thus we have

PO<y) = P(F()<y)=PE<Fy)
= F(F''(y)=v



Example 5. Assume that £ has a continuous cdf
F(x), calculate the cdf of 8 = F'(£).

Solution. Obviously, when y < 0, P(0 <y) =0;
when y > 1, P(6 <y) = 1. Now assume
0<y<1 Definefor0<y<1

F~Y(y) = sup{z : F(z) < y}.
This is the inverse of F'(x). Thus we have
PO <y) = P(F(§) <y)=PE<LF(y)
= F(F"(y)) =v.
So 6 ~ U[0, 1].



Chapter 2 Random variables and distribution functions

2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

2.5.3 Functions of continuous random vectors

(517 e 7§n) ~ pd.F p(ajlu o axn>-
Let n = f(&, - , &), then the distribution

function of 7 is determined by the following

Fyly) = P(f(&,---,6) <)
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

2.5.3 Functions of continuous random vectors

(517 e 7§n) ~ pd.F p(ajlu o axn>-
Let n = f(&, - , &), then the distribution

function of 7 is determined by the following

Ey(y) = P(f(&, &) <)
= / i, o= e = = o G
(z1,



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Special cases: 1. n =& + &
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2.6 Functions of random variables
2.5.3 Functions of continuous random vectors

Special cases: 1. n =& + &

Fn(y) = // ) p<x17$2)d$1dx2
T1+x2SYy



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Special cases: 1. n =& + &

Fn(y) = // ) p<x17$2)d$1dx2
T1+x2SYy

00 Y—x1
= / dry / p(x1, T2)dxs



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Special cases: 1. n =& + &

Fn(y) = // ) p(x17$2)d371d$2
1422y
00 Y—Tq
= / d5171/ p(xl,asg)de
To=Z2Z—XT _gg _;O
=" / d:z:l/ p(x1, 2z — x1)dz
Y 00

_ /m(/oop(xl, » — 2y)day)dz.
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2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

Special cases: 1. n =& + &

Fn(y) = // ) p<x17$2)d$1dx2
1422y
00 Y—Tq
= / d5171/ p(xl,xg)de
To=Z2Z—XT _gg _;O
=" / d:z:l/ p(x1, 2z — x1)dz
Y 00

_ /m(/oop(xl, » — 2y)day)dz.

pn(y> = / p(?m, Yy — fEl)dxl.

o0
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2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

When & ~ pdf pi(z) and & ~ pdf pa(x) are
independent, the pdf of & + & is

py(2) = /_OO p1(z)pe(z — x)dx.

oo



When & ~ pdf pi(z) and & ~ pdf pa(x) are
independent, the pdf of & + & is

oo

py(2) = / p1(z)pe(z — x)dx.
Similarly, we have

py(2) = /_oo p1(z — x)p2(z)da.

oo



Chapter 2 Random variables and distribution functions

2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

When & ~ pdf pi(z) and & ~ pdf pa(x) are
independent, the pdf of & + & is

py(2) = /_OO p1(z)pe(z — x)dx.
Similarly, we have
py(2) = /_oo p1(z — x)p2(z)da.

Convolution formulas



Chapter 2 Random variab nd distribution functions

6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example 7. Suppose that &, 7 are i.i.d.r.v.s
~ N(0,1). Calculate the pdf of ( =& + .
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example 7. Suppose that &, 7 are i.i.d.r.v.s
~ N(0,1). Calculate the pdf of ( =& + .
Solution. For an arbitrary z € R,

(Z) . /oo 1 6_% 1 6_(/2—296)2 dx
P oo V2T V2T
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2.6 Functions of random variables
2.5.3 Functions of continuous random vectors

Example 7. Suppose that &, 7 are i.i.d.r.v.s
~ N(0,1). Calculate the pdf of ( =& + .
Solution. For an arbitrary z € R,

(Z) . /oo 1 6_% 1 6_(/2—296)2 dx
P oo V2T V2T



Chapter 2 Random variables and distribution functions
2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example 7. Suppose that &, 7 are i.i.d.r.v.s
~ N(0,1). Calculate the pdf of ( =& + .
Solution. For an arbitrary z € R,

(Z) . /oo 1 6_% 1 6_(/2—296)2 dgj
P oo V2T V2T

L e T N —\/5 e~ V232 gy
V212 —o0o V2T
1 2

_Z_
= —— 4
e Y

\/27T\/§
which implies ( =& +n ~ N(0,2).

[\v]
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

In general , if £, 7 are indept., and & ~ N(a,0?),
n~ N(b,03), then £ +n ~ N(a+b, 0%+ o3).

