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2.1 Discrete Random Variables

The concept of random variables

The concept of random variables
In many trials, outcomes can be expressed by a

numerical variable which is defined as taking a
sequence of values.
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2.1 Discrete Random Variables
The concept of random variables

For example,

(1) Let & be the nonnegative integers 0,1,2, - |
and define it as the number of phone calls some
operator receives during a particular interval of
time. Then £ = 2 stands for the event { there are
two calls within this interval of time }, while £ =0
stands for the event { there are no call within this

interval of time }.
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2.1 Discrete Random Variables

The concept of random variables

(2) All possible measurement values constitute a
sample space {w : w € (a,b)} when we measure
length. In turn we can directly use a variable n to
express the outcome of measurement: 1 € [1.5,2.5]
stands for the event {the value of measurement is
between 1.5 and 2.5 }.
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2.1 Discrete Random Variables

The concept of random variables

A random variable ¢ is just a function of w:
{=¢w),weR¢w)eR
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The concept of random variables

We need to pay attention to probabilities that the
variables take on a specific value.
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2.1 Discrete Random Variables

The concept of random variables

We need to pay attention to probabilities that the
variables take on a specific value.

Therefore it is expected that {w : £(w) € (a,b]} is
an event.
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2.1 Discrete Random Variables

The concept of random variables

We need to pay attention to probabilities that the
variables take on a specific value.

Therefore it is expected that {w : £(w) € (a,b]} is
an event.

Accordingly, it is required that

{w: &(w) € B} is an event for any Borel set B € B.
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2.1 Discrete Random Variables

The concept of random variables

Definition Suppose that &(w) is a real function
defined in a probability space {2, F, P}, and that
for any Borel set B

§1(B) ={w:{(w) € B} € F,

( equivalently, for any real a, {w: {(w) < a} € F).
Then we can say that & is a random variable, and
that {P({(w) € B), B € B}, is a probability
distribution associated to £.
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The concept of ranc 10 m variables

Theorem
The following statements are equivalent.

© ©0 0 0 O

For any =z, §_1<(—OO,ZL‘]) € F;

For any z, £ ((—o0,2)) € F;

For any a < b, £*((a,b]) € F;

For any a <b, £*((a,b)) € F;

For any a < b, £*([a,b)) € F;

For any open or close B, €71 ( ) € F;
For any B € B, 5_1(3) e F.
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2.1 Discrete Random Variables
Discrete random variables
Definition. If a random variable ¢ takes at most a
set of countably many values (finite or infinite),
then we call £ a discrete random variable.



Chapter 2 Random variables and distribution functions

2.1 Discrete Random V
Discrete random variables

Distribution sequence of &:
For a discrete random variable £, let {z;} be the set
of all possible values. Write P(§ = x;) as p(x;) or

D, 0 =1,2---.

p(z1) p(x2) --- p(zy)

is said to be distribution sequence (or probability

mass function) of £ .
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Discrete random variables
The properties of a distribution sequence:
p(xl) Z O,Z - 1727'” ’

and
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2.1 Discrete Random Variables
Discrete random variables

The properties of a distribution sequence:
p(xl) Z O,Z - 1727'” ’

and
0

ZP(%) = 1.

i=1
The probability of an event {{(w) € B} is

P(E(w) € B)=Y plz;) BeB.

z,EB



Chapter 2 Random variables and distribution functions

2.1 Discrete Random V

Discrete random variables

Example 1. Suppose that the distribution
sequence of random variable £ is

-2 -1 0 1 2

a—1 a+l1
azl atl 1 0.2 0.2

(1) Find the constant a;
(2) Find P(—1 < € < 2).
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2.1 Discrete Random Variables

Discrete random variables

Solution. (1) From the fact that

a—1 a+1

0.14+02+02=1
T t01+02+




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables

Solution. (1) From the fact that
a—1 +_a-+—1

4 4
it follows that @ = 1, and so the distribution

+0.1+02+02=1

sequence is

-2 -1 0 1 2
0 05 0.1 02 0.2



Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables

Discrete random variables

Solution. (1) From the fact that
a—1 +_a-+—1

4 4
it follows that @ = 1, and so the distribution

-2 -1 0 1 2
0 05 01 02 02 )
()

P(-1<€£<2)= > plw)

—1<z; <2

+0.1+02+02=1

sequence is
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2.1 Discrete Random

Discrete random va Hles

Solution. (1) From the fact that
a—1 +_a-+—1

4 4
it follows that @ = 1, and so the distribution

-2 -1 0 1 2
0 05 01 02 02 )
()

P(-1<¢<2)= >  pla;)=0.1402+02=0.5.

