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2.4 Independence of random variables

2.4 Independence of random variables

Definition Suppose that the joint distribution

sequence of a discrete random vector (ξ, η) satisfies

P (ξ = xi, η = yj) = P (ξ = xi)P (η = yj),

i, j = 1, 2, · · · ,

then we call ξ and η mutually independent.

pij = pi· · p·j, i, j = 1, 2, · · · .
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For any x and y,

P (ξ ≤ x, η ≤ y) =
∑
xi≤x

∑
yj≤y

P (ξ = xi, η = yj)

=
∑
xi≤x

P (ξ = xi)
∑
yj≤y

P (η = yj)

= P (ξ ≤ x)P (η ≤ y).

That is,

F (x, y) = Fξ(x)Fη(y). (2.62)

On the contrary,

(2.62) =⇒ P (ξ = xi, η = yj) = P (ξ = xi)P (η = yj)
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2.4 Independence of random variables

Definition Suppose that F (x, y), Fξ(x) and Fη(y)

are the joint distribution function and marginal

distribution functions of (ξ, η) respectively. If

F (x, y) = Fξ(x)Fη(y), ∀x, y,

(i.e., P (ξ ≤ x, η ≤ y) = P (ξ ≤ x)P (η ≤ y), ∀x, y)

then we say ξ and η are independent.
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Theorem Suppose that p(x, y), pξ(x) and pη(y)

are the joint density function and marginal density

functions of (ξ, η) respectively. Then ξ and η are

independent if and only if

p(x, y) = pξ(x)pη(y).
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Proof. For any x, y, it follows

F (x, y) = Fξ(x)Fη(y)

⇔
∫ x

−∞

∫ y

−∞
p(u, v)dudv =

∫ x

−∞
pξ(u)du

∫ y

−∞
pη(v)dv

⇔
∫ x

−∞

∫ y

−∞
p(u, v)dudv =

∫ x

−∞

∫ y

−∞
pξ(u)pη(v)dudv

⇔ p(x, y) = pξ(x)pη(y).

This is the desired conclusion.
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Example 2. Suppose (ξ, η) ∼ N(µ1, µ2, σ
2
1, σ

2
2, r).

Find out the necessary and sufficient condition for

ξ, η to be independent.
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Solution. Note that ξ ∼ N(µ1, σ
2
1) and

η ∼ N(µ2, σ
2
2). By definition,

ξ, η are independent ⇔ p(x, y) = pξ(x)pη(y)

⇔ 1√
2πσ1

exp{−(x− µ1)
2

2σ2
1

}

× 1√
2πσ2

√
1− r2

exp{−
[y − µ2 − rσ2

σ1
(x− µ1)]

2

2σ2
2(1− r2)

}

=
1

2πσ1σ2
exp{−1

2
[
(x− µ1)

2

σ2
1

+
(y − µ2)

2

σ2
2

]}

⇔ r = 0.
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n random variables:

Definition Suppose that F (x1, · · · , xn),

F1(x1), · · · , Fn(xn) are joint distribution function

and marginal distribution functions of ξ1, · · · , ξn,

then we call them mutually independent if

F (x1, · · · , xn) = F1(x1) · · ·Fn(xn).

(
i.e., P (ξ1 ≤ x1, · · · , ξn ≤ xn)

=P (ξ1 ≤ x1) · · ·P (ξn ≤ xn), ∀x1, · · · , xn
)
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Corollary If ξ1, · · · , ξn are mutually independent,

then so are any r random variables (2 ≤ r < n).

Proof.

By the definition of the independence of

ξ1, · · · , ξn, we have for all x1, · · · , xn,

P (ξ1 ≤ x1, · · · , ξn ≤ xn) = P (ξ1 ≤ x1) · · ·P (ξn ≤ xn).

It follows that

P (ξi1 ≤ xi1, · · · , ξir ≤ xir)

=P (ξi1 ≤ xi1) · · ·P (ξir ≤ xir), ∀xi1, · · · , xir .