& ~ N(pi,02),i=1,---,n, indept. =
Eit+ &~ N+ o+ o, 07 + -+ 0p).
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Proof. Let

2 2
207 205 20102
We have
1 _lmv—a® _ =y
_ 20 20
pe(z —y)pyly) = ——=—e *7 e 2
V2Toq V27O
_G=a? 2 o zma 2 b2 o b
1 e 202 2af+ yzaf 202 20% —|—2y205
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

It follows that

Petn(2) = /_ ) pe(z — y)py(y)dy

()
(z—a—b)2 1 (z—a—b)2

—Che 2+ = e 201+
2 2
V2my\/ o] + 05

So, { +n~ N(a+b,07+ 03).
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example 8. Suppose that &, 7 are indept. with
the following density functions:

ae” ", x>0
T) = ’ " a>0,
pe() 0. r<0,

and

be P x>0,
() = 7 I b> 0.

Calculate the density function of ( = & + 1.
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2.6 Functions of random variables
2.5.3 Functions of continuous random vectors

Solution.
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2.6 Functions of random vari
2.5.3 Functions of continuous random vectors

Solution. Observe that p¢(x)p,(z — z) # 0 iff
x>0and z —2>0iff 2> 2 > 0.




5.3 Functions of continuous 1<uin vectors

Solution. Observe that p¢(x)p,(z — z) # 0 iff
x>0and z—x>0iff z > 2 > 0. Hence,
f pe(x)py(z — x)dr = 0 when z < 0;



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables
2.5.3 Functions of continuous random vectors

Solution. Observe that p¢(x)p,(z — z) # 0 iff
x>0and z—x>0iff 2> 2 > 0. Hence,
= [ pe(x)py(z — z)dx = 0 when z < 0;

pc(2) :/ ae”beb(’zx)dm:abeb’z/ e~ (a=b)z g,
0 0

when z > 0.
We take the following two cases into account:
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Solution. Observe that p¢(x)p,(z — z) # 0 iff
x>0and z—x>0iff 2> 2 > 0. Hence,
= [ pe(x)py(z — z)dx = 0 when z < 0;

pc(2) :/ ae”beb(’zx)dm:abeb'z/ e~ (a=b)z g,
0 0

when z > 0.

We take the following two cases into account:
(1) If @ = b, then p¢(2) = abze™;



Solution. Observe that p¢(x)p,(z — z) # 0 iff
x>0andz—x>0iffz>x>0 Hence,
f pe(x)py(z — x)dr = 0 when z < 0;

pc(2) :/ ae”beb(’zx)dm:abeb'z/ e~ (a=b)z g,
0 0

when z > 0.

We take the following two cases into account:
(1) If @ = b, then p¢(2) = abze™;
(2) If a # b, then
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

2. n=6/&%
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2.5.3 Functions of continuous random vectors




Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Letting x1 = zx9 and noticing z = —oo when

r1 = 00 and z9 < 0, we obtain

00 y
FT,(y) :/0 dSUQ/ p(2$2,$2)$2d2

o0
p(2x9, x2)x2dz

)
o] Y
:/ dajg/ p(ZﬂCQ,LIZ'Q)QZQdZ
0 —00
/y

0
— / dxo (229, T2)x2dz.
— 00 — 00



Chapter 2 Random variables and distribution functions

2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

and exchanging the order of integration,

Fy(y) = /_y [/00029(2502,$2)$2d3?2

o0

0
_/ p(2$2, $2)932d:c2]dz

—0oQ

— /—io py(2)dz.

This shows that n = £; /& has the density function

pn(z):/ p(zx, x)|x|dx.

(0. 9]
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example
Suppose that £ and n are independent standard

normal random variables. Find the distribution

of ( =¢/n.




Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example
Suppose that £ and n are independent standard

normal random variables. Find the distribution

of ( =¢&/n.
Solution. We have
* 1 cn? 1 22
z) = —6_ 2 6_7 Xz dCIJ
@)= | o= F et

o0
/oo 1 _(z2+1)0:2 1
— —e 2 pdr = ————.
0 (22 +1)




Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Example 9. Suppose that &, 7 are independent
identically distributed random variables with a
common distribution U(0, a). Calculate the density
function of &/n.



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

Solution. Observe that

%, 0 <z <a,
0, otherwise.

Since &, n are indept, only when 0 < 2z < a and
0<zr<a

(e, 7) = pe(z)py(a) = -5 #0.