—1<x; <2

+0.1+02+02=1

sequence is
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2.1 Discrete Random V

Discrete random variables

Example 2. Assume that the success probability is
p in the Bernoulli probability model, and denote by
¢ the number of times that an experiment is
conducted until its r-th success. Calculate the
distribution sequence of &.
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2.1 Discrete Random Variables
Discrete random variables

Solution.
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rete Random riables

Discrete random variables

Solution.

P& = k)
= P( there are r — 1 successes and k — r failures

in the first £ — 1 trials and

success in the k-th trial)
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2.1 Discrete Random V

Discrete random variables

Solution.

P& = k)
= P( there are r — 1 successes and k — r failures

in the first £ — 1 trials and

success in the k-th trial)

k—1\ .y .. k—1\ ., ..
= P p = g,
r—1 r—1

where k =7r,7r+ 1,74 2,--- . This is called a
Pascal distribution.
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2.1 Discrete Random Variables

Degenerate distribution

Typical discrete random variables:
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2.1 Discrete Random Variables

Degenerate distribution

Typical discrete random variables:

1. Degenerate distribution

Assume that a random variable £ takes only one
constant ¢, that is,
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Two point distribution

2. Two point distribution
If there are two possible values z1, x5 in an
experiment, then the probability distribution is

M)

p q

: p,q>0,p+qg=1

This is called a two point distribution.
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2.1 Discrete Random Variables

Two point distribution

Bernoulli distribution:
Bernoulli experiment has only two possible
outcomes—-event A occurs or not. If let

1 if A occurs,

0 otherwise,
then its corresponding distribution sequence is

01
q D

, p,q>0,p+qg=1
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2.1 Discrete Random Variables

Binomial distribution

3. The binomial distribution
If a random variable ¢ has the following distribution

sequence

> TI =
P(é:k)z(k>p‘”q p,g>0, p+qg=1

where £ =0,1,2--- . n, then we say that £ obeys
a binomial distribution, and simply write it as

£~ B(n,p).
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2.1 Discrete Random Variables

Binomial distribution

@ To diagnose whether one gets some kind of disease is a
Bernoulli trial. That people get such a disease or not is
thought of as being independent, and the probability
that a particular person gets such a disease is
approximately equal. Thus to check on the disease
situations of n people somewhere, on a one by one basis,
can be thought of as n repeated Bernoulli trials, and the
number of diseased individuals obeys a binomial
distribution.
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2.1 Discrete Random Variables

Binomial distribution

@ Consider an insurance company for some kind of disaster
(fire disaster). Suppose that a disaster befalls an
individual is mutually independent and probabilities
associated with such a disaster are equal. Assume that
the probability this disaster befalls any one individual is
p, then the number of people who encounter this
disaster among n people obeys the binomial distribution.
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2.1 Discrete Random Variables

Binomial distribution

@ Consider n machines of the same type. Assume that the
probability that each breaks down is p during an interval
of time, then the number of machines that break down
during this time period obeys the binomial distribution.
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2.1 Discrete Random Variables
Binomial distribution

Properties of the binomial distribution:

(1)
b(k;n,p) =b(n —k;n,1—p),

since (7) = ().
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2.1 Discrete Random Variables
Binomial distribution

(2) Monotonicity and the best possible
number of successes

Fix n,p. Since

blkin,p) (n—bk+1)p , (rtl)p—k

b(k —1;n,p) kq kg

when k& < (n+ 1)p, b(k;n,p) increases; when
k> (n+1)p, b(k;n,p) decreases.
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2.1 Discrete Random Variables

