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1.3 The axiomatic definition of probability

Events

Statistical definition of probability:

FN(A) =
nA
N

stabilizes to P (A).

Classical probability:

P (A) =
#A

#Ω
.

Geometrical probability:

P (Ag) =
Measure of g

Measure of Ω
.
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Events

A sample point (often called an outcome) is an

event that cannot be broken down into some

combination of other events.

In a random experiment, besides elementary

outcomes—–sample points, we are interested in

some other results.
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Example

A bag contains 10 balls, 3 of which are red, 3

white and 4 black, red–1, 2, 3, white– 4, 5, 6,

black– 7, 8, 9, 10. If a ball is drawn at random,

then the sample space is

Ω2 = {ω1, · · · , ω10}, ωi = { the i-th ball }
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Events

Consider the following results:

A ={the ball drawn out is red or white};

B ={the number of the balls drawn out is less than 5};

C ={the ball drawn out is not a red one}.

These are all events.

A ={ω1, ω2, ω3, ω4, ω5, ω6};

B ={ω1, ω2, ω3, ω4};

C ={ω4, ω5, ω6, ω7, ω8, ω9, ω10}.
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sample space Ω, a certain set composed of sample

points.

Ω—-sure event

∅—- impossible event
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Events

Some relations of Events:

B ⊂ A—If event A happens whenever event B

happens

union: A ∪B

intersection (or product): A ∩B

complement: Ac (or A)

mutually exclusive (or disjoint): A ∩B = ∅



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Events

If A ∩B = ∅, then we define A+B = A ∪B

A−B = AB— the event that A happens but

B does not happen
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Events

Commutative law (��Æ)

A ∪B = B ∪ A,AB = BA;

Associative law ((ÜÆ)

(A ∪B) ∪ C = A ∪ (B ∪ C), (AB)C = A(BC);

Distributive law (©�Æ)

(A∪B)∩C = AC∪BC, (A∩B)∪C = (A∪C)∩(B∪C);

de Morgoan’s law

A ∪B = A ∩B, A ∩B = A ∪B.
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Events

Example 1. Suppose that A,B,C are three

events, then

(1) {both A and B come up while C does

not}= ABC = AB − C = AB − ABC;

(2) {A,B and C all come up} can be written as

ABC;

(3) {at least one of A,B and C come up} can be

written as A ∪B ∪ C or

AB C+ABC+ABC+ABC+ABC+ABC+ABC.
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Example 2

{the system works orderly} = (A∪B)C or AC∪BC.
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Probability space

Probability space A probability space contains three

basic elements (Ω,F , P )

Ω—the sample space

F–σ-fields, σ-algebra—the family of events

P–probability
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Geometrical probability: Ag = { a sample point falls

into region g ⊂ Ω},

P (Ag) =
Measure of g

Measure of Ω
.

If the measure of g does not exists, we can not

define the probability of Ag. So, we do not take

such Ag as an event.
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Probability space

The σ-algebra F of events is a family of Ω subsets

satisfying:

(1) Ω ∈ F ;

(2) If A ∈ F , then A ∈ F ;

(3) If A1, A2, · · · , An, · · · ∈ F , then ∪∞n=1An ∈ F .

F satisfying the above three hypotheses is termed a

σ-algebra (or σ-field) in Ω and the elements of F

(subsets of Ω) are called events.
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Probability space

Properties about σ-algebra of events:

(4) ∅ ∈ F

(∅ = Ω);

(5) If A1, A2, · · · , An, · · · ∈ F , then ∩∞n=1An ∈ F .

Indeed,
∞⋂
n=1

An =
∞⋃
n=1

An;

(6) If A1, A2, · · · , An ∈ F , then ∪nk=1Ak ∈ F ,

∩nk=1Ak ∈ F .
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Probability space

We conclude from the above statement that

inevitable event, the impossible event, and

complements, finite unions, finite intersections,

countable unions, countable intersections of events

are all still events and thus the operations like

complement, union and intersection in σ-algebra of

events are all meaningful.
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Probability space

Examples:

F1 = {∅,Ω}

F2 = { all subset of Ω}

Ω = {ω1, ω2, · · · }—F = { all subset of Ω}

If Ω = R1, the family of all intervals and sets

of the unions, intersections and complements

of them is chosen to be F—-one-dimensional

Borel σ-algebra, denoted by B.

If Ω = Rn, Bn – n-dimensional Borel σ-algebra



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Probability space

Examples:

F1 = {∅,Ω}

F2 = { all subset of Ω}

Ω = {ω1, ω2, · · · }—F = { all subset of Ω}

If Ω = R1, the family of all intervals and sets

of the unions, intersections and complements

of them is chosen to be F—-one-dimensional

Borel σ-algebra, denoted by B.

