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Definition Suppose that the joint distribution
sequence of a discrete random vector (£, n) satisfies

P =z,n=1y;) = P =z)P(n=1y;),
i’jzlazj...’

then we call £ and n mutually independent.
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2.4 Independence of random variables

Definition Suppose that the joint distribution
sequence of a discrete random vector (£, n) satisfies

P =z,n=1y;) = P =z)P(n=1y;),
i’jzlazj...’

then we call £ and n mutually independent.

Dij = Di-* D-j, ,j=1,2,---



For any = and v,

Pé<zn<y) = Y > PE=z,n=y)

Ti<w Y; <y
— Y Pe=2) Y Py =)
z;<x Y <y

= P(E<x)P(n<y).

That is,
F(a,y) = Fe(z)Fy(y)- (2.62)



Chapter 2 Random variables and distribution functions

2.4 Independence of random variables

For any = and v,

Pé<zn<y) = Y > PE=z,n=y)

z; <T Y <y
= Y PE=1)) Pln=y)
i <w Yi<y

= P <z)P(n<y)

That is,
F(x,y) = Fe(2)Ey(y). (2.62)
On the contrary,

(2.62) = P(§=mz,n=1y;) =P =;)P(n=y;)
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2.4 Independence of random variables

Definition Suppose that F'(x,y), Fe:(x) and F,(y)
are the joint distribution function and marginal
distribution functions of (£, 1) respectively. If

F(z,y) = Fe(z)F,(y), Vz,y,

(e, P<z,n<y)=PE<z)P(n<y), Vz,y)

then we say & and 1) are independent.
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2.4 Independence of random variables

Theorem Suppose that p(z,y), pe(z) and p,(y)

are the joint density function and marginal density
functions of (£, 1) respectively. Then £ and 7 are

independent if and only if

p(x,y) = pe(x)p,(y)-
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Proof. For any z,y, it follows

F(z,y) = Fe(z) Fy(y)
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Proof. For any z,y, it follows

Flo.y) = F(@) @)
& /ﬂ; iop u, v)dudv = /_oopg(u)du/_:pn(v)dv
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2.4 Independence of random variables

Proof. For any z,y, it follows

F(z,y) = Fe(z) Fy(y)

o /_OO /_iop(u,v)dudv—/_;pg(u)du/_:pn(v)dv
o /_ oo /_ : Al = /_ OO /_ : a0
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2.4 Independence of random variables

Proof. For any z,y, it follows
F(z,y) = Fe(x)Fy(y)

o /_OO /_iop(u,v)dudv_/;pg(u)du/_:pn@)dv
: /y

T Yy

/_ 3 p(u, v)dudv = pe()py(v)dudy

This is the desired conclusion.
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2.4 Independence of random variables

Example 2. Suppose (£,7) ~ N (1, pio, 03,03, 7).
Find out the necessary and sufficient condition for
&,n to be independent.
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2.4 Independence of random variables

Solution. Note that & ~ N(uy,0%) and
n ~ N(us2,03). By definition,

&, n are independent < p(z,y) = pe(z)p,(v)



Solution. Note that & ~ N(uy,0%) and
n ~ N(us2,03). By definition,

&, n are independent < p(z,y) = pe(z)p,(v)
1 (x — )?
V2moq P 20% J

<~

1 [Z/—Mz—@( — p))?
X eXp{_ 2 }
V2mo9y/1 — 12 202(1 —r?)
1 L@—m)?®  (y— Mz)
2710109 exp{ 2[ o2 i o3 I}
& r=0.
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n random variables:

Definition Suppose that F'(zq,- - ,x,),
Fi(zy1),--- , F,(x,) are joint distribution function
and marginal distribution functions of &;,--- | &,
then we call them mutually independent if

F(:I;l-/ T ,.’L’n> — Fl(x1> co Ez(mn)-

(i.e., P(gl S Il, ttt ;gn S xn)
:P<€1 < xl) c P(gn < xn)a vxlv T 7ajn)
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Corollary If &, -, &, are mutually independent,
then so are any r random variables (2 < r < n).

Proof.
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Corollary If &, -, &, are mutually independent,
then so are any r random variables (2 < r < n).