Binomial distribution

When (n + 1)p is an integer and k = (n + 1)p,
b(k;n,p) = b(k — 1;n,p) attains its maximum. We
call m = (n+ 1)p or (n+ 1)p — 1 the best possible
number of successes:

When (n + 1)p is not an integer the best possible
number of successes is

m = [(n+L)p).
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2.1 Discrete Random Variables

Binomial distribution

If £ ~ B(n,p), then

_pn—F
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2.1 Discrete Random Variables
Binomial distribution

If £ ~ B(n,p), then

_pn—F

PlE=k+1)="

P(¢ = k).

Example
Suppose that £ ~ B(6,0.4). Compute P(§ = k),
k=0,---,6.




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
Binomial distribution

Solution. P(¢ = 0) = (0.6)° = 0.046656;

PE=1) = =7P(£=0)=0.1866
P=2) = %gp(g — 1) = 0.3110
P(¢=3) = %gp(g — 2) = 0.2765
Pe=1) = %gp(g — 3) = 0.1382
P(e=5) = %gp(g — 4) = 0.0369
PE=6) = 21p(e=s5)=0.0041
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2.1 Discrete Random Variables

son Theorem

(3) Asymptotic behaviors as n goes to oo
Suppose that p depends on n, which we simply
write as p,.

Poisson Theorem. If there exists a positive
constant A such that np,, — X as n — oo, then

)\kz
lim b(k;n,p) = —e*k=0,1,2,--- .
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2.1 Discrete Random Variables
Poisson Theorem

Proof. Set A\, = np,, then p, = \,/n.



Poisson Theorem

Proof. Set A\, = np,, then p, = \,/n.Thus we
have

b(k;n,p) = P (1 — p,)"F



isson Theorem

Proof. Set A\, = np,, then p, = \,/n.Thus we
have

n _
b(k;n,p) = (k>pn’“(1 — p)"h




Proof. Set A\, = np,, then p, = \,/n.Thus we

have

k!
)\nk; >\n —k
Ik = 2ty
COLIEED




Proof. Set A\, = np,, then p, = \,/n.Thus we

have

k!
)\n k >\n n—k
() A=)
~ XMam—1)(n-2) (n—k+1)(1—2=)"
k! nk (1_%)k
)\k
— e (n — o0).
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2.1 Discrete Random Variables

Poisson Theorem

Example 3 Somebody shoots a target with the
probability 0.001 of hitting it each time. Now he
shoots 5000 times, calculate the probability that he
hits the target two or more times.
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screte Random Variables
n Theorem

Solution.
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rete Random Variables

Poisson Theorem

Solution. Denote by £ the number of times he
hits, then A = np = 5,

k

5
P(¢ = k) = b(k;5000,0.001) ~ Ee—?

So
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2.1 Discrete Random Variables
Poisson Theorem

Solution. Denote by £ the number of times he

hits, then A = np = 5,

k

5
P(¢ = k) = b(k;5000,0.001) ~ Ee—?

So

5000

Y PE=k) = 1-PlE=0)-P(E=1)

Q
|
®

&
o
&
Q
o
(o
St
O
=
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2.1 Discrete Random Variables

Poisson Theorem

Solution. Denote by £ the number of times he

hits, then A = np = 5,
k

5
P(¢ = k) = b(k;5000,0.001) ~ Ee—?

So

5000

Y PE=k) = 1-PlE=0)-P(E=1)

Q
|
®

&
o
&
Q
o
(o
St
O
=

(1 — (055000, 0.001) — b(1; 5000, 0.001)
=1—6.721 x 107 — 3.364 x 107% = 0.9596)
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2.1 Discrete Random Variables

de Moivre-Laplace Theorem

de Moivre-Laplace Theorem.
de Moivre (1732),Laplace (1801): Suppose
&, ~ B(n,p), where p = p,, satisfies np,q, — 0.