If Ω = Rn, Bn – n-dimensional Borel σ-algebra



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Probability space

Examples:

F1 = {∅,Ω} F2 = { all subset of Ω}

Ω = {ω1, ω2, · · · }—F = { all subset of Ω}

If Ω = R1, the family of all intervals and sets

of the unions, intersections and complements

of them is chosen to be F—-one-dimensional

Borel σ-algebra, denoted by B.

If Ω = Rn, Bn – n-dimensional Borel σ-algebra



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Probability space

Examples:

F1 = {∅,Ω} F2 = { all subset of Ω}

Ω = {ω1, ω2, · · · }—F = { all subset of Ω}

If Ω = R1, the family of all intervals and sets

of the unions, intersections and complements

of them is chosen to be F—-one-dimensional

Borel σ-algebra, denoted by B.

If Ω = Rn, Bn – n-dimensional Borel σ-algebra



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Probability space

Examples:

F1 = {∅,Ω} F2 = { all subset of Ω}

Ω = {ω1, ω2, · · · }—F = { all subset of Ω}

If Ω = R1, the family of all intervals and sets

of the unions, intersections and complements

of them is chosen to be F—-one-dimensional

Borel σ-algebra, denoted by B.

If Ω = Rn, Bn – n-dimensional Borel σ-algebra



Chapter 1 Events and Probability c©Üá#
1.3 The axiomatic definition of probability

Probability space

'u¯����{

♦ XJΩ = {ω1, ω2, . . .}�¹k��½ö���

:, ù�Ï~�

A = {A : A ⊂ Ω}.

♦ XJΩ�¢ê8R(½öR¥���«m[a, b]),

ù�R��
f8þÃ{½ÂÜn�VÇ. ��

�A�R([a, b])þ�Borel8a:

B = σ
(
{(a, b] : a < b}

)
.

B¥���¡�Borel8Ü.
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�C��8Üa, σ(C)L«�¹C���σ-�.

=

σ(C)´σ-�,

C ⊂ σ(C),

¿�, XJL�´�¹C�σ-�, K7

kσ(C) ⊂ L.
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Probability space

Theorem

�C�Ωþ���8Üa, @o�3����

�σ-�G �¹C, ¿�é?Û�¹C�σ-�L k,

G ⊂ L. =, σ(C)�3���.
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Probability space

y²: P

L =
{
L : L ⊃ C,L �σ-�

}
.

K2Ω ∈ L. ¤±L��.

-

G =
⋂
L∈L

L.

w,G ⊃ C. e¡�yG=�¤¦. Äk, G�σ�.

¯¢þ,

(1) Ï�Ωáuz�L (ù´Ï�L�z��

�L�σ-�), ¤±Ω ∈ G.
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(2) eA ∈ G, Kéz��L ∈ L , A ∈ L. ¤

±A ∈ L (ù´Ï�L�σ-�), ¤±

A ∈
⋂
L∈L

L = G.

(3) eAi ∈ G, Kéz��L ∈ L , Ai ∈ L. ¤

±
⋃∞

i=1Ai ∈ L (ù´Ï�L�σ-�), ¤±

∞⋃
i=1

Ai ∈
⋂
L∈L

L = G.
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��, XJL��¹C�σ-�, @oL ∈ L , ¤

±G ⊂ L.
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···KKK eΩ = {ω1, ω2, . . . , }.

C = {{ω1}, {ω2}, . . . , }. K

σ(C) = 2Ω.
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Probability space

···KKK eR = (−∞,∞)L«ê��, Ke�8a)

¤�Ó�σ�:

1 {(a, b] : a, b ∈ R};
2 {(a, b) : a, b ∈ R};
3 {[a, b] : a, b ∈ R};
4 {(−∞, b] : a, b ∈ R};
5 {(r1, r2) : r1, r2�knê};
6 {G : G�R¥�m8};
7 {F : F�R¥�48};
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yyy²²²: du

(a, b] =
⋂
n

(a, b+ 1/n), (a, b) =
⋃
n

(a, b− 1/n],

¤±(1), (2)¥8a)¤�Ó�σ�. Ó�,(1),

(3)¥8a)¤�Ó�σ�.

d	, d

(−∞, b] =
⋃
n

(−n, b], (a, b] = (−∞, b]\(−∞, a],

(1), (4)¥8a)¤�Ó�σ�.
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d

(a, b) =
⋃

a<r1<r2<b

(r1, r2)

��(2), (5)¥8a)¤�Ó�σ�.

duR¥?�

m8�±L«��õ���m«m�¿, �(2),

(6)¥8a)¤�Ó�σ�. ��,|^m8�{8

�48, ��(6), (7)¥8a)¤�Ó�σ�.
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Probability space

Probability

P is a real function defined on F :

A −→ P (A), satisfying

P1 (non-negativity) P (A) ≥ 0 for all A ∈ F ;

P2 (normalization condition) P (Ω) = 1;

P3 (countable additivity) If A1, · · · , An, · · · are

mutually disjoint events (AiAj = ∅, i 6= j), then

P (
∞∑
n=1

An) =
∞∑
n=1

P (An).
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Probability space

Remark
Remark: A real function defined m on F

satisfying P1 and P3 is called a measure.
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Probability space

Example

We shall construct a probability measure P on an

arbitrary σ-field F in an arbitrary non-empty Ω.

