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2.2.1 Distribution functions

1. Definitions

There is no distribution sequence for other types of

random variables. If all possible values of a random

variable consists of an interval, then we are not able

to enumerate all these values and their probabilities.
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2.2.1 Distribution functions

We usually we want calculate the probability of the

type P (a < ξ ≤ b).

Notice

P (a < ξ ≤ b) = P (ξ ≤ b)− P (ξ ≤ a).

We only need to the probability of the type

P (ξ ≤ x).
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2.2.1 Distribution functions

Definition Let ξ be a random variable on a

probability space (Ω,F , P ), We define its

distribution function (sometimes, cumulative

distribution function (CDF) ) as

F (x) = P (ξ ≤ x), −∞ < x <∞.

Having distribution function, the probability

P (ξ(ω) ∈ B) can be expressed in term of it for any

Borel set B. For example:
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2.2.1 Distribution functions

P (a < ξ ≤ b) = F (b)− F (a)

P (ξ < a) = lim
b→a−0

P (ξ ≤ b) = F (a− 0);

P (ξ = a) = P (ξ ≤ a)− P (ξ < a)

= F (a)− F (a− 0);

P (ξ > a) = 1− P (ξ ≤ a) = 1− F (a);

P (a < ξ < b) = P (ξ < b)− P (ξ ≤ a)

= F (b− 0)− F (a).



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables
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P (ξ ≤ b) = F (a− 0);

P (ξ = a) = P (ξ ≤ a)− P (ξ < a)

= F (a)− F (a− 0);

P (ξ > a) = 1− P (ξ ≤ a) = 1− F (a);
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= F (b− 0)− F (a).
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2.2.1 Distribution functions

Example 1. Suppose that a random variable ξ is

distributed as Bernoulli distribution:(
0 1

q p

)
, p, q > 0, p+ q = 1.

Determine its distribution function F (x), and

calculate P (−1 < ξ < 0.5).
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2.2.1 Distribution functions

Solution. When x < 0, P (ξ ≤ x) = 0 (null event);

when 0 ≤ x < 1, P (ξ ≤ x) = P (ξ = 0) = q;

when x ≥ 1,

P (ξ ≤ x) = P (ξ = 0) + P (ξ = 1) = q + p = 1.
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P (ξ ≤ x) = P (ξ = 0) + P (ξ = 1) = q + p = 1.
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Solution. When x < 0, P (ξ ≤ x) = 0 (null event);
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2.2.1 Distribution functions

Hence we obtain the following distribution function:

F (x) =


0, x < 0,

q, 0 ≤ x < 1,

1, x ≥ 1.

Next, let us compute P (−1 < ξ < 0.5).

P (−1 < ξ < 0.5) = F (0.5− 0)− F (−1) = q.
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Hence we obtain the following distribution function:

F (x) =


0, x < 0,

q, 0 ≤ x < 1,

1, x ≥ 1.

Next, let us compute P (−1 < ξ < 0.5).

P (−1 < ξ < 0.5) = F (0.5− 0)− F (−1) = q.
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2.2.1 Distribution functions

Suppose that ξ has the distribution sequence(
x1 x2 · · · xn · · ·
p(x1) p(x2) · · · p(xn) · · ·

)
,

where x1 < x2 < · · · < xk < · · · , then

F (x) =
∑

k:xk≤x

p(xk) =



0, x < x1,

p(x1), x1 ≤ x < x2,

· · · · · ·∑
i≤k p(xi), xk ≤ x < xk+1,

· · · · · ·
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2.2.1 Distribution functions

Example 2. Choose randomly a point P in a

triangle ∆ABC, let ξ be the distance from P to

edge BC. Calculate the distribution function of ξ.
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2.2.1 Distribution functions

Solution.
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2.2.1 Distribution functions

Let h be the height of edge BC. It is obvious that

P (ξ ≤ x) = 0 when x < 0

and P (ξ ≤ x) = 1 when

x ≥ h. For 0 ≤ x < h, make a line segment DE

paralleling edge BC with distance x to BC inside

4ABC. Then ξ ≤ x if and only if P falls within

DBCE. So

P (ξ ≤ x) =
area of DBCE

area of 4ABC
= 1−

(
1− x

h

)2

.
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P (ξ ≤ x) = 0 when x < 0 and P (ξ ≤ x) = 1 when
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2.2.1 Distribution functions

The distribution function is

F (x) =


0, x < 0,

1−
(
1− x

h

)2
, 0 ≤ x < h,

1, x ≥ h.
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2.2.1 Distribution functions

2. Properties Three fundamental properties:

1 F (x) is monotonic non-decreasing in x, that is,

if a < b then F (a) ≤ F (b);

2 limx→−∞ F (x) = 0, limx→+∞ F (x) = 1;

3 F (x) is right continuous, that is

F (x+ 0) = F (x).