Let ,
L _j—np
j=jnz=12(n)="—.

np

Then

2
633/2

vapy
1
\/2mnpq

uniformly in  on every finite interval [a, b of values.
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e Random Variables

de Moivre-Laplace Theorem

The relation a,, ~ b, means that a,, /b, — 1.The
integer j = j, varies with n, so that x = z(n)
remains within a fixed finite interval [a, b] and

Jj=np+x/npqg — 00, Nn—7j=nqg— r\/Npqg — 0.
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2.1 Discrete Random Variables

de Moivre-Laplace Theorem

The relation a,, ~ b, means that a,, /b, — 1.The
integer j = j, varies with n, so that x = z(n)
remains within a fixed finite interval [a, b] and

Jj=np+x/npqg — 00, Nn—7j=nqg— r\/Npqg — 0.

Further

§n — np ) 1 ’ —xz2/2
Pla<——<b)| > — e U/ dx.
< N/npg V2T Ja
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2.1 Discrete Random Variables

de Moivre-Laplace Theorem

The relation a,, ~ b, means that a,, /b, — 1.The
integer j = j, varies with n, so that x = z(n)
remains within a fixed finite interval [a, b] and

] =np+x/NPq — 00, N — 7] =nNqg— T/Npq — 0.

Further

gn —np ) 1 /b —xz2/2
Pla<>—<p| » — eV od.
< ~ J/npg T V21 Ja
X /& Moivre-Laplace 0o A PR 2 B HCo Bz PR a2 2R — %
A AFINTF D], GO N TFREHENAS
BB AR-1E S0



We apply Stirling's formula

1
m! = v2rm - mme e, 0< 6, < —
12m

to P,(x).
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2.1 Discrete Random Variables

de Moivre-Laplace Theorem

Proof. Write kK = n — j. Notice

We apply Stirling's formula

1
m! = v2rm - mme e, 0< 6, < —
12m

to P,(x). Thus

B V2mn - nte ™"
V217 - jie i 2wk - kke—F

k On—0;—0mm

P, (x) pqte ,
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2.1 Discrete Random
de Moivre-Laplace Theorem

-l () )

where, uniformly on [a, b],

|9\<1 1+1+1
12\n " j "m)/)’

jk ( /pq>( pq)
— =n|p+ry/— q— Ty —
n n n

1 )1
=npq | 1+ z(q — p) g )
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2.1 Discrete Random Variables
de Moivre-Laplace Theorem

les and distribution functions

() (2
= — (np + x\/npq)
— (ng — z/npq)

ro

k

nq

ol

= —jlogi — klog
np
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e Random Variables

de Moivre-Laplace Theorem

Therefore, uniformly on [a, 0],

1 np j(nq>k
V2mnpg \ J k
1 2
~—— /2,

V2mnpq

The first assertion follows.

P,(x) ~



s and distribution functions

e Random Variables

vre-Laplace Theorem

Let z,,; = j:g;, N, ={j : zy; € [a,b]}. Then

# Ny, ~ (b —a)\/npq, Tnj — Tnj—1 = 1//npq.
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2.1 Discrete Random Variables

de Moivre-Laplace Theorem

Let x,; = 2222, N, = {j : 2; € [a,b]}. Then

NI
#N,, ~ (b—a)\/npq, Tpj —Tnj-1 =1//npq. On

account of the first assertion, uniformly in 7 € N,
1
V2mnpq

2
e—xnj/Q

Pn(l'n]) ~
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de Moivre-Laplace Theorem

Let z,,; = {/_n%, N, ={j : zy; € [a,b]}. Then

#N,, ~ (b—a)\/npq, Tpj —Tnj-1 =1//npq. On

account of the first assertion, uniformly in 7 € N,

1
Po(ng) ~ —ee "
T™npq




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables

Poisson distribution

4. The Poisson distribution

If a random variable £ satisfies
k

Kl

P<€:k> 67/\ (>\>O)* ]{2071727”'7

we say that £ obeys a Poisson distribution, or
simply write as & ~ P(\), where X is parameter of

€.



If Ay,---, A, are independent random events with
P(A;) = p,. Let &, be the number of these events
that occur. Then , ~ B(n,p,). Poisson theorem
tells us that, &,~P(np,) if np, — A, i.e.,

(npn)k

k!

