Chapter 2 Random variables and distribution functions

2.3 Random vectors

2.3 Random vectors

Definition If random variables & (w), &(w), - -
£,(w) are defined on a common probability space
(Q, F, P), then we call

€<w> - (£1<w>7 62(("))7 o 7577((")))

an n-dimensional random vector.
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2.3.1 Discrete random vectors
If a random vector takes only a finitely many or
countably many pairs of values, then we call it a
discrete random vector.
The vector's probability distribution
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2.3 Random vectors
2.3.1 Discrete random vectors

Example 1. There are two white balls and three
black balls in a box. We draw two balls out of the
box consecutively, one at a time. Suppose that &
represents the number of white balls in the first
draw, and 7 the number of white balls on the
second draw. Calculate the joint probability
distribution either (1) with replacement or (2)

without replacement.
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2.3.1 Discrete random vectors
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2.3 Random vectors

2.3.1 Discrete random vectors

The joint distribution array of a 2-dimensional

discrete random vector is written as

P(gzxzvn:yj):pzp Za.]:1727
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2.3 Random vectors

2.3.1 Discrete random vectors

The joint distribution array of a 2-dimensional

discrete random vector is written as
P(gzxzvn:yj):pzp 27]21727

En | oy oy oy o | (@b
I1 pu pPu - P e p1.
T2 P21 P22 - P2 Pp2.

L bir Pi2 - Py e Di.
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2.3 Random vectors
2.3.1 Discrete random vectors

Properties:

pij 20,45 =1,2,---; ZZpij:l-
j

1
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Random vectors

2.3.1 Discrete random vectors

Properties:

pij 2 0,8, =1,2,---; ZZpijzl.
i

P(¢neB)= > pyj VB*eB.

(J)i,yj)EBQ
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2.3 Random vectors

2.3.1 Discrete random vectors

The marginal distributions:
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2.3 Random vectors

2.3.1 Discrete random vectors

The joint distribution array of an n-dimensional

discrete random vector is

P(fl - :191(2'1),52 = l’z(i2)7 b= xn(ln)) = Dijig-ins

where iy, ig, - iy =1,2, .
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Random vectors

2.3.1 Discrete random vectors

Example 2. Calculate the marginal distributions
in Example 1.
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2.3 Random vectors

2.3.1 Discrete random vectors

Example 2. Calculate the marginal distributions
in Example 1.
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2.3 Random vectors

2.3.1 Discrete random vectors

Example 2. Calculate the marginal distributions
in Example 1.

5\77 0 L |pi 5\77 0 L |p
3 3 3 2 3 3 2 3 2 3

0 |55 5°5|5 0 |59 5°1|5

1 2.3 2.2]2 1 2.3 2.12
5 b 5 b 5 5 4 5 4 5
3 2 3 2

pj | 5 % Pj | 5 %
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2.3.2 Joint distribution functions
Definition. Let (&, - ,&,) be a random vector.
Its joint distribution function is defined to be

F(LU],"' ;xn) :P<€1 Swh”' 7§7L§:E71,)

for any (x1, 9, -+ ,x,) € R™
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2.3 Random vectors
2.3.2 Joint distribution functions

For the 2-dimensional random vector (&, 1),
distribution function is

F(z,y) =P <x,n<y).

For rectangle region [ : a1 < x < by,a0 <y < by,

P((&n) € I) =F (b1, b2) — F(ax, b2)
— F(b1,a9) + F(ay,as).
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2.3 Random vectors

2.3.2 Joint distribution functions

Properties of the bivariate distribution function:

@ Monotonically non-decreasing in each

argument;

@ Right continuous in each argument;

@ For any (z,y),
F(z,—00) =0, F(—o00,y) =0, F(oco,00) = 1.
Q For any a; < bl,a2 < be,

F(b],bg)—F(LL],bg)—F(b],a2>—|—F(a1,a2) >0
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2.3 Random vectors

2.3.2 Joint distribution functions

Marginal distribution functions:
The distribution function of £ is

Fe(z) =P(§ < x,—00 <1 < 00)
=F(z,0), z¢€R.