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables

2.2.1 Distribution functions

Proof. (1) If a < b, then {ξ ≤ a} ⊂ {ξ ≤ b}.

So

F (a) = P (ξ ≤ a) ≤ P (ξ ≤ b) = F (b).

(2) By the monotonicity of F (x), it follows that

F (−∞) exists and

F (−∞) = lim
n→∞

F (−n).

Notice that

{ξ ≤ −(n+ 1)} ⊂ {ξ ≤ −n},
∞⋂
n=1

{ξ ≤ −n} = ∅.
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2.2.1 Distribution functions

We have

lim
n→∞

F (−n) = lim
n→∞

P (ξ ≤ −n)

= P (
∞⋂
n=1

{ξ ≤ −n}) = P (∅) = 0.

Similarly,

F (+∞) = lim
n→∞

F (n) = lim
n→∞

P (ξ ≤ n)

= P ( lim
n→∞
{ξ ≤ n}) = P (

∞⋃
n=1

{ξ ≤ n})

= P (Ω) = 1.
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2.2.1 Distribution functions

(3) By the monotonicity of F (x) again, it follows

that F (x+ 0) = limn→∞ F (x+ 1/n).

Now

lim
n→∞

F (x+ 1/n)

= lim
n→∞

P (ξ ≤ x+ 1/n)

= P ( lim
n→∞
{ξ ≤ x+ 1/n}) (∵ {ξ ≤ x+ 1/n} ↘)

= P (
∞⋂
n=1

{ξ ≤ x+ 1/n})

= P (ξ ≤ x) = F (x).
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Similarly,

F (x− 0) = lim
n→∞

F (x− 1/n)

= lim
n→∞

P (ξ ≤ x− 1/n)

= P ( lim
n→∞
{ξ ≤ x− 1/n}) (∵ {ξ ≤ x− 1/n} ↗)

= P (
∞⋃
n=1

{ξ ≤ x− 1/n})

= P (ξ < x).
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2.2.1 Distribution functions

Example 3. Suppose a random variable has the

distribution function as follows:

F (x) =


0, x ≤ −1,

a+ b arcsinx, −1 < x ≤ 1,

1, x > 1.

Find constants a, b.
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2.2.1 Distribution functions

Solution. From the fact that

F (−1 + 0) = F (−1) and F (1 + 0) = F (1),

it follows that

a− bπ/2 = 0 and a+ bπ/2 = 1.

Hence a = 1/2, b = 1/π.
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it follows that

a− bπ/2 = 0 and a+ bπ/2 = 1.

Hence a = 1/2, b = 1/π.
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2.2.1 Distribution functions

Theorem

Let F (x) be a real function satisfying Properties

(1), (2) and (3). Then there is an unique

probability measure PF : B → [0, 1], such that

PF

(
(−∞, x]

)
= F (x) ∀x.

On the probability space (R,B, PF ), define

X(r) = r, r ∈ R. Then X is a r.v. variable with

PF (X ≤ x) = PF

(
(−∞, x]

)
= F (x).

So F is the distribution function of X.
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2.2.2 Continuous random variables and density functions

2.2.2 Continuous random variables and density

functions
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2.2.2 Continuous random variables and density functions

Definition. Suppose that a random variable ξ takes all

values of an interval (finite or infinite), and that there exists a

non-negative integrable function p(x) such that the

distribution function F (x) can be written as

F (x) =

∫ x

−∞
p(y)dy, −∞ < x <∞.

Then ξ is called a continuous random variable, and p(x) is

called the probability density function (PDF) of ξ, or more

simply its density function. F (x), having the above

property, is said to be absolutely continuous.