RSB, YAFR G 2 P OR ik = R B AL I
R — BSR4 NIV 2 BEH LI
ZARTT LR FH VAR 73 A R AR

e P,
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2.1 Discrete Random Variables

Poisson distribution

@ In social daily life, the amount of various service
requirement, like

e the number of calls an operator receives during an
interval of time,

e the number of passengers arriving at the bus stop,

e the number of customers coming to a supermarket
or

@ the number of goods sold by a supermarket,

all obey the Poisson law. Hence the Poisson distribution
plays an important role in management science and
operational research.
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2.1 Dis e Random Variables

Poisson distribution

@ In biology, with regard to the number of microorganism
in some defined region, we can model the number of
their offspring based on Poisson law.
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2.1 Dis e Random Variables

Poisson distribution

@ A radioactive substance emits a-particles, and the
number of particles reaching a given portion of space
during time t is the best-known example of random
events obeying the Poisson law.



Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables

Poisson distribution

Example 4 On a certain crossroad the flow of
traffic may be assumed to be Possionian. Suppose
that the probability that no automobile passes
through within one minute is 0.4, find the
probability that more than one automobile pass
through within 1 minutes.
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rete Random Variables

Poisson distribution

Solution. Denote by £ the number of automobiles
passing through the crossroad, and assume

£~ P(\).
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2.1 Discrete Random Variables
Poisson distribution

Solution. Denote by £ the number of automobiles
passing through the crossroad, and assume

&~ P(N).

Note that P(£ = 0) = e * = 0.4, so we have
A=1Inb—1n2.
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2.1 Discrete Random Variables

Solution. Denote by £ the number of automobiles
passing through the crossroad, and assume

&~ P(N).

Note that P(£ = 0) = e * = 0.4, so we have

A =1Inb5 —In2. The probability asked for is

PE>1) = ) P(E=k)
k=2



Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
Poisson distribution

Solution. Denote by £ the number of automobiles
passing through the crossroad, and assume

£~ P(N).
Note that P(£ = 0) = e=* = 0.4, so we have
A =1Inb5 —In2. The probability asked for is

PE>1) = ) P(E=k)
k=2

— 1-P(E=0)-P(¢=1)
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2.1 Discrete Random Variables
Poisson distribution

Solution. Denote by £ the number of automobiles
passing through the crossroad, and assume

£~ P(N).
Note that P(£ = 0) = e=* = 0.4, so we have
A =1Inb5 —In2. The probability asked for is

PE>1) = ) P(E=k)
k=2

— 1-P(E=0)-P(¢=1)

= 1—e?— e



Solution. Denote by £ the number of automobiles

passing through the crossroad, and assume
&~ P(N).

Note that P(£ = 0) = e=* = 0.4, so we have
A =1Inb5 —In2. The probability asked for is

PE>1) = ) P(E=k)
k=2

— 1-P(E=0)-P(¢=1)

— 11— Je?
3 2.5

= —— —In— =~ 0.2335.
5 5 2
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2.1 Discrete Random Variables
Poisson distribution

The Poisson theorem tells us that, the Poisson with
parameter np is a very good approximation to the
distribution of the number of successes in n
independent trials when each trial has probability p
of being a success, provided that n is large and p
small.

In fact, it remains a good approximation even the
trials are not independent, provided that their
dependence is weak.



Example

In the matching problem (Example 5 in Section
1.3), let A; be the event that letter 7 is placed in

the corrected envelope. It is easy seen that

1 1
P(A;)) =—, P(AA) =——, j#1.
(A)=—, PAil4) = ——, j#i
Thus, A;, i = 1,2,...,n are not independent, but

their dependence, for large n, appears to be weak.
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rete Random Variables

Poisson distribution

Let &, be a number of the letters that are placed in
the corrected envelopes. Notice np =n x 1/n = 1.
Then for large n,
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rete Random Variables

Poisson distribution

Let &, be a number of the letters that are placed in
the corrected envelopes. Notice np =n x 1/n = 1.
Then for large n,
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Poisson distribution

Let &, be a number of the letters that are placed in
the corrected envelopes. Notice np =n x 1/n = 1.