So, ξi1, · · · , ξir are independent.
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ξ1, · · · , ξn are indept. iff (if and only if)

P (ξ1 ∈ B1, · · · , ξn ∈ Bn) = P (ξ1 ∈ B1) · · ·P (ξn ∈ Bn)

for any B1, · · · , Bn ∈ B.

An n-dimensional ξ and an m-dimensional η

are indept. iff

P (ξ ∈ A,η ∈ B) = P (ξ ∈ A)P (η ∈ B),

for all A ∈ Bn, B ∈ Bm.

If two random vectors are independent, then so

are their sub-vectors.
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2.4 Independence of random variables

Example 3. Suppose that ξ is a constant a, show

ξ and η are independent for any random variable η.

Proof Let B1 and B2 be two Borel sets. We want

to prove

P (ξ ∈ B1, η ∈ B2) = P (ξ ∈ B1)P (η ∈ B2). (∗)
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2.4 Independence of random variables

If a 6∈ B1, then P (ξ ∈ B1) = 0 and

P (ξ ∈ B1, η ∈ B2) ≤ P (ξ ∈ B1) = 0.

(∗) is true.

If a ∈ B1, then P (ξ ∈ B1) = 1 and

P (ξ ∈ B1, η ∈ B2) =P (η ∈ B2)− P (ξ 6∈ B1, η ∈ B2)

=P (η ∈ B2).

(∗) is also true.
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2.5 Conditional distributions

I.Discrete random variables:

P (ξ = xi, η = yj) = pij, i, j = 1, 2, · · · .

P (η = yj|ξ = xi) =
P (η = yj, ξ = xi)

P (ξ = xi)

=
pij
pi·
,

where j = 1, 2, · · · . This is the conditional

distribution of η conditioning on ξ = xi.
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½½½ÂÂÂ1 ¡P (η = yj|ξ = xi)�3ξ = xi�^�eη�

^�VÇ©Ù�, {¡�^�©Ù, P

�pη|ξ(yj|xi). ¡

P (η ≤ y|ξ = xi) =
∑
j:yj≤y

pη|ξ(yj|xi)

�3ξ = xi�^�eη�^�©Ù¼ê.

l^�©Ù�½ÂÚξ, η�Õá5�½Â��, ξ,

ηÕá�¿©7�^�´é?Ûi, j ≥ 1 k

P (η = yj|ξ = xi) = P (η = yj).
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~~~1 3Õá­EËãpÁ�¥, Pp�zgÁ

�”¤õ”�VÇ, SnL«1ng¤õ��Á�g

ê. ¦(1) 3Sn = t�^�e, Sn+1�^�VÇ©

Ù�; (2) 3Sn+1 = w�^�e, Sn�^�VÇ©

Ù�.

))) ét ≤ w, ¯�{Sn = t, Sn+1 = w} ¿�X3wgÁ�¥,

1t, wgÑy”¤õ”, 311g�1t− 1g¥Ñyn− 1g”¤

õ”,Ù{þÑy”�}”. ¤±

P (Sn = t, Sn+1 = w) =p · p ·
(
t− 1

n− 1

)
pn−1qw−(n+1)

=

(
t− 1

n− 1

)
pn+1qw−(n+1).
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P (Sn = t) =

(
t− 1

n− 1

)
pnqt−n.

l
3Sn = t�^�e, Sn+1�^�VÇ©Ù��

P (Sn+1 = w|Sn = t) =
P (Sn = t, Sn+1 = w)

P (Sn = t)
= pqw−t−1.

ù¿�X, 3Sn = t�^�e, Sn+1 − SnÑlAÛ
©Ù.
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3Sn+1 = w�^�e, Sn�^�VÇ©Ù��

P (Sn = t|Sn+1 = w) =
P (Sn = t, Sn+1 = w)

P (Sn+1 = w)

=

(
t−1
n−1

)
pn+1qw−(n+1)(

w−1
n

)
pn+1qw−(n+1)

=

(
t−1
n−1

)(
w−1
n

) , t = n, . . . , w − 1.