The distribution function of 7 is

Fy(y) = F(o0,y), y€R.
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2.3.3 Continuous random vectors
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2.3 Random vectors

2.3.3 Continuous random vectors

2.3.3 Continuous random vectors
Definition If there exists a nonnegative integrable function
p(z1,- -+ ,x,) such that the distribution function
F(xy,--- ,x,) can be written as

T In
F(zxq,- - 73311/)_/ / P(Y1, 1 Yn)dYs - - dyn,

then we call F' a distribution of continuous type, and call p a

joint probability density function.
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Random vectors

2.3.3 Continuous random vectors

p satisfies the following conditions:

o p(xla'” 7xn) ZO,

(=)
/ -.-/ p(yl,"'yyn)dyl"'dyn:]--
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2.3 Random vectors

2.3.3 Continuous random vectors

p satisfies the following conditions:

o p(xla'” 7xn) ZO,

(=)
/ -.-/ p(yl,"'yyn)dyl"'dyn:]--

For any continuity point of p(z1,- -+, z,),

o"F
8I1 cee &rn

= p(xh e an)-



§w) = (&(w), - &ulw):

P(¢(w) € By)
:/ o e / p(!%'l’ DY )xn)dxl o« o o xn
(1, ,xn)EBy,

for any Borel set B,,.



Marginal density function:
Suppose that (£, 7) has pdf p(z,y) and df F(x,y),
then the marginal distribution function of ¢ is as

follows:

Fe(z) = F(z,+00) = /_g; /_:p(u,v)dudv

= /_x (/_OO p(u, v)dv)du = /_Oopg(u)du.

0 0

So, the pdf of £ is
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2.3 Random vectors
2.3.3 Continuous random vectors

Similarly, n is also a continuous random variable
with the density function

) = /_ " p(w,v)du.

oo

pe(w) and p,(v) are by definition the marginal
densities of (&,7) (p(x,y)).
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2.3 Random vectors

2.3.3 Continuous random vectors

Example 3. Suppose that a random vector (£,7)
has the density function as follows:

Ae 2@+ 2> 0,y > 0,

x,Y) = :
p(z,y) 0, otherwise.

(1) Determine the constant A;
(2) Find the distribution function;
(3) Find the marginal densities;
(4) Find P(¢ < 1,n < 2);

(5) Find P(€ +n < 1).
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution. (1) From the fact that

//p(x,y)dxdyzl,

it follows that
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution. (1) From the fact that

//p(x,y)dxdyzl,

it follows that

o0 (0. ¢] A
= / / Ae 2T W) dydy = =,
o Jo 4

which implies A = 4.
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Random vectors

2.3.3 Continuous random vectors

(2) The distrbution function of (&,7) is

F(z,y) = /_ZO /_iop(u, v)dudv.



(2) The distrbution function of (&,7) is

F(z,y) = /_ZO /_iop(u, v)dudv.

When z < 0ory <0, p(z,y) =0, so F(z,y) =0;



(2) The distrbution function of (&,7) is

F(z,y) = /_ZO /_iop(u, v)dudv.

When z < 0ory <0, p(z,y) =0, so F(z,y) =0;
When x > 0 and y > 0, we have

F(x,y) = / / 4e 2+ dudy

= 6_2y)
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2.3 Random vectors
2.3.3 Continuous random vectors

(1—e2)(1—-e%), x>0,y>0,

0, otherwise.
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2.3 Random vectors

2.3.3 Continuous random vectors

(3) The marginal distribution function of ¢ is

1—e2 >0,
0, xz < 0.
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2.3 Random vectors

2.3.3 Continuous random vectors

(3) The marginal distribution function of ¢ is

1—e2 >0,
0, xz < 0.

So the marginal density function of £ is

2e 2 x>0,

pe(r) = Fi(x) =
0, x < 0.



Chapter 2 Random variables and distribution functions

2.3 Random vectors

2.3.3 Continuous random vectors

Similarly, the marginal distribution function of 7 is

1—e 2, y>0,

Y y— )

and the marginal density function of 7 is

2e %Y, y >0

m(y) = F(y) =
0, y <0,
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Random vectors

2.3.3 Continuous random vectors

(4) PE<ln<?2)=F1-0,2—-0)=F(1,2) =
(1)1 -



— F(1,2) =
<2) F(1-0,2-0)
(f€<177_4

El?—-e‘Q)(l-— )

P(E+n<1)

// (x,y)dzdy

r+y<l1



(4) (f<177<2) F(1-0,2—-0)=F(1,2) =
(1-e?)(1-e?)