Then for large n,

In fact

.
I
o
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e Random Variables

Poisson distribution

Theorem

(Poisson Paradigm) Consider n events, with p;
equal to the probability that event i occurs,
1=1,2,...,n. If all the p; are "small”, and the
trials are either independent or at most "weakly
dependent”, then the number of these events that

occur approrimately has a Poisson distribution

P(Z?:l pi)-
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Poisson distribution

Bl 151078 55— Em g2 652 2 AR H )@ A, sknA™
NZ/DEHWNFEA H IR
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2.1 Discrete Random Variables

Poisson distribution

Bl 151078 55— Em g2 652 2 AR H )@ A, sknA™
NZ/DEHWNFEA H IR

WNF AR i g AN NRAH, 3B
2{Ai;1 < i < § < n}EE (OAE, BABEERENMR
HP(Ay) = 5=,



Bl 151078 55— Em g2 652 2 AR H )@ A, sknA™
NZ/DEHWNFEA H IR

W A BRI A NFAH, 3B

2{Ai;1 < i< j < n}BEE ()N, BAARERERBE
HAP(Aij) = o=, FIARA I P(N), A = () 5%, SRIEALIX LY
FARARBER AR, n /S NAE B BAARTE A2

P=0)~e ™ =exp {—T;(Z ;615> } :

XA — T 52656 15 B I L5 e AH ).
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rete Random Variables

Poisson distribution

Poisson process. Consider a situation where
"events” (F) occur at certain points in time. We
will consider the number of these events occurring
in a certain time interval.

Let us assume that for some positive constant A the
following assumptions hold true:
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2.1 Discrete Random Variables

Poisson distribution

@ The probability that exactly 1 event occurs in
each interval of length A is equal and equal to
Ah 4+ o(h).

@ The probability that 2 or more events occur in
an interval of length & is equal to o(h).

@ For any integers, n, j1,...,Jn, and any set of n
nonoverlapping intervals, if we denote E; to be
the event that exactly j; of the events under
consideration occur in the 7th of these intervals,
then events F,FEs,. .., E, are independent:

E; = {fEB NI R BN ER A 5K
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< te Random Variables
sson distribution

Let N(t) be number of events occurring in time
interval [0,¢]. Then
@ Forany t; <ty <...<t, and nonnegative
integers ji, ..., jn, {N(t1) = 1},
{N(t3) — N(t1) = jo}, - - -,
{N(t,) — N(t,—1) = jn} are independent;
Q@ N(s+t)— N(s) 5N ()R An;
Q@ N(t) ~ P(\t).
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ete Random Variables

Poisson distribution

Proof. We want to compute P(N(t) = k), we start by
breaking the interval [0,¢] into n nonoverlapping subintervals
each of length t/n.



Chapter 2 Random variabl d distribution functions
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Poisson distribution

Proof. We want to compute P(N(t) = k), we start by
breaking the interval [0,¢] into n nonoverlapping subintervals
each of length ¢/n. Then the probability of a subinterval
containing exactly 1 event is p, = AL +0(%), and the
probability of a subinterval containing 2 or more events is

= o0(%).



Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
Poisson distribution

Proof. We want to compute P(N(t) = k), we start by
breaking the interval [0,¢] into n nonoverlapping subintervals
each of length ¢/n. Then the probability of a subinterval
containing exactly 1 event is p, = AL +0(%), and the
probability of a subinterval containing 2 or more events is
= o0(%).

Let A be the event that k of the n subintervals contain
exactly 1 event and the other n — k contian 0 events, and B

be the event that at least 1 subinterval contains 2 or more

events.
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distribution
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2.1 Discrete Random Variables

Poisson distribution

Then
P(N(t)=k)=P(A)+ P{N(t) =k} N B).
It is obvious that

P{N(t) = k} N B) < P(B) < nry

=no(t/n) = o(l) as n — oc.

and



P(N(t) = k) = P(A) + P({N(t) = k} N B).