ù�^�©ÙØ�6up.
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II.Continuous case: P (ξ = x) = 0. Given ξ = x,

the conditional distribution function of η can be

understood as

P (η ≤ y|ξ = x)

= lim
∆x→0

P (η ≤ y|x < ξ ≤ x+ ∆x)

= lim
∆x→0

P (x < ξ ≤ x+ ∆x, η ≤ y)

P (x < ξ ≤ x+ ∆x)

= lim
∆x→0

F (x+ ∆x, y)− F (x, y)

Fξ(x+ ∆x)− Fξ(x)
.
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P (η ≤ y|ξ = x) =
∂F/∂x

F ′ξ(x)

=

∫ y
−∞ p(x, v)dv

pξ(x)
=

∫ y

−∞

p(x, v)

pξ(x)
dv.



Chapter 2 Random variables and distribution functions c©Üá#
2.5 Conditional distributions

When pξ(x) > 0, conditioning on ξ = x, the density

of η is

pη|ξ(y|x) =
p(x, y)

pξ(x)
.
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½½½ÂÂÂ2 ��Å�þ(ξ, η)kéÜ�Ý¼êp(x, y),

ξk>S�Ý¼êpξ(x) =
∫∞
−∞ p(x, y)dy. e3x?,

pξ(x) > 0, K¡

P (η ≤ y|ξ = x) =

∫ y

−∞

p(x, v)

pξ(x)
dv, y ∈ R

�3ξ = x�^�e, η�^�©Ù¼ê, {¡�^

�©Ù, P�Fη|ξ(y|x). ¡

pη|ξ(y|x) =
p(x, y)

pξ(x)
, y ∈ R (1)

�3ξ = x�^�e, η�^��Ý¼ê, {¡�^

��Ý.
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epξ(x) =
∫∞
−∞ p(x, y)dy = 0, Ké¤k�y,

p(x, y) = 0, (1)ªm>´0
0.Ø½ª, Ï~½

Âpη|ξ(y|x)���0.

Ón, epη(y) > 0, K3η = y �^�e, ξ ��Ý

¼ê�

pξ|η(x|y) =
p(x, y)

pη(y)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.5 Conditional distributions

epξ(x) =
∫∞
−∞ p(x, y)dy = 0, Ké¤k�y,

p(x, y) = 0, (1)ªm>´0
0.Ø½ª, Ï~½

Âpη|ξ(y|x)���0.

Ón, epη(y) > 0, K3η = y �^�e, ξ ��Ý

¼ê�

pξ|η(x|y) =
p(x, y)

pη(y)
.



Chapter 2 Random variables and distribution functions c©Üá#
2.5 Conditional distributions

If ξ and η are independent, then

pη|ξ(y|x) = pη(y), pξ|η(x|y) = pξ(x).

Bayesian formula:

pξ|η(x|y) =
p(x, y)

pη(y)
=

p(x, y)∫
p(u, y)du

=
pη|ξ(y|x)pξ(x)∫
pη|ξ(y|u)pξ(u)du

.
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Example 1. Suppose that

(ξ, η) ∼ N(µ1, µ2, σ
2
1, σ

2
2, r), calculate the

conditional density pη|ξ(y|x).

))) (ξ, η)�éÜ�Ý�

p(x, y) =
1

2πσ1σ2

√
1− r2

exp

{
− 1

2(1− r2)[
(x− µ1)2

σ2
1

− 2r
(x− µ1)(y − µ2)

σ1σ2

+
(y − µ2)2

σ2
2

]}
.

e¡·�í�3ξ = x�^�e, η�^��Ý. �d, ·�

ØärØ¹y�ÏfJÑ5, ^~êCiL«. ���~êÏ

L
∫∞
−∞ pη|ξ(y|x)dy = 1¦�.
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))) (ξ, η)�éÜ�Ý�

p(x, y) =
1

2πσ1σ2

√
1− r2

exp

{
− 1

2(1− r2)[
(x− µ1)2

σ2
1

− 2r
(x− µ1)(y − µ2)

σ1σ2

+
(y − µ2)2

σ2
2

]}
.