Proof. By the definition of the independence of
&, -0+, &, we have for all z,--- , x,,
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2.4 Independence of random variables

Corollary If &, -, &, are mutually independent,
then so are any r random variables (2 < r < n).

Proof. By the definition of the independence of
&, -0+, &, we have for all z,--- , x,,

P(gléxla7€n§xn):P(€1§xl)P(€n<xn)

It follows that

P&, <z, - & <)
—P(&, <@y ) P& =x ), Vg, T

So, &, -+, &, are independent.
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2.4 Independence of random variables

@ &, ,&, are indept. iff (if and only if)

P(il EBl:"' 7671,€B7l,>:P(€1 EBl)p<€n€Bn)

for any By,--- , B, € B.
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@ &, ,&, are indept. iff (if and only if)

P(il EBl:"' 7671,€B7l,>:P(€1 EBl)p<€n€Bn)

for any By,--- , B, € B.

@ An n-dimensional & and an m-dimensional 1

are indept. iff
P(§ecAneB)=PEecA)P(nec B),

forall Ae B", B € B™.
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2.4 Independence of random variables

@ &, ,&, are indept. iff (if and only if)
P(fl S Bl-/"' afn S Bn) - P(gl S Bl)P<€n S Bn)

for any By,--- , B, € B.

@ An n-dimensional & and an m-dimensional 1
are indept. iff

P € AneB)=PEe A)P(neE B),

forall Ae B", B € B™.

o If two random vectors are independent, then so
are their sub-vectors.
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Example 3. Suppose that £ is a constant a, show
¢ and n are independent for any random variable 7.
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2.4 Independence of random variables

Example 3. Suppose that £ is a constant a, show
¢ and n are independent for any random variable 7.

Proof Let By and B, be two Borel sets. We want

to prove

P € Bi,n € B,y) =P €Bi)P(neBy). (%)
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2.4 Independence of random variables

If a & By, then P({ € B;) =0 and
P € Bi,ne By) < PeB)=0.

(%) is true.
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2.4 Independence of random variables

If a & By, then P({ € B;) =0 and
P € Bi,ne By) < PeB)=0.

(%) is true.
If a € By, then P(§ € B;) =1 and

P(§ € Bi,n€ By) =P(n € By) — P({ ¢ B1,m € By)
=P(n € By).

(x) is also true.
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2.5 Conditional distributions

|. Discrete random variables:

Pnp=ylé==) =

where 5 = 1,2,--- . This is the conditional
distribution of n conditioning on & = x;.



E X1 FRP(n = y;|€ = z) NTEE = xBIZRAF Ty
KMHNEFR AT F, TRIFR KA, 12
j\jpnlﬁ(yj‘xi)- PR

Pln<yle =)= Y pyely;lz:)

JYi<y
NTEE = xR 5FAT T S5 A 704 eR 3L

AT AT I 8 XCRE, m AR ST 1) 3 AT AT, &,
ST 7 A B R MTEA, > 1 F

P(n = y;|€ = ;) = P(n =y;).



fil1 fEMST B 2 S BRI, idp ARG

I BT IR, S, 3R 7R S n R I I8 IR

. R 1ES, = tHIFHET, S MRHNER 2
F; (2) 7ES, 1 = wIZHET, S, BIZFHREER 7
i 4.



i1 ST RS i, idp ARG

5" BTN FIESE, S, R SEn Bl I IR K
B R(1) TS, = tHIFAET, Su FIAAFBR S
HiF1; (2) TESns1 = wIFAET, S, M%)
A%,

fiR Xt < w, FMH{S, =t,Sny1 = w} BERELwIGRIEH,
e, wIR I BT, AR LR BN — LRI — LR
o R HB RIC . Fr A

S A
P<Sn:t,sn+1:w):pp(n_1>pn lq (n+1)

t—1 »
:( )pn+1qw ( +1)‘
n—1
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n—1

S

MIMFES,, = tHIZFHE T, Sp KIS A6 51 N

P<Sn =1, Sn+1 — w) _ o w—t—1
PS, =) M

XERE, £S, = tlIZFMET, Sp — SR
Ai.