When 2z < 0, it follows that for any x
p(zx,x) =0,

which implies that pg/,(z) = 0;
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

when 0 < 2z < 1, it follows obviously 0 < zz < a, so

@1 1
pg/n(z) =/ —zxdx = 5
0

a2

we have

When z > 1, the integral becomes

a/z 1 1
pg/n(z) — / —xdr = 5.2
0

a? 2z
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

3. Distributions of order statistics

&, -+, &, are independent identically distributed
random variables with the common distribution
function F(z).

Order statistics:
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

3. Distributions of order statistics

&, -+, &, are independent identically distributed
random variables with the common distribution
function F(z).

Order statistics:

gik = min{‘gl) U 7571}' g;; = max{gla U 7571}
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(1) The distribution of £
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(1) The distribution of £

P&, < x)
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(1) The distribution of £

P <) = P <a&<a, - & <)
— P& < 0)P(E < 3)- P(E, < )
— [F@)I"
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(2) The distributions of &}
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2.6 Functions of random variables

2.5.3 Functions of continuous random vectors

(2) The distributions of &}
For this, we consider the complement event

{& >z} of {& <}

P(& > x)



Chapter 2 Random variables and distribution functions

2.6 Functions of random vari
2.5.3 Functions of continuo random vectors

(2) The distributions of &}
For this, we consider the complement event

{& >z} of {& <}

P(§T>ZE) = P(€1>x7€2>x7“' ,€n>$)



(2) The distributions of &}
For this, we consider the complement event

{& >z} of {& <}

P >z) = P& >a,&>a, -, 6 > )
= P& >x)P(& >x)--- P&, > o)
= [1-F@)"



(2) The distributions of &}
For this, we consider the complement event

{& >z} of {& <}

P >z) = P& >a,&>a, -, 6 > )
= P& >x)P(& >x)--- P&, > o)
= [1-F@)"

Hence we have

P& <a)=1—[1- Fa)]"
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(3) The joint distribution of (&5, &)
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2.5.3 Functions of continuous random vectors

(3) The joint distribution of (&5, &)

F(z,y) = P <, <vy)




(3) The joint distribution of (&5, &)

F(z,y) = P& < 1,8 <vy)
= P(& <y)— P(& > 2,6, < y)

n

= [FOI" = P(( @ <& <)

1=1



(3) The joint distribution of (&5, &)

F(z,y) = P& < 1,8 <vy)
= P(& <y)— P(& > 2,6, < y)

n

= [FOI" = P(( @ <& <)

i=1
So, when = < y

F(x,y) = [F(y)]" = [F(y) — F(2)]"

and when = > y

F(x,y) = [F(y)]"
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2.5.4 Transforms of random vectors

(517'” 7571) ~ pdfp(xb 7:Cn)

and

= fl(xla e 7xn)7
measurable functions.
Ym = fm(xly T 75571)

Let m = f1(§1,"' ,ﬁn),"' y Nhm = fm(gh an)

Then (71, -+ ,my) is a random vector and its cdf is



G(ylv T 7ym) = 771 < Y, = 5 Mm < ym)

= / / .§U1, ", T dﬁfl"'dxn,

where D is an n-dimensional domain:

{(xlv"' 73371) : fl(xla"' 73771) < i,

fm(xla e 7xn) S ym}
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2.5.4 Transforms of random vectors

Theorem 5 If m =n, f;,7 =1,--- ,n have

unique inverse functions

r; =x;(y1, ** ,Yn),t=1,--+ ,n, and
A, ,Ta)

J = 0.
) T

Then (11, -+ ,m,) has density function
q(y1,- - ,yn) as follows:

qyi, - Yn) = 0@1(Y1, o Yn)s (Y, Yn) |

when (y1,- - ,y,) € the range domain of
(fi,+++, fn), otherwise, q(y1, -+ ,yn) = 0.



r 2 Random variables and distribution functions

nctions of random variables

2.5.4 Transforms of random vectors

Proof. Making a change of variables

Uq :fl(xla'” 73771)7"' ,un:fn(x1,~-- 7xn)

we obtain

— //p(x177xn)dx1dajn
D



r 2 Random variables and distribution functions
nctions of random variables

2.5.4 Transforms of random vectors

Proof. Making a change of variables

Uq :fl(xla'” 73771)7"' ,un:fn(x1,~-- 7xn)

we obtain

y17 : 7yn
_ / / D1, » Ty - dity
Y1 Yn
= / / q(uh...’un)dul...dun

Hence q(y1,- - ,yy,) is the joint density of
(7717 T 77771)
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

Example. If & and & are independent and
uniformly distributed over (0, 1), let

n = (—211151)1/2 cos(2m&s),
ne = (—21In & )2 sin(27&,)

Then 7, and 7y are independent and both follow a
normal distribution N (0, 1).



r 2 Random variables and distribution functions

nctions of random variables

2.5.4 Transforms of random vectors

Proof. Let

y1 = (—21nz1)Y2 cos(2mz,),
Yy = (—2In z1)Y? sin(27z,).