P(E+n<1)

= // (x,y)dzdy

r+y<l1

= // 4720 drdy

z+y<l,2>0,y>0

1 Il—=g5
= / (/ 46_2(x+y)dy) dr =1—3e 2.
0 \Jo
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2.3 Random vectors

2.3.3 Continuous random vectors

Two typical continuous random vectors.

1. The n-dimensional uniform distribution
The n- dimensional uniform distribution has the
following density function

A7 (x17'” 7:13n) S G7

Ty °°° o G0 )l = i
Pl ) 0, otherwise .

where G is a Borel set in R". It immediately follows
that A = 1/S¢, where Si is the measure of G (as
G is a 2 or 3-dimensional region, S¢ is its area or

volume)
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2.3 Random vectors

2.3.3 Continuous random vectors

Example 3. Suppose that (£, 7) obeys the
uniform distribution in the unit disk 22 + 3> < 1.
Find its marginal densities.
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution. The joint density of £ and 7 is

1 2 +y2 <1,

0, otherwise.



Chapter 2 Random variables and distribution functions

2.3 Random vectors

2.3.3 Continuous random vectors

Solution. The joint density of £ and 7 is

1 2 +y2 <1,
p(z,y) = .
0, otherwise.

The marginal density of € is

pe(z) = /_OO p(x, y)dy.

o
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution. The joint density of £ and 7 is

1 2 +y2 <1,
p(z,y) = .
0, otherwise.

The marginal density of € is

pe(z) = /_OO p(x, y)dy.

o

It is obvious that p¢(z) = 0 as |z| > 1.
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2.3 Random vectors
2.3.3 Continuous random vectors

When |z| < 1,
V1—x? 1

pe(z) = —dy

—V1-22 T

2

™

v 1—a2



When |z| < 1,

V1—x2 1 9
@ =[ _ cay=2Vi-a,

—g2 T T

Hence
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< Random vectors
2.3.3 Continuous random vectors

Similarly,

%\/1_y27 |y‘§17

pn(y) = |y‘ o1

=
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2.3 Random vectors

2.3.3 Continuous random vectors

2. The n-dimensional normal distribution
Suppose that ¥ = (0;) is an n X n positive definite
symmetric matrix. Let |3| be its determinant, and
>~ lits inverse. Let © = (z1, -+ ,x,),

po=(pr, - ) Call

1 1

) = G 5@ ) 2 @)}

an n-dimensional normal density function.



2 Random variables and distribution functions
Random vectors

2.3.3 Continuous random vectors
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2.3 Random vectors

2.3.3 Continuous random vectors

Proof of [ --- [ p(ax)dx = 1: First, we consider
the special case that 4 = 0 and X = I, where I is

an n X n identical matrix.
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2.3 Random vectors

2.3.3 Continuous random vectors

Proof of [ --- [ p(ax)dx = 1: First, we consider
the special case that 4 = 0 and X = I, where I is

an n X n identical matrix. In this case

1 1 R
#@) = G Pl = 1 e
=1
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2.3.3 Continuous random vectors

Proof of [ --- [ p(ax)dx = 1: First, we consider
the special case that 4 = 0 and X = I, where I is
an n X n identical matrix. In this case
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2.3 Random vectors

2.3.3 Continuous random vectors

Now, for the general case, there is an n X n positive
definite symmetric matrix B such that 3 = BB.
Then X' = B'B~! and |B| = |Z|'/2.



Chapter 2 Rand

2.3 Rando: e
2.3.3 (“01 tinuous random vectors

Now, for the general case, there is an n X n positive
definite symmetric matrix B such that 3 = BB.
Then 2*1 = B*1B*1 and |B| = |Z|'/2. Let
y=B"! . Then vy = (x — n)’ B!, and so

/ /

1 /
= /.. ——y/y}|B|d




Now, for the general case, there is an n X n positive
definite symmetric matrix B such that 3 = BB.
Then 2*1 = B*1B*1 and |B| = |Z|'/2. Let
y=B"! . Then vy = (x — n)’ B!, and so

/ /

:/ / n/2|z\1/aexp{ 5V} Bldy
:/ / n/2eXp{——yy}dy
II

[

_yl /zdyl =1.
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2.3 Random vectors

2.3.3 Continuous random vectors

Special cases.
If 3 =1, up= 0, where I is an n x n identical
matrix, then

1 <
p(x) = WGXP{—§;%}-

It is called an n-dimensional standard normal
density.