It is obvious that

P{N(t) = k} N B) < P(B) < nry

=no(t/n) = o(l) as n — oc.

and

k
P(A) = ki, pa) — O

because
np, = At +no(t/n) — At.

The proof of (2) is completed.
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5. The geometric distribution
If a random variable ¢ satisfied

P¢=k)=pd" ', p+qg=1, p,qg>0,

where kK =1,2,---, then we say that £ obeys a
geometric distribution.
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Geometric distribution

5. The geometric distribution
If a random variable ¢ satisfied

P¢=k)=pd" ', p+qg=1, p,qg>0,

where kK =1,2,---, then we say that £ obeys a
geometric distribution.

Bernoulli probability model with p. Then the
number & of experiments required in order to attain

the first success obeys the geometric distribution.
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2.1 Discrete Random Variables
Geometric distribution

The memoryless property: If £ ~ gemo(p), then
P(E=m+ k‘f >m) =P =k)= pg" .
Equivalently,

P(&>m+kl¢>m)=PE>k) =d"
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Geometric distribution




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
Geometric distribution




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
Geometric distribution

P =m+ k£ > m)



P =m+ k£ > m)
P=m+k{>m) PE=m+k)

P(& >m) P >m)



P =m+ k£ > m)
P=m+k{>m) PE=m+k)

P(& >m) P >m)

+k—1
pq" -1
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Hypergeometric distribution

6. The hypergeometric distribution

Let n, N and M be positive integers with n < N
and M < N. The hypergeometric distribution is
defined as follows

(i) Gk
()

k=0,1,2,--- ,min(n, M).

P =Fk)=
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2.1 Discrete Random V bles

Hypergeometric distribution

Consider a sampling inspection of product quality
without replacement. If there are M defects in NV
products, then the number of defects found in n
sampling products obeys a hypergeometric
distribution.
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2.1 Discrete Random Variables

Hypergeometric distribution

There is a close relation between the binomial
distribution and the hypergeometric distribution. If
n, k are fixed, then as N — oo, M /N — p we have

G (n) ko k

(N) kpq , N — oc.
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Hypergeometric distribution

There is a close relation between the binomial
distribution and the hypergeometric distribution. If
n, k are fixed, then as N — oo, M /N — p we have
M\ (N—M
(k)(n—k) N\ &k n—k
—_— " , N — o0.
() (1)
n

Hence when N is sufficiently large, a hypergeometric

distribution can be approximately calculated by
using a binomial distribution as a proxy.
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Hypergeometric distribution

™ (M—I'c)!k! (N—M—n—i—k)'!(n—k)! N!




<n>(N) M - M N —
(
! (
(Nl'c)!k!
I
( —n+
n)'k)'(n
k
)!
N
!

k _ - -
M
k)
|
. (N
M
n
+
k)
!
N
!
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Hypergeometric distribution

MO - M (V- M) T =l
™M T M-KK(N-M-n+kln-Fk! NI

n M! (N — M)! (N —n)!
- (k)(M—k)!(N—M—n—s—k)! N!

W\NM- - (M—k+1)x (N=M)-—(N—M-n+k+1)
- (k) NN—-1)-(N—-n+1)
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Hypergeometric distribution

MO - M (V- M) T =l
™M T M-KK(N-M-n+kln-Fk! NI

<> M! (N-M) (N-n)

M-k (N—M—n+k)! NI

B (n)M-~-(M—k+1)><(N—M)-~-(N—M—n+k—|—1)
(+)

NN—-1)- - (N—n+1)
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Hypergeometric distribution

MO - M (V- M) T =l
™M T M-KK(N-M-n+kln-Fk! NI

<> M! (N-M) (N-n)

M-k (N—M—n+k)! NI

B (n)M-~-(M—k+1)><(N—M)-~-(N—M—n+k—|—1)
(+)

NN—-1)- - (N—n+1)
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The Zeta (or Zipf) distribution

7. The Zeta (or Zipf) distribution
A random variable is said to have a zeta (sometimes
called the Zipf) distribution if its probability mass

function is given by

_ C
P(é:k):k(}—Fl’ k:1!27

for some @ > 0, where

o0 1 -
C - Z koH—l
k=1

1
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The Zeta (or Zipf) distribution

1 1
T
C(s) +2s+38+

is known as the Riemann zeta function (G.F.B.
Riemann is a German mathematician).
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2.1 Discrete Random V bles
The Zeta (or Zipf) distribution

is known as the Riemann zeta function (G.F.B.
Riemann is a German mathematician).