Then

y%ﬂ/%

r =e 2

1 U1
To :Q—arcctag -

m Y2
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_Y¥itys _Yitys
_ 0@, ®2)  |—yreT T —gpe e

0 1 . I
(y1, 92) 2 y1 +y3 21 yi+y3

]_ _ Z/l +Z/2
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nctions of random variables

2.5.4 Transforms of random vectors

_vi+us _vitvs
7 O(x1,T2) |—pre” 2 —yse” 2
B (Y1, Y2) i — L _un
21 y3+y3 21 yi+y3
1 vi+dd
=—e 2
2
So, the pdf of (n1,12) is
1 B+d3

p(ylayQ) :p(x17x2)|n]‘ = 2—6
T
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nctions of random variables

2.5.4 Transforms of random vectors

_vi+us _vitvs
7 O(x1,T2) |—pre” 2 —yse” 2
B (Y1, Y2) i — L _un
21 y3+y3 21 yi+y3
1 vi+dd
=—e 2
2
So, the pdf of (n1,12) is
1 vi+e3

2

p(ylay2) :p(x17x2)|n]‘ = 2—6
T

1 vi 1 v3
e 2 - e 2.

Vor o Vem

Hence 7; and 12 are independent N (0, 1) variables.
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

Example 10. Suppose that & and n are
independent with exponential distributions of
parameter 1. Calculate the joint density of
a=¢+nand g =¢/n, and calculate the densities
of a, B respectively.
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2.6 Functions of random variables
2.5.4 Transforms of random vectors

Solution. Observe first that the joint density of
(&,m) is as follows:

p(z,y) =e W 2>0,y>0.

Also, it is easy to see that u = x +y,v = z/y —
r=uv/(1l+v),y=u/(1+v). When z,y > 0,
u,v > 0 and
g1 O(u,v) |11
ox,y) |1y —z/y’
z+y _ (L+v)?
s
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nctions of random variables

2.5.4 Transforms of random vectors

Hence we have

U

=Ty

It follows that the joint density of (a, 3) is

ue”
[fEEnER ’U,>O,'U>O,

u,v) = _
a(u, v) 0, otherwise.
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.5.4 Transforms of random vectors

Hence we have

U

R

It follows that the joint density of (a, 3) is

ue”
[fEEnER ’U,>O,'U>O,

u,v) = _
a(u, v) 0, otherwise.

1
Pa(u) =ue “;u >0, pp(v) = m, v > 0.
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nctions of random variables

2.5.4 Transforms of random vectors

Example 13. Suppose that £ and 7 are i.i.d. with
a common normal distribution N (0, 1). Let

p=+/E+n% v=_E&/n. Prove that p and v are

independent.
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2.5.4 Transforms of random vectors

Proof. By the hypothesis the joint density of (£, 7)

IS



Chapter 2 Random variables and distribution functions

6 Functions of random variables

2.5.4 Transforms of random vectors

Proof. By the hypothesis the joint density of (£, 7)

is
(2.9) 1 ( 22 + y?
r.1y) = — exp(—— 2

pLr,y o p
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nctions of random variables

2.5.4 Transforms of random vectors

Proof. By the hypothesis the joint density of (£, 7)
is ) )
1 r°+y
p(z,y) = %GXP(——Q )k

So, the joint distribution of (p, v) is

Fyo(z,y) = Plp<z,v<y)



Proof. By the hypothesis the joint density of (£, 7)
is

1 z? + 92
p(x,y)zgexp(— > ).

So, the joint distribution of (p, v) is

Fpu(z,y) = Plp<z,v<y)

= P&+ n?*<x,&/n<y)
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2.6 Functions of random variables
2.5.4 Transforms of random vectors

Proof. By the hypothesis the joint density of (£, 7)
is
1 7%+ 12

p(z,y) = %exp(—

So, the joint distribution of (p, v) is

Fyo(z,y) = Plp<z,v<y)

= \/€2+?72<93 €/n<y)

2
= // —exp L ;FU Ydudv

Vurtv?<zu/v<y
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2.6 Functions of random v bl