P(Sn+1 = ’LUlSn = t) =

& fit



MAES,+1 = wIZEAF N, S, ISR A 51 9
P(Sn = t, Sn+1 = w)

P(S0 =S = w) =——pre 1

pn+1qw (n+1)

(1)
(w; )pn+1qw—(n+1)
(1)

X2k I ATAMKIR T .
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2.5 Conditional distributions

Il.Continuous case: P(§ =z) = 0. Given { =z,
the conditional distribution function of 1 can be
understood as

P(n < yl¢ = x)



Il.Continuous case: P(§ =z) = 0. Given { =z,

the conditional distribution function of 1 can be
understood as

P(n <yl¢ = z)
= lim P(n <ylzr <& <x+ Ax)

Az—0
_ oy P <<zt Ann<y)
- Aes0 Pz < &< a4 An)
. F(z+ Az,y) — F(z,y)
= lim
Az—0 Fg(x + AZL’) — Fg(w)




OF /0x

Pin<yll=2z)= Fé(w)

[ p(z,v)dv _/y p(x,v)

2@ e i@




When pe(x) > 0, conditioning on & = z, the density

of nis

p(z,y)
pe(x)

[)77|£<y‘l’> =



X2 WHENLIAIE (&, n) A BRE E R Hp(, y),
) =

EH T bR T R pe (2
pe(x) > 0, NIFK

7 p(@,y)dy. FHAECRE,

R S 16 0)

P(Uﬁy‘f—x)— . pg(ﬂf)
NTEE = aIRAET, nit sk At oA e 8L, faifR ok
oA, WCAEF e (y|x). FX

pictule) =5 yeR ()

SHEE = oI, A IEHE LIRS, FIRRA
g,

g~

dv, y€ R

\




U'JXTF)T%E’J@/
%@T X, #HEE

#ipe(v) = ffo p(z, ) y =
Xng(Mrc)E‘ﬂE?‘v@.



#ipe(z) = [72_p(z,y)dy =
p(z,y) =0, (1) AL
Spyie (y|z) B HO.

0, WXt BT iy,
%EAT 3\, W E

R, #ip,(y) > 0, Witkn =y MAMT, €
S




If £ and 7 are independent, then

poe(ylz) = py(y),  pepy(ly) = pe(z).



If £ and 7 are independent, then

poe(ylz) = py(y),  pepy(ly) = pe(z).

Bayesian formula:

p(z,y)  plz,y)
po(y) [ p(u,y)du

_ Pye(ylz)pe(@)
J pyje(ylu)pe(w)du’

Pep(ly) =
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Example 1. Suppose that

(€,m) ~ N (1, pa, 02,03,7), calculate the

conditional density p,c(y|z).
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2.5 Conditional distributions

Example 1. Suppose that
(€,m) ~ N (1, pa, 02,03,7), calculate the

conditional density p,c(y|z).

f# (&, n)BREEEN

B 1 1
p(z,9) 20,001 — 12 P {_2(1 —1r?)
(e =m)* o (@=pm)y—p) (= u2)2} } '

0'% 01029 O'%
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2.5 Conditional distributions

Example 1. Suppose that

(€,m) ~ N (1, pa, 02,03,7), calculate the
conditional density p,c(y|z).

f# (&, n)BREEEN

1 1
x,Y) = exXpq —————=
p(z,9) 2mo109vV 1 — 12 P { 2(1 —r?)
T — 1) — _ )2
( éul) —27"( 1) (Y — pa) I (y 52) }}
o1 0102 op

THIBAVE SIS = oK, nISAEEE. ik, 341
AWrHEA By B R R, FHBCRR~. Ha ) HoE
&7 pyie(yle)dy = 1RAT,
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)= et
J7o ple, y)dy 2 ) )
- 1 [(y — H2) _ 9 (2 — ) (y M2)} }

5 0109

= Clp(xa y)




Chapter 2 Random variables and distribution functions

2.5 Conditional distributions

RS R
Puie(yl®) o<yp(z,y) oy ..

2
y— e —rg(r— ul)]
202(1 — r2)

Xy eXP
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RS R
Puie(yl®) o<yp(z,y) oy ..