Suppose that ω0 ∈ Ω, define

P (A) = IA(ω0) =

 1, ω0 ∈ A,

0, otherwise

for A ∈ F .

P is clearly a discrete probability measure— a

unit mass at ω0.
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Probability space

Example

Ω = {ω1, ω2, . . .}. Suppose pj = P ({ωj}), and let

F = { all subsets of Ω}. Define

P (A) =
∑
ωj∈A

pj.

The (Ω,F , P ) is a probability space.
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Probability space

Example

Let Ω = (0, 1]. F = B(0,1] be Borel field on (0, 1],

and m be the Lebesgue measure. The (Ω,F ,m)

is a probability space.
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Probability space

Remark

There is an unique measure m on (R,B)

satisfying

m
(
(a, b]

)
= b− a, ∀a < b.

This measure is called the Lebesgue measure on

R.
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Probability space

Remark
In general, there is an unique measure m on

(Rn,Bn) satisfying

m
(
(a1, b1]× · · · × (an, bn]

)
= (b1 − a1) · · · (bn − an),

∀ai < bi.

It is called the Lebesgue measure on Rn.
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Probability space

Example

Let Ω = (−∞,+∞). F = B(−∞,∞) be Borel field

on (−∞,∞), and m be the Lebesgue measure.

p(x) ≥ 0 is a function with
∫∞
−∞ p(x)dx = 1.

Define

P (A) =

∫
A

p(x)dx.

Then (Ω,F , P ) is a probability space.
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Probability space
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1.3 The axiomatic definition of probability

Probability space

Properties for probability:

1 P (∅) = 0.

Proof.

P (Ω) = P (Ω + ∅+ ∅+ · · · )

= P (Ω) + P (∅) + P (∅) + · · ·

implies P (∅) = 0.
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Probability space

2 (finite additivity) If AiAj = ∅ for i 6= j, then

P (
∑n

i=1Ai) =
∑n

i=1 P (Ai).

Proof.

P (
n∑

i=1

Ai) = P (A1 + · · ·+ An + ∅+ · · · )

=
n∑

i=1

P (Ai) +
∞∑

i=n+1

P (∅)

=
n∑

i=1

P (Ai).

3 P (A) = 1− P (A).

Proof. P (A) + P (Ā) = P (Ω) = 1.
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Probability space

4 If B ⊂ A, then P (A−B) = P (A)− P (B).

Proof. The equality is from A = B+ (A−B).

Corollary

(a) (Monotonicity) If B ⊂ A, then

P (B) ≤ P (A).

(b) 0 ≤ P (A) ≤ 1.
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4 If B ⊂ A, then P (A−B) = P (A)− P (B).
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P (B) ≤ P (A).
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1.3 The axiomatic definition of probability

Probability space

5 P (A ∪B) = P (A) + P (B)− P (AB).

Proof. The equality is from

A ∪B = A+ (B − AB).

and AB ⊂ B.

6 P (A−B) = P (A)− P (AB)

Proof. Note that A−B = A− AB and

AB ⊂ A.
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1.3 The axiomatic definition of probability

Probability space

7 (Exclusion-inclusion) (Jordan úª)

P (A1 ∪ A2 ∪ · · · ∪ An)

=
n∑

i=1

P (Ai)−
∑

1≤i<j≤n
P (AiAj) + · · ·

+ (−1)r−1
∑

i1<i2<···<ir

P (Ai1Ai2 · · ·Air)

+ · · ·+ (−1)n−1P (A1A2 · · ·An).

Proof. By (5) and the induction.
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1.3 The axiomatic definition of probability

Probability space

8 (sub-additivity) (Boole’s inequality)

P (
∞⋃
i=1

Ai) ≤
∞∑
i=1

P (Ai).

Proof. Let B1 = A1, B2 = A2A1, · · · ,

Bn = AnA1 · · ·An−1, · · · . Then Bi ∩Bj = ∅

(i 6= j), and Bi ⊂ Ai. Also
⋃∞

i=1Ai =
∑∞

i=1Bi. In

fact, it is obvious that
⋃∞

i=1Ai ⊃
∑∞

i=1Bi.
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Probability space

On the other hand, suppose ω ∈
⋃∞

i=1Ai. Then

ω ∈ Ai for some i.