2.5.4 Transforms of random vectors

Letting u = rsinf and v = r cos 6 yields

1 2
— —r?/2
[yl W) = 5C rdrdf
0<r<zjtan <y,—nw<0<mw



r 2 Random variables and distribution functions
nctions of random variables

2.5.4 Transforms of random vectors

Letting u = rsinf and v = r cos 6 yields

1 .
Fpu(z,y) = / / o Prdrdd

0<r<ztan 0<y,—7m<0<m

x ) tan_ly 1
= / e " Prdr 2/ —db
0 27

—m/2



r 2 Random variables and distribution functions
nctions of random variables

2.5.4 Transforms of random vectors

Letting u = rsinf and v = r cos 6 yields

1 .
Fpu(z,y) = / / o Prdrdd

0<r<ztan 0<y,—7m<0<m

x ) tan_ly 1
= / e " Prdr 2/ —db
0 27

—m/2
2 1 T
1 — —z%/2\ | tan ! -
( e ) 7T( an y+2),
x>0,—00 <y < o0.
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2.6 Functions of random variables
2.5.4 Transforms of random vectors

The pdf of (p,v) is

pe 2L 2> 0,—00 <y < 00,

foul@,y) = ey |
0, otherwise.

fo(@) - fu(y)-

1>



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

.4 Transforms of random vectors

The pdf of (p,v) is

xe—12/2 1

foul@,y) = ey |
0, otherwise.

2 () fuly).

x>0,—00 <y < o0,

So, p and v are indept.
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

The pdf of (p,v) is

xe—xQ/Q 1

foul@,y) = ey |
0, otherwise.

2 () fuly).

x>0,—00 <y < o0,

So, p and v are indept.

Here
xe—x2/2

folz) = ’

0, otherwise.

x>0,

is called Rayleigh distribution.
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Example Suppose € = (&1,...,&,) ~ N(u, X),
n=,...,n) = CE+a, where Cisanxn
invertible matrix. Find the distribution of 7.



Chapter 2 Random variables and distribution functions
2.6 Functions of random variables

2.5.4 Transforms of random vectors

Example Suppose € = (&1,...,&,) ~ N(u, X),
n=,...,n) = CE+a, where Cisanxn
invertible matrix. Find the distribution of 7.
Solution. The pdf of £ is

pele) = e { —3(e - W/ e - )|



Example Suppose £ = (&1, &) ~ N(u, ),
n=,...,n) = CE+a, where Cisanxn

invertible matrix. Find the distribution of 7.
Solution. The pdf of £ is

pele) = e { —3(e - W/ e - )|

Let y = Cx + a, then x = C~'(y — a). It follows
that the pdf of 1 is

Pn(y) = pe(C'(y — a))|C|
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2.6 Functions of random variables
2.5.4 Transforms of random vectors

1
(2m)"/2| X[ 2| C

cexp —5(C7 (Y —a) —p)TH(C Ty —a) — p)
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

1
G SO
exp {—§<c—1<y ) p)ySNC My - a) - m}
1
) [ CSCT

e {3 -a- Cuy(CYEC -0 - Cw)
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

1
(2m)"/2| X[ 2| C

o {—1<c—1<y ~a) - W ENC - -}

(27T ”/2|(CEC’|1/2

- exp

—a—-Cu)(CHYX'C'(y—a-— Cu)}

l\')l»—l

(27T)”/2|(CEC’|1/2
-exp {—%(y —Cp—a)(CEC)(y - Cp — a)} :



and distribution functions
2.6 Functions of random variables

2.5.4 Transforms of random vectors

1
(2m)"/2| X[ 2| C

o {—1<c—1<y ~a) - W ENC - -}

(27T ”/2|(CEC’|1/2

- exp

—a—-Cu)(CHYX'C'(y—a-— Cu)}

l\')l»—l

(27T)”/2|(CEC’|1/2
-exp {—%(y —Cp—a)(CEC)(y - Cp — a)} :

Son=C&+a~NCu+a,CXC).



r 2 Random variables and distribution functions

nctions of random variables

2.5.4 Transforms of random vectors

Corollary

If € ~ N(p,X), then
n=X"12(¢&—pu)~N(0,I), i, m,...,n, are
1.1.d. standard normal random variables.




r 2 Random variables and distribution functions

nctions of random variables

2.5.4 Transforms of random vectors

Corollary

If € ~ N(p,X), then
n=X"12(¢&—pu)~N(0,I), i, m,...,n, are
1.1.d. standard normal random variables.