e¡·�í�3ξ = x�^�e, η�^��Ý. �d, ·�

ØärØ¹y�ÏfJÑ5, ^~êCiL«. ���~êÏ

L
∫∞
−∞ pη|ξ(y|x)dy = 1¦�.
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pη|ξ(y|x) =
p(x, y)∫∞

−∞ p(x, y)dy
= C1p(x, y)

=C2 exp

{
− 1

2(1− r2)

[
(y − µ2)2

σ2
2

− 2r
(x− µ1)(y − µ2)

σ1σ2

]}
=C3 exp

{
− 1

2(1− r2)

(
y − µ2

σ2

− rx− µ1

σ1

)2
}

=C3 exp

−
[
y − µ2 − r σ2σ1 (x− µ1)

]2

2σ2
2(1− r2)

 .
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þãL§�±{��

pη|ξ(y|x) ∝yp(x, y) ∝y . . .

∝y exp

−
[
y − µ2 − r σ2σ1 (x− µ1)

]2

2σ2
2(1− r2)

 .

£���©Ù��Ý¼ê�pη|ξ(y|x)����Ý¼ê

pη|ξ(y|x) =
1√

2πσ2

√
1− r2

exp

−
[
y − µ2 − r σ2σ1 (x− µ1)

]2

2σ2
2(1− r2)

 .

(2)
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þãL§�±{��

pη|ξ(y|x) ∝yp(x, y) ∝y . . .

∝y exp

−
[
y − µ2 − r σ2σ1 (x− µ1)

]2

2σ2
2(1− r2)

 .

£���©Ù��Ý¼ê�pη|ξ(y|x)����Ý¼ê

pη|ξ(y|x) =
1√

2πσ2

√
1− r2

exp

−
[
y − µ2 − r σ2σ1 (x− µ1)

]2

2σ2
2(1− r2)

 .

(2)
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=3ξ = x�^�e, ����©Ù�^�©Ù´

��©ÙN
(
µ2 + rσ2σ1 (x− µ1), (1− r2)σ2

2

)
, P�

η
∣∣
ξ=x
∼ N(µ2 +

rσ2

σ1
(x− µ1), (1− r2)σ2

2),

Ù¥1��ëêm = µ2 + rσ2σ1 (x− µ1)´x��5

¼ê, 1��ëê�xÃ'.
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III. The general case:

In general, suppose that the joint distribution

function of (ξ, η) is F (x, y). If

lim
∆y→0

P (ξ ≤ x, η ∈ (y, y + ∆y])

P (η ∈ (y, y + ∆y])

= lim
∆y→0

F (x, y + ∆y)− F (x, y)

Fη(y + ∆y)− Fη(y)

exists for any x, we call the limit function Fξ|η(x|y)

be the conditional distribution function of ξ for

given η = y.
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If there exists {xi} such that

Fξ|η(x|y) =
∑
i:xi≤x

pξ|η(xi|y), x ∈ R,

the we call pξ|η(xi|y), i = 1, 2, . . . , the conditional

mass function (^�©Ù�). If Fξ|η(x|y) can

represented as the form

Fξ|η(x|y) =

∫ x

−∞
pξ|η(v|y)dv, x ∈ R,

then we call pξ|η(x|y) the conditional density

function.
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~~~4 �ΛÑl³ç©ÙΓ(b, a), 3^�Λ = λe,

XÑlëê�λ�Ñt©Ù. ¦3X = x�^�

eΛ�©Ù.

))) Λ�ëY.�ÅCþ, X�lÑ.�ÅCþ.

éx = 0, 1, . . . , k

P (X = x|Λ = λ) =
λx

x!
e−λ.

ù¿�X

P (X = x|Λ = λ) = lim
∆λ→0

P
(
X = x,Λ ∈ (λ, λ+ ∆λ)

)
P
(
Λ ∈ (λ, λ+ ∆λ)

) .
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~~~4 �ΛÑl³ç©ÙΓ(b, a), 3^�Λ = λe,

XÑlëê�λ�Ñt©Ù. ¦3X = x�^�

eΛ�©Ù.