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables

2.2.2 Continuous random variables and density functions

1 F (x) is continuous. And F ′(x) = p(x) if x is a

continuity point of p(x)

2

P (a < ξ ≤ b) =F (b)− F (a)

=

∫ b

−∞
p(y)dy −

∫ a

−∞
p(y)dy

=

∫ b

a

p(y)dy.

P (ξ ∈ B) =

∫
B

p(x)dx, B ∈ B
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2.2.2 Continuous random variables and density functions

3

P (ξ = c) =F (c)− F (c− 0)

= lim
h→0+

∫ c

c−h
p(y)dy = 0.
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2.2.2 Continuous random variables and density functions

The density function possesses the following

properties.

p(x) ≥ 0,∫∞
−∞ p(x)dx = 1.

On the contrary, if a function defined in (−∞,∞)

satisfies these two properties then it can be

considered to be a density function of some random

variable.
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2.2.2 Continuous random variables and density functions

F (x) =


0, x < 0

(1 + x)/2, 0 ≤ x < 1,

1, x ≥ 1

is a distribution function. But it is neither discrete

nor continuous (discontinuous).

In fact, it is a mixture of F1(x) and F2(x):

F (x) =
F1(x) + F2(x)

2
,

where F1 is a degenerate distribution at x = 0 and

F2(x) is uniform on [0, 1].
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2.2.3 Typical continuous random variables

1. The uniform distribution ξ ∼ U(a, b)

p(x) =

{
1/(b− a), a ≤ x ≤ b,

0, otherwise.

Distribution function:

F (x) =


0, x < a,

(x− a)/(b− a), a ≤ x < b,

1, x ≥ b.
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2.2.3 Typical continuous random variables

2. The normal distribution ξ ∼ N(µ, σ2),

where −∞ < µ <∞, σ > 0.

p(x) =
1√
2πσ

e−
(x−µ)2

2σ2 , −∞ < x <∞,

F (x) =
1√
2πσ

∫ x

−∞
e−

(t−µ)2

2σ2 dt, −∞ < x <∞.
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2.2.3 Typical continuous random variables

Verifying
∫
p(x)dx = 1: Let

I =:

∫ ∞
−∞

1√
2πσ

e−
(x−µ)2

2σ2 dx

t=(x−µ)/σ
=

∫ ∞
−∞

1√
2π
e−

t2

2 dt.

Hence

I2 =

∫ ∞
−∞

∫ ∞
−∞

1

2π
e−

x2+y2

2 dxdy

=

∫ ∞
0

∫ 2π

0

1

2π
e−

r2

2 rdrdθ = − e−
r2

2

∣∣∣∞
0

= 1.
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2.2.3 Typical continuous random variables

Standard normal distribution: N(0, 1)

ϕ(x) =
1√
2π
e−

x2

2 , Φ(x) =

∫ x

−∞
ϕ(t)dt,

−∞ < x <∞.
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2.2.3 Typical continuous random variables

Table of normal distribution.

(1) ξ ∼ N(0, 1).

x > 0: ......

x < 0: Φ(x) = 1− Φ(−x).

(2) ξ ∼ N(µ, σ2) =⇒ η = ξ−µ
σ ∼ N(0, 1).

(Proof?)

So

P (ξ ≤ x) = Φ
(x− µ

σ

)
.
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2.2.3 Typical continuous random variables

Example 5. Let ξ ∼ N(0, 1).

(1) Find P (−1 < ξ < 3);

(2) Suppose P (ξ < λ) = 0.9755, find λ.



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables

2.2.3 Typical continuous random variables

Solution. (1)

P (−1 < ξ < 3)

= Φ(3)− Φ(−1)

= Φ(3) + Φ(1)− 1

= 0.9987 + 0.8413− 1 = 0.8400.

(2) Note that Φ(λ) = 0.9755, which lies between

Φ(1.96) = 0.9750 and Φ(1.98) = 0.9762. By using

a linear interpolation,

λ ≈1.96 +
Φ(λ)− Φ(1.96)

Φ(1.98)− Φ(1.96)
· (1.98− 1.96)

≈1.968.
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2.2.3 Typical continuous random variables

Example 6. Suppose that ξ ∼ N(2, 9), calculate

P (5 < ξ < 20).

Solution.

Let η = (ξ − 2)/3, then η ∼ N(0, 1).