Because C = X712, a = —2"1/2

Cu+a=0, CXC' =1
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

Example 14. Suppose that X and Y are
independent random variables. Assume that the
random variable Z depends only on X, and W on
Y, thatis, Z = g(X),W = h(Y) for g, h, where g
and h are Borel functions. Then Z and W are

independent.
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2.6 Functions of random v bl

2.5.4 Transforms of random vectors

Proof. For any x and y,

P(Z <z,W <y)=P(g(X) <z,MY) <y)



Proof. For any x and y,

P(Z <z,W <y)=Pg(X) <z,h(Y) <y
— P(X € g_l((—oo,x]),Y € h_l((—oo,y])))

7 A

BIEB BQEB







So, Z and W are indept.
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2.6 Functions of random variables

2.5.4 Transforms of random vectors

More generally,

Theorem 3 Let 1 <n; <ng < --- < ng =n.
Assume that f; is a Borel function of n;
arguments,- - -, fr a Borel function of n; — n;_4
arguments. If Xy, .-, X, are indepet,, then so are
f1<X1’.. ru) f2( nls 7Xn2)1 oo
fk<Xnk71+1> T 7‘X7lk>'

In particular, when fi,--- , fi are functions of a
single argument, f1(X3), ---, fi(Xx) are indept.
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2.5.5 Important distributions in statistics
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2.5.5 Important distributions in statistics

X2, t and F’' distributions



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.5 Important distributions in stat

x? distribution



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables
5

2.5.5 Important distributions in statistics

x? distribution T distribution



Chapter 2 Random variables and distribution functions
2.6 Functions of random variables

2.5.5 Important distributions in statistics

x? distribution T distribution

¢ ~ (A, r) if it has pdf

AT =1,z > ()

)= IOF ¢ > T=5 A>0,7r>0
p(x) 0. ol ( )
Lemma (Additivity of Gamma distribution) If &
and & are indept., and & ~ T'(\,r1), & ~ T(A, o),
then &1 + & ~ T'(\, 71 + 72).
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2.5.5 Important distributions in statistics

Proof. Letn=¢& + &. Obviously, when z < 0,
pp(z) = 0.
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2.6 Functions of random variables
5

2.5.5 Important distributions in statistics

Proof. Letn=¢& + &. Obviously, when z < 0,
pp(2) = 0. When z > 0,

pie) = [ pa(@pelz - oo
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2.5.5 Important distributions in statistics

Proof. Letn=¢& + &. Obviously, when z < 0,
pp(2) = 0. When z > 0,




Proof. Letn=¢& + &. Obviously, when z < 0,
pp(2) = 0. When z > 0,

pie) = [ pe@pels - )do
_ / )‘_xrl—le—)\x /\ Z x)rg 16—)\(,2 x)de'
) F(Tl) )

_ )\T1+T2
x;Zt 7“1—|—T2 1 —)\Z/ tTl 1 7“2 ldt
L(r)T(ra)




Proof. Letn=¢& + &. Obviously, when z < 0,
pp(2) = 0. When z > 0,

P2 = [ pe@pec —o)da

— /Z Ak xrl_le_m /\TQ (z — z)2 e M)y
0 F(Tl) )

_ )\T1+T2

x;Zt 7“1—|—T2 1 —)\Z/ tTl 1 7“2 ldt
L(r)T(ra)

_ )\Tl +r2 ZT‘1—|—T’2—1€—)\Z.
[(ry + r9)

Therefore, n ~ T'(\, 11 + 12).
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2.6 Functions of random variables
5

2.5.5 Important distributions in statistics

Proof. Letn =& + &, o =

1= mne, I
o= m(l—mn). T3

y1 > 0,0 < yp < 1. Then
8(x1,x2)

a(f‘!l;?JQ) B

So, the density of (11, 72) is

. Then

Y1Yy2,
y1(1 = y2),



AN

p(y1,,y2)::TY;ES(ylyqu—1e_Ayﬂm
rir
| %ygl_l(l — )™,

So,m =& +&~T (A +12),
= gl ~ Blr, ).
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2.5.5 Important distributions in statistics

Example
Suppose that &, - , &, are independent standard

normal random variables. Let

p=Et ot

Find the distribution of 7.
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nctions of random

2.5.5 Important distributions in statistics

Example
Suppose that &, - , &, are independent standard

normal random variables. Let

p=Et ot

Find the distribution of 7.

Solution. First, we consider the case of n = 1.
The cdf of &2 is

ng / o(u)du, y > 0.



Hence the pdf of £2 is

pe(y) =0(Vy)(VY)' = o(=vy) (=)

1 _1/26_2‘//2, Y > 0’

which is the pdf of F(%, %) distribution. So
& ~T(33)-



Hence the pdf of £2 is

pe(y) =0(Vy)(VY)' = o(=vy) (=)

1 _1/26_2‘//2, Y > 0’

which is the pdf of F(%, %) distribution. So

& ~T(3,3)-
By the additivity of Gamma distribution,

11
~T(= = 4...
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2.6 Functions of random v bl

.5.5 Important distributions in statistics

Hence, the pdf of n =& +--- + &2 is

%x”m_le_z/z, x>0,

0, r <0.

p(z) =



r 2 Random vari. istribution functions

nctions of random
2.5.5 Important distributions in statistics

1. The y? distribution
Call I'(1/2,n/2) a x*(n) distribution, where n is
the degree of freedom. The density function is

(1{,21)/"2/)2 n/2— L= /2, z >0,
0 r <0.