The zeta distribution was used by the Italian
economist Pareto to describe the distribution of
family incomes in a given country. However, it was
G. K. Zipf who applied there distributions in a wide
variety of different areas and, in doing so,
popularized their use.
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More about discrete random variables and random variables

More about discrete random variables and random
variables

Theorem
Suppose that X and Y are random variables.

Then cX, XY, XY, XVY and X AY are all

random variables.




Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables

More about discrete random variables and random variables

Proof. We only give the proofs for X + Y and
XY here.

{X+Y <z}
— U {Y <r}n{X <z-—r}

r:ris an irrational number
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2.1 Discrete Random Variables

More about discrete random variables and random variables

(XY <2} ={0 <2} n{Y =0}
+{XY <2} n{Y >0}
+{XY <z} n{Y <0},

(XY <z} n{Y >0}
= U {0<Y <r}n{X <z/r}.

r:r>0is an irrational number

{XY <2}n{Y <0}
— U {—r <Y <0}N{X > —x/1}.

r:r>0is an irrational number
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2.1 Discrete Random Variables

More about discrete random variables and random variables

Theorem
Suppose that { X, } is a sequence of random

variables. Suppose that for every w,
X(w) = limy, 00 Xy (w) ezists and is finite. Then

X 18 a random variable.
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2.1 Discrete Random Variables
More about discrete random variables and random variables

Proof. We have

X = limsup X,, = inf sup X,,.

n—00 n2lm>n
So o a
X <a}=J N {Xn<a}

n=1m=n
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More about discrete random variables and random variables

Theorem
The following statements are equivalent.

o X is a discrete random variables,
o X => " xyla, for disjoint sets A, € F,
Yo Am =
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2.1 Discrete Random Variables

More about discrete random variables and random variables

Theorem
The following statements are equivalent.

o X is a discrete random variables,
o X => " xyla, for disjoint sets A, € F,
Yo Am =

Proof. A, = {w: X(w) = x,,}.
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2.1 Discrete Random Variables

More about discrete random variables and random variables

A discrete random variable with finite many values
is called a simple random variables.
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2.1 Discrete Random Variables

More about discrete random variables and random variables

A discrete random variable with finite many values

is called a simple random variables.

Theorem

Suppose X, Y are discrete (or simple) random
vartables. Then ¢cX, X Y, XY, X VY and
X ANY are all discrete (or simple) random

variables.
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2.1 Discrete Random Variables

More about discrete random variables and random variables

Proof. Suppose X =) . a;l4, for disjoint sets A;
and Y =} b;lp, for disjoint sets B;. Then

X+Y =) (a;£b))Iap,.
Y]
So X + Y is a discrete (or simple ) random
variables. The other proofs are similar.



Chapter 2 Random variables and distribution functions

2.1 Discrete Random Variables
More about discrete random variables and random variables

Theorem
@ For a nonnegative random variable X, there

1s a non-decreasing sequence of simple
random variables {X,} for which
0 < X, (w) X (w) for every w;

Q@ For any random variable X, there is a
sequence of simple random variables { X, }
for which X, (w) — X(w) and
| X (w)| < | X (w)| for every w.
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2.1 Discrete Random Variables

More about discrete random variables and random variables

Proof. (1). Suppose X > 0. For n > 2, define

S

if X(w)>n;

if X(w)=0;
, If 2 < X(w) <2H
\ m=0,1,....n2" — 1.

Then 0 < X, (w) 7 X(w).

-}

-

Xp(w) = <

HE!
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2.1 Discrete Random Variables

More about discrete random variables and random variables

(2). For general X, we define Y,, for
X* =max(X,0) and Z, for X~ = max(—X,0) as
in (1). Then X,, =Y, — Z, is desired.
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