Hence

P (5 < ξ < 20)

= P (
5− 2

3
<
ξ − 2

3
<

20− 2

3
)

= P (1 < η < 6) = Φ(6)− Φ(1)

≈ 1− 0.8413 = 0.1587.
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2.2.3 Typical continuous random variables

Example 7. Suppose that ξ ∼ N(µ, σ2), find

P (|ξ − µ| < σ), P (|ξ − µ| < 2σ) and

P (|ξ − µ| < 3σ).

Solution.

Let η = (ξ − µ)/σ, then η ∼ N(0, 1).

Hence

P (|ξ−µ| < σ) = P (|η| < 1) = 2Φ(1)−1 ≈ 0.6827.

Similarly,

P (|ξ − µ| < 2σ) = P (|η| < 2) ≈ 0.9545,

P (|ξ − µ| < 3σ) = P (|η| < 3) ≈ 0.9973.
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2.2.3 Typical continuous random variables

Some important values of Φ(x)

x 1 2 3 4

Φ(x) 0.841345 0.977250 0.998650 0.999968

2Φ(x)− 1 0.6826895 0.9544997 0.9973002 0.9999367

Φ(x) 0.9000 0.9500 0.9750 0.9900 0.9950

x 1.2816 1.6449 1.9600 2.3263 2.5758



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables

2.2.3 Typical continuous random variables

~~~KKK: ,<��w���#)��I�. dY�

½<�y��Ñ:1��~)�Uê(=lÉ)�

?�Ñ)��m)Cq/Ñl��©Ù, ëê

�µ = 270, σ2 = 100. kyâL²: �w3¯fÑ

)c290UÑI, 
uÑ)c240Uâ£5. ???



Chapter 2 Random variables and distribution functions c©Üá#
2.2 Distribution functions and continuous random variables
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))): ^XL«~)Ï�Uê, XJ�w´¯f�I

�, @oX ≥ 290½öX ≤ 240,

ù�¯�u)�

VÇ�

P (X ≥ 290 or X ≤ 240)

= P (X ≥ 290) + P (X ≤ 240)

= P

(
X − 270

10
≥ 2

)
+ P

(
X − 270

10
≤ −3

)
= 1− Φ(2) + 1− Φ(3)

= 1− 0.9772 + 1− 0.9987 = 0.0241.
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2.2.3 Typical continuous random variables

Example 8. There are two ways by bus from a

city’s southern district to a train station located in

the city’s northern area. The first route is shorter,

but the ride encounters heavy traffic, so the time τ

required is N(50, 100); the second ride is a bit

longer, but unexpected traffic jams seldom occur

and the time τ required is N(60, 16).

1 If one has 70 minutes, then what way should

be chosen?

2 What is it about if one has 65 minutes ?
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Solution.

(1) For the first route, the probability

one can arrive at the train station within 70 minutes

is

P (τ ≤ 70) = Φ

(
70− 50√

100

)
= Φ(2) = 0.9772;

For the second route, the probability one can arrive

at the train station within 70 minutes is

P (τ ≤ 70) = Φ

(
70− 60√

16

)
= Φ(2.5) = 0.9938.

So, it is better to take the second route.
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(2) For the first route, the probability one can arrive

at the train station within 65 minutes is

P (τ ≤ 65) = Φ

(
65− 50√

100

)
= Φ(1.5) = 0.9332;

For the second route, the probability one can arrive

at the train station within 65 minutes is

P (τ ≤ 65) = Φ

(
65− 60√

16

)
= Φ(1.25) = 0.8944.

So, it is better to take the first route.
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at the train station within 65 minutes is
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(
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)
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For the second route, the probability one can arrive

at the train station within 65 minutes is
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3. The Exponential distribution

Density function:

p(x) =

{
λe−λx, x ≥ 0,

0, x < 0.
(λ > 0).

Distribution function:

F (x) =

{
1− e−λx, x ≥ 0,

0, x < 0.
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The exponential distribution possesses a memoryless

property.

Suppose ξ ∼ E(λ). Then for any s, t > 0,

P (ξ > s+ t|ξ > s) = P (ξ > t).

Proof.

P (ξ > t) = 1− F (t) = e−λt.
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P (ξ > s+ t|ξ > s) =
P (ξ > s+ t, ξ > s)

P (ξ > s)

=
P (ξ > s+ t)

P (ξ > s)

=