Chapter 2 Random variables and distribution functions

2.3 Random vectors

2.3.3 Continuous random vectors

Forn=1, set ¥ = 02 and pu = p. Then

_ 1 (z — p)?
p(.flf) \/ﬁ eXp{ T}v

which is just the 1-dimensional normal density
function.
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2.3 Random vectors

2.3.3 Continuous random vectors

For n = 2, set

U% o109
= 5 :
ro1092 g;

where a1,09 > 0, |r| < 1. Then

|E| = J102(1 -Tr )

1 a% —Tr0109

>l
12|\ —rojo9 0%



s random vectors

Also, set = (x,y), o = (u1, p2). Then

p(z,y)
B 1 1
2moy09V/1 — 12 o { a 2(1 —1r?)
o p)? 2r(x— )y —p2) | (y— ug)ﬂ}

5 +
01 0109 0%

and simply write (€,17) ~ N (s, 2, 0%, 03, 7)
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2.3 Random vectors

2.3.3 Continuous random vectors

N(0,0,1.4,07)
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2.3 Random vectors

2.3.3 Continuous random vectors

Marginal distribution: Some simple computation
gives

p(z,y) = \/—0_1 exp {—%}

[y — po — "2 (2 — )]?
B 203(1 —r?) ’

exp

1
X
V2moa/1 — 12
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2.3 Random vectors

2.3.3 Continuous random vectors

Marginal distribution: Some simple computation
gives

(- p)?
p(z,y) = \/—0_1 eXp{ 207 }
[y — po — "2 (2 — )]? }
] ,

1
X exp § —
V2mwogy/1 — 12 p{ 203(1 — r?

Hence the marginal density of £ is

pe(e) = /_Zp(x, y)dy = ﬁ;ﬂalexp {—(x%"%“)?} .

So & ~ N(u1,07). Similarly, n ~ N(us, 03).
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2.3 Random vectors

2.3.3 Continuous random vectors

Example 5. Suppose that (£, 7) has the joint
density function

]. 2 +y2

pla,y) = 5 (1 -+ sin(ay)),

where —oo < z,y < 400. Find its marginal
distributions.
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Solution.

pe(z) = p(x,y)dy
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Random vectors

2.3.3 Continuous random vectors

Solution.

pe(z) = p(x,y)dy
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution.

pe(z)

tribution functions

/ p(z,y)dy
1 2 /OO 1 _y2d
e 2 e 2
V2T —0o V2T Y
ez T2 g1 d
—|—27Te /_ooe sin(zy)dy
1 o2
e 2, —oo<xr<o0.
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2.3 Random vectors

2.3.3 Continuous random vectors

Solution.
pe(z) = / p(z,y)dy
1 2 /OO 1 2
— e 2 e 2
V2T —o V2T Y
— e 2 =9 d
—|—27Te /_ooe sin(zy)dy
1 o2
= e 2, —oo<z<o0.

Similarly,




Chapter 2 Random variables and distribution functions

Random vectors

2.3.3 Continuous random vectors

Properties:

(5777) ~ N(Ml;:“’?u 0-%7 0-57 7“)
'5—#1’77—#2 ~ N(
01 o)

& 0,0,1,1,7).
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< Random vectors
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<§—u1 < 1TF
01 09
13
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Random vectors

2.3.3 Continuous random vectors

Proof. "=":

n—u
01 02
= P < +xo1,m < g+ yos)

2§y

pu1txoy H2+yoa 1 1
_ / / Y S
oo e 2mo109V 1 — 12 2(1 —1r?)
(u—pm)®  2r(u—p)(v—ps) (0= p)

o3 0109 o3

X dudv
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2.3 Random vectors

2.3.3 Continuous random vectors

Proof. "=":
P(f—u1<xn—u2§y>

= P < +xo1,m < g+ yos)

{(u - m) 2w m)w—p) (v M2)2] } s

0109 o3

s — 2rst + t2
= / / - 1—7"2 Xp{——2(1_r2> }dtds

( by letting s = (u — pu1) /01, t = (v— pa2)/02)
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2.3 Random vectors

2.3.3 Continuous random vectors

Proof. "=":
P(f—u1<xn—u2§y>

= P < +xo1,m < g+ yos)

{(u - ul) 2w m)w—p) (v M2)2] } s

0109 o3

s — 2rst + t2
= / / - 1—7"2 Xp{——2(1_r2> }dtds

( by letting s = (u — pu1) /01, t = (v— pa2)/02)

"<=": Similarly.
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