))) Λ�ëY.�ÅCþ, X�lÑ.�ÅCþ.

éx = 0, 1, . . . , k

P (X = x|Λ = λ) =
λx

x!
e−λ.

ù¿�X

P (X = x|Λ = λ) = lim
∆λ→0

P
(
X = x,Λ ∈ (λ, λ+ ∆λ)

)
P
(
Λ ∈ (λ, λ+ ∆λ)

) .
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=

P
(
X = x,Λ ∈ (λ, λ+ ∆λ)

)
=P (X = x|Λ = λ)P

(
Λ ∈ (λ, λ+ ∆λ)

)
+ o(∆λ)

=P (X = x|Λ = λ)pΛ(λ)∆λ+ o(∆λ).

¤±

P (X = x,Λ ≤ y) =

∫ y

−∞
P (X = x|Λ = λ)pΛ(λ)dλ.

l


P (Λ ≤ y|X = x) =
P (X = x,Λ ≤ y)

P (X = x)

=

∫ y

−∞

P (X = x|Λ = λ)pΛ(λ)

P (X = x)
dλ.
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=

P
(
X = x,Λ ∈ (λ, λ+ ∆λ)

)
=P (X = x|Λ = λ)P

(
Λ ∈ (λ, λ+ ∆λ)

)
+ o(∆λ)

=P (X = x|Λ = λ)pΛ(λ)∆λ+ o(∆λ).

¤±

P (X = x,Λ ≤ y) =

∫ y

−∞
P (X = x|Λ = λ)pΛ(λ)dλ.

l


P (Λ ≤ y|X = x) =
P (X = x,Λ ≤ y)

P (X = x)

=

∫ y

−∞

P (X = x|Λ = λ)pΛ(λ)

P (X = x)
dλ.
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Ïd3X = x�^�e, Λ��Ý¼ê�

pΛ|ξ(λ|x) =
P (X = x|Λ = λ)pΛ(λ)

P (X = x)

∝λλxe−λλb−1e−λa = λx+b−1e−(a+1)λ, λ > 0.

òþªm>V\�Kz~êÏf¦�ÙÈ©�1, �

pΛ|ξ(λ|x) =
(a+ 1)x+b

Γ(x+ b)
λx+b−1e−(a+1)λ, λ > 0.

=3X = x�^�e, ΛÑl³ç©ÙΓ(x+ b, a+ 1).
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Ïd3X = x�^�e, Λ��Ý¼ê�

pΛ|ξ(λ|x) =
P (X = x|Λ = λ)pΛ(λ)

P (X = x)

∝λλxe−λλb−1e−λa = λx+b−1e−(a+1)λ, λ > 0.

òþªm>V\�Kz~êÏf¦�ÙÈ©�1, �

pΛ|ξ(λ|x) =
(a+ 1)x+b

Γ(x+ b)
λx+b−1e−(a+1)λ, λ > 0.

=3X = x�^�e, ΛÑl³ç©ÙΓ(x+ b, a+ 1).
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IV. Multi-dimensional case:

Suppose that the joint distribution function of

random vectors ξ and η is F (x,y). If

lim
∆y→0

P (ξ ≤ x,η ∈ (y,y + ∆y])

P (η ∈ (y,y + ∆y]

= lim
∆y→0

F (x,y + ∆y)− F (x,y)

Fη(y + ∆y)− Fη(y)

exists for any x, we call the limit function Fξ|η(x|y)

be the conditional distribution function of ξ for

given η = y.
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When (ξ,η) is a continuous random vector with

probability density function p(x,y), the conditional

probability density function of ξ for given η = y is

pξ|η(x|y) =
p(x,y)

pη(y)
=

p(x,y)∫
p(u,y)du

,

if pη(y) > 0.
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When (ξ,η) is a discrete random vector with

probability mass function

P (ξ = xi,η = yj) = p(xi,yj), the conditional

probability mass function of ξ for given η = yj is

pξ|η(xi|yj) =
p(xi,yj)

pη(yj)
=
P (ξ = xi,η = yj)

P (η = yj)
,

if P (η = yj) > 0.
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