Y

p(x) =



0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

chi2(2)
chi2(3)
chi2(4)
chi2(5)
chi2(10)
chi2(20)

!




Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

2.5.5 Important distributions in statistics

Theorem 4 (1) Suppose that &, , &, are
independent standard normal random variables, then

n=E&+ - +& ~x(n).

(2) The x?(n) distribution possesses the additivity
property. That is, if & ~ x%(n1), & ~ x%(n2), and
& and & are independent, then

&1+ & ~ xP(ng +no).
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2.6 Functions of random variables
2.5.5 Important distributions in statistics

Theorem 4 (1) Suppose that &, , &, are
independent standard normal random variables, then

n=E&+ - +& ~x(n).

(2) The x?(n) distribution possesses the additivity
property. That is, if & ~ x%(n1), & ~ x%(n2), and
& and & are independent, then

&1+ & ~ xP(ng +no).

Proof. (1) had been proved.
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2.6 Functions of random variables

2.5.5 Important distributions in statistics

Theorem 4 (1) Suppose that &, , &, are
independent standard normal random variables, then

n=E&+ - +& ~x(n).

(2) The x?(n) distribution possesses the additivity
property. That is, if & ~ x%(n1), & ~ x%(n2), and
& and & are independent, then

&1+ & ~ xP(ng +no).

Proof. (1) had been proved. (2) follows from the
additivity of Gamma distribution immediately.
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2.5.5 Important distributions in statistics

Corollary
Ifé€=(&,...,&) ~ N, X), then
(& — )27 — p) ~ x*(n).
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2.5.5 Important distributions in statistics

Corollary

Ifé€=(&,...,&) ~ N, X), then

(& — p)ZHE — p) ~ XP(n).

Proof. Let n = X V/2(& — ). Then n ~ N(0,1I).
That is, n1,- -+ , 7, are i.i.d. standard normal

random variables.



and var
2.6 Functions of rand

2.5.5 Important dis

Corollary

Ifé€=(&,...,&) ~ N, X), then

(& — p)ZHE — p) ~ XP(n).

Proof. Let n = X V/2(& — ). Then n ~ N(0,1I).
That is, n1,- -+ , 7, are i.i.d. standard normal

random variables. So

E—p)S'(€—p)=nn
=i + -+ 05 ~ x*(n).
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2. The t-distribution
Theorem 5 If £ and 7 are independent, and
£~ N(0,1),m7 ~ x*(n), then the random variable
T = \/% has the density
p(t) = ['((n+1)/2)
vnrl'(n/2)

—o0 <t < 0.

(1 + tQ/n)—(n%l)/Q’

We call the random variable 7" above a t(n)

distribution with n as its degree of freedom.
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0.4

0.35

0.3

0.25

0.1

0.05
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2.5.5 Important distributions in statistics

WEHH: &8 =n. HEA

t:%/n; r =1t\/s/n,

s =1, Yy = Ss.

l
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2.5.5 Important distributions in statistics

FrCA(T, S) B2 B pR BN

s —Le t 5/" (1/2) /27 nf2-1,-s/2
PED =75 Tp)
T
\/ﬁr(n/Q) p{ <2n+2)}7

—oco<t<oo, s>0.



255

2.5.5

ribution functions

Important distributions in statistics

FrCA(T, S) B2 B pR BN

s :Le t 5/" (1/2) /27 nf2-1,-s/2
Phs) =752¢ " T/

T ST
\/mrF(n/Q) FPATo T
—oo<t<oo, s>0.

PRI R TR 2 5 b
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3. The F-distribution
Theorem 6 Suppose that £ and 7 are

independent, and & ~ x%(m),n ~ x?(n), then the
random variable /' = % has the density

L((m+n)/2) m/2,,n/2 2=
T'(m/2)T(n/2) i n (ma+n)mm/2)

0, <0

x>0,
p(z) =

We call the random variable F' above an F'(m,n)

distribution with m and n as its first and second
degrees of freedom respectively.
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t,s > 0.
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The F-distribution possesses the following
properties:

(1) If F ~ F(m,n), then 1/F ~ F(n,m).
(2) If T ~ t(n), then T? ~ F(1,n).
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The F-distribution possesses the following
properties:

(1) If F ~ F(m,n), then 1/F ~ F(n,m).