e−λ(t+s)

e−λs

= e−λt = P (ξ > t).
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Hazard rate functions

Suppose X > 0 (life time of some item) have

distribution function F and density p. The hazard

rate (sometimes called the failure rate) function

λ(t) of F is defined by

λ(t) =
p(t)

F (t)
, where F = 1− F.

Conversely,

F (t) = 1− exp

{
−
∫ t

0

λ(s)ds

}
.
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P (X ∈ (t, t+ dt)|X > t)

=
P (X ∈ (t, t+ dt), X > t)

P (X > t)

=
P (X ∈ (t, t+ dt))

P (X > t)

≈ p(t)

F (t)
dt.

λ(t) represents the conditional probability intensity

that a t-unit-old item will fail.
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For exponential distribution E(λ), the hazard

function is

λ(t) =
p(t)

F (t)

=
λe−λt

e−λt
= λ.
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Example

One often hears that the death rate of a person

who smokes is, at each age, twice that of a

nonsmoker. What does this mean?

If λs(t) denotes the hazard rate of a smoker of age t

and λn(t) denotes the hazard rate of a nonsmoker

of age t, then

λs(t) = 2λn(t).
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pA→Bnon =: P (A-year-old nonsmoker reaches age B)

= P

(
nonsmoker’s lifetime > B

|nonsmoker’s lifetime > A

)

=
1− Fnon(B)

1− Fnon(A)
=

exp
{
−
∫ B

0 λn(t)dt
}

exp
{
−
∫ A

0 λn(t)dt
}

= exp

{
−
∫ B

A

λn(t)dt

}
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pA→Bs =: P (A-year-old smoker reaches age B)

= P (smoker’s lifetime > B|smoker’s lifetime > A)

= exp

{
−
∫ B

A

λs(t)dt

}
= exp

{
−2

∫ B

A

λn(t)dt

}
=

[
exp

{
−
∫ B

A

λn(t)dt

}]2

= (pA→Bnon )2
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Suppose

λn(t) =
1

30
, 50 ≤ t ≤ 60.

Then

p50→60
non = e−1/3 ≈ 0.7165,

p50→60
s = e−2/3 ≈ 0.5134.
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4. The Weibull distribution

Density function:

p(x) =

{
α
σ

(
x−µ
σ

)α−1
exp

{
−
(
x−µ
σ

)α}
, x ≥ µ,

0, x < µ.
.

Distribution function:

F (x) =

{
1− exp

{
−
(
x−µ
σ

)α}
, x ≥ µ,

0, x < µ.
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For Weibull distribution, the hazard function is

λ(t) =
p(t)

F (t)
=
α

σ

(
t− µ
σ

)α−1

.
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The Weibull distribution is widely used, in the field

of life phenomena, as distribution of the lifetime of

some object, particularly when the ”weakest link”

model is appropriate for the object. That is,

consider an object consisting of many parts and

suppose that the object experiences death (failure)

when any of its parts fail. Under these conditions, it

has been shown that a Weibull distribution provides

a close approximation to the distribution of the

lifetime of the item.
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e�ÅCþξ��Ý¼ê�

p(x) =

αxα0x−(α+1), x > x0,

0, x ≤ x0,

K¡ξÑlø\÷©Ù, Ù¥ëêx0 > 0, α > 0.
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6. The Gamma distribution

ξ ∼ Γ(λ, r): Density function

p(x) =

{
λr

Γ(r)x
r−1e−λx, x ≥ 0,

0, x < 0.
(λ > 0, r > 0)

where Γ(r) is the first type of Euler integral. When

r is an integer, we call it an Erlang distribution.

r = 1: an exponential distribution.
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7. The Beta distribution

e�ÅCþξ��Ý¼ê�

p(x) =

 1
B(a,b)x

a−1(1− x)b−1, 0 ≤ x ≤ 1,

0, Ù§,

K¡ξÑlëê�aÚb�β©Ù, P�ξ ∼ β(a, b),

Ù¥a, b > 0, B(a, b) =
∫ 1

0 x
a−1(1− x)b−1dx ´k

¶�βÈ©, ¿�B(a, b) = Γ(a+b)
Γ(a)Γ(b) .

�a = b = 1�, �©©ÙÒ´«m[0, 1]þ�þ!
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Figure: Beta densities
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8 Cauchy distribution

p(x) =
1

π

1

1 + (x− θ)2
, −∞ < x <∞.
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