2
y— e —rg(r— ul)]
202(1 — r2)

Xy eXp § —

e 1454340 ) 25 B (o) 9 T 55 12 B

2
1 y—p2 — 12z — 1)

e e T )

(2)



BIFES = oIS T, 4R IES AR 20 A
IERTAN (o + re2(z — ), (1 - r?)o3), etk

rog
Tl’f:x ~ N(p2 + J—l(x — ), (1 =r*)o3),

HAB—ANSHm = pg +rZ(z — ) Rl
R, oA STk,
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lll. The general case:

In general, suppose that the joint distribution
function of (¢,7n) is F(x,y). If

" P <xme (y,y+ Ay
1m
Ay—0  P(n € (y,y + Ay])
_ g F(x,y+Ay) — F(z,y)
= 11m

Ay—0  Fo(y+ Ay) — F(y)

exists for any x, we call the limit function Fg,(z|y)
be the conditional distribution function of & for

given 1 = .
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If there exists {x;} such that

F§|n Z Pepn xz|y YIRS Ra

1:x; <x

the we call p¢j, (7|y), i = 1,2,..., the conditional

mass function (55FF70A151). If Fep,(2|y) can
represented as the form

Fopn(oly) = / m ol me B

then we call pg,(z|y) the conditional density
function.
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B4 BEARRMANIL HAGT(b, a), FEZMEA = AR,
XRMNSECANCTARA 345 SRIEX = o154
AR5 AR .



B4 BEARRMANIL HAGT(b, a), FEZMEA = AR,
XRMNSECANCTARA 345 SRIEX = o154
AR5 AR .

R ANESFENARE, XS e LA &,
Mr=0,1,..., 8

)\.1‘
PX=z|lA=)\) = Fe_)‘.

P(X =z, A€ (\A+ AN
P(X =z|A=)) = lim P =€ oA A
a0 P(A€e (M A+ AN)



Chapter 2 Random variables and distribution functions

2.5 Conditional distributions

P(X =z,A € (A A+ AN)
=P(X =z|A=X)P(A € (A, A+ AN)) + o(AN)
=P(X = z|A = Npa(MN)AX + o(AN).
T LA
P(X =z,A<y)= /y P(X = z|A = Npa(N)dA.

— 00
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2.5 Conditional distributions

P(X =z,A € (A A+ AN)
=P(X =z|A=X)P(A € (A, A+ AN)) + o(AN)
=P(X = z|A = N)pa(M)AX + o(AN).

A
v
P(X =xz,A <y) :/ P(X = z|A = N)pa(N)dA.
NI

P(X =x)
7 Pt
P(X =x)

dA.

—00
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RBEEX = ofI56 1T, ARE R R BN
P(X = z[A = Mpa(N)
P(X =x)

o NTe AN leAae — )\”b_le_(‘”l))‘, A > 0.

pajg(Alz) =
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RBEEX = ofI56 1T, ARE R R BN

PX = z|A = Mpa(N)
P(X =x)
—)\)\b—le—)\a _ )\1’+b—1€—(a+1))\ A> 0.

pag(Alz) =
oc,\)\xe
¥ b N Ik WAk & 2R AR HAR 4 A, 15

(a+1)"** AeHb-lo—(atDA 5
[(x+0b) ’ ‘

HIFEX = a1, AR AT (2 + b,a + 1).

pag(Alz) =



2.5 Conditional distributions

I\V. Multi-dimensional case:
Suppose that the joint distribution function of
random vectors € and 1 is F(x,y). If

: P <x,nc(yy+Ay])
11m
Ay—0  P(n € (y,y + Ayl
—; F(az,y-i—Ay)—F(w,y)
= 111m

Ay—0  Fp(y + Ay) — Fy(y)

exists for any &, we call the limit function Fyp,(x|y)
be the conditional distribution function of & for

given = y.
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2.5 Conditional distributions

When (&€,m) is a continuous random vector with
probability density function p(x,y), the conditional
probability density function of & for given n = y is
p(z, y) p(z,y)
Pepn(xly) = = :
o py)  [pluy)du

it py(y) > 0.
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2.5 Conditional distributions

When (&,m) is a discrete random vector with
probability mass function

P& =z;,n=1y,) = p(zx;,y,), the conditional
probability mass function of £ for given n = y; is

p(eiy;) P& ==zin=y;)
pn(Y)) Pn=y;)
if P(n=1y;) >0.

p&\n(mvﬁ’yj) -



	2.4 Independence of random variables 
	2.5 Conditional distributions