(2) If T ~ t(n), then T? ~ F(1,n).

Proof. (1) Simple. It immediately follows from the
definition of F'.
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2.5.5 Important dis

The F-distribution possesses the following
properties:

(1) If F ~ F(m,n), then 1/F ~ F(n,m).

(2) If T ~ t(n), then T? ~ F(1,n).

Proof. (1) Simple. It immediately follows from the
definition of F. (2) Write T' = £/+/n/n, where &
and 7 are independent and £ ~ N(0,1),n ~ x2(n).
Note that T% = £2/(n/n). Also, £2 ~ x*(1) and
£2,n are independent. Hence 7% ~ F(1,n).
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Simulation

4. Simulating the distribution
In many cases, the analytic formula of the cdf of
Y = f(X1, -, X,) is difficult (or impossible) to
derive, though the cdf of X = (X3,---,X,,) is
known. In some case, the cdf of Y is too complex
for applications. For example,

T'= max [X; - Xj,

0<i,5<k

where X; ~ N(0,1/n;), i =1,2,--- , k, are indept.
The cdf of T" is important in statistics. But the
analytic formula of its cdf is very complex.
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Simulation

In statistics, there is a method to obtain the
approximation of the cdf.
Notice

Fy(z) = P(4), A={Y <a}.

If we can repeat a trial related to A a lot of times,

then
Fy(z) = P(A) =~ frequency of A.



Chapter 2 Random variables and distribution functions

2.6 Functions of random variables

Simulation

In statistics, there is a method to obtain the
approximation of the cdf.
Notice

Fy(z) = P(4), A={Y <a}.

If we can repeat a trial related to A a lot of times,
then
Fy(z) = P(A) =~ frequency of A.

Simulation or Monte Carlo method
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@ Step 1, using the cdf of X = (Xy, -, X,,),
generate a random number X = x;
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Simulation

@ Step 1, using the cdf of X = (Xy, -, X,,),
generate a random number X = x;

e Step 2, compute the value of
Y = f(X) = f(x) denoted by y1;
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2.6 Functions of randon
Simulation

@ Step 1, using the cdf of X = (Xy, -, X,,),
generate a random number X = x;

e Step 2, compute the value of
Y = f(X) = f(x) denoted by y1;

@ Step 3, repeat Steps 1-2 N times
(N =10,000,N = 100, 100,N = 1,000, 000),

obtain y1,- -, yn;
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2.6 Functions of random variables
Simulation

@ Step 1, using the cdf of X = (Xy, -, X,,),
generate a random number X = x;

e Step 2, compute the value of
Y = f(X) = f(x) denoted by y1;

@ Step 3, repeat Steps 1-2 N times
(N =10,000,N = 100, 100,N = 1,000, 000),
obtain y1, -+ ,yn;

o Step 4,

#{i:y < y}.

Fy(y) = Fn(y) = N
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Simulation

Example. x> =& + -+ &, &, , & i.id.
~ N(0,1). N = 1,000, 000.
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Simulation cdf-figs N = 1, 000

F(x}
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0.2

0.1

Empirical CDF

: """"""" - | = Simulated data
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Simulation cdf-figs N = 10, 000

Empirical CDF

i i : Simulated data
09 e e 7 S AR — Chisqure(6)
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[ e . ......

F(x)

) . SRR ............. ............ ............. ............. ......
o o A S S e, e
I — S— — T— —— -

(4 T SRS s Ty, T R e




Chapter 2 Random variables and distribution functions

2.6 Functions of random variables
Simulation cdf-figs N = 100, 000

Empirical CDF

1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0.9 [ imamnnstes """""" """""" Simulated data |~
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Simulation pdf-figs N = 1,000
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Simulation pdf-figs N = 10, 000

[ Isimulated data
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Simulation pdf-figs N = 100, 000

[Isimulated data

Chisqure(8)
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Simulation pdf-figs N = 1, 000, 000
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Simulation pdf-figs N = 1, 000, 000

Wf(x), g(y) NEEREL g(y) > 0. I HAFFEH
e > 0¥ 2
—= < Vy.

Iﬂ-&}/la Ulv Yév U27 R yg—ﬁuzﬁjgﬁ*nﬁi, }/;,El,g
TR g (y), Ui#RN[0, 1] LRI 2 BENLAR
3

EXXIF: #Uy < L0 M4 X = vy, BE
HIBU,, Y, #U» < 20 WA X = Y, 7%
F&Us3, Y3, LABESRIHE.

UER: XA EERBOA S ().
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