Let n be the smallest one of

such i’s. Then ω ∈ An, but ω 6∈ Aj,

j = 1, · · · , n− 1. So ω ∈ Bn. It follows that⋃∞
i=1Ai ⊂

∑∞
i=1Bi.

Now, from the countable additivity and the

monotonicity,

P (
∞⋃
i=1

Ai) = P (
∞∑
i=1

Bi) =
∞∑
i=1

P (Bi) ≤
∞∑
i=1

P (Ai).
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Probability space

Example 4. A bag contains n (n ≥ 3) balls

numbered 1, 2, · · · , n respectively. Take three balls

randomly; find the probability that at least one of

ball 1 and ball 2 is taken.
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Probability space

Solution (1).

Let Ai={ ball i is taken}, i = 1, 2,

then the desired probability is

P (A1 ∪ A2) =P (A1) + P (A2)− P (A1A2)

=

(
n−1

2

)(
n
3

) +

(
n−1

2

)(
n
3

) − (n−2
1

)(
n
3

) .
Solution (2). The complement of A1 ∪ A2 is

A1 ∪ A2 = A1 ∩ A2. So

P (A1 ∪ A2) = 1− P (A1 ∩ A2) = 1−
(
n−2

3

)(
n
3

) .
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Probability space

Example 5: (Match problem) Suppose that a

person types n letters, types the corresponding

addresses on n envelopes, and then places the n

letters in the n envelopes in random manner. Find

the probability pn that at least one letter will be

placed in the correct envelope.
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Probability space

Solution. Let Ai={letter i is placed in the correct

envelope}, i = 1, 2, · · · , n, then the required

probability pn is P (∪ni=1Ai).

Note that

P (Ai) =
1

n
;

P (AiAj) =
(n− 2)!

n!
=

1

n(n− 1)
; 1 ≤ i < j ≤ n,

· · · , P (Ai1Ai2 · · ·Aik) =
(n− k)!

n!
; 1 ≤ i1 < · · · ik ≤ n,

· · · , P (A1A2 · · ·An) =
1

n!
.
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Solution. Let Ai={letter i is placed in the correct

envelope}, i = 1, 2, · · · , n, then the required

probability pn is P (∪ni=1Ai). Note that

P (Ai) =
1

n
;

P (AiAj) =
(n− 2)!

n!
=

1

n(n− 1)
; 1 ≤ i < j ≤ n,

· · · , P (Ai1Ai2 · · ·Aik) =
(n− k)!

n!
; 1 ≤ i1 < · · · ik ≤ n,

· · · , P (A1A2 · · ·An) =
1

n!
.
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Probability space

Hence

pn = n · 1

n
−
(
n

2

)
1

n(n− 1)

+

(
n

3

)
1

n(n− 1)(n− 2)
+ · · ·

+(−1)k−1

(
n

k

)
1

n(n− 1) · · · (n− k + 1)

+ · · ·+ (−1)n−1 1

n!

= 1− 1

2!
+

1

3!
− · · ·+ (−1)n−1 1

n!
.
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Probability space

p∞ = 1− 1/e.

The probability in Matching Problem

n 5 6 7 9 ∞

pn 0.633333 0.631944 0.632143 0.632121 0.632121
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Probability space

Example

(æææÚÚÚ¯̄̄KKK) ²¡þ�n�:Úë��:�m�ë����

���ã,P�G. :¡�º:, º:�m�ë���>,�

k
(
n
2

)
^>. �½���êk. G¥?¿k�º:ëÓ�A�>

��¤��k�º:���fã, G¥�k
(
n
k

)
�ù��fã,

P�Gi,i = 1, · · · ,
(
n
k

)
. yòãG�z^>ã¤ùÚ½7Ú.

¯´Äk�«æÚ�{, ¦�vk��fãGi�
(
k
2

)
^>Ó

�ôÚ.

ù´��(½5�¯K, e¡·�^VÇ�{(probabilistic

method)y², �nØ���(�éuk), �Y´�½�.
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Probability space

·�éG�>?1�ÅæÚ, z^>�ùÚÚ7Ú�VÇþ

�1/2. P¯�

Ei = {fãGi �>�ôÚ�Ó}.

@o
⋃

iEiÒL«���3��fã¦�§��>ôÚ�Ó.

´�

P (Ei) =P (Gi �>�þ�ùÚ) + P (Gi �>�þ�7Ú)

=2
1

2(k
2)

=
(1

2

)k(k−1)/2−1
.
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l


P (
⋃
i

Ei) ≤
∑
i

P (Ei)

=

(
n

k

)(1

2

)k(k−1)/2−1
.

¤±� (
n

k

)
< 2k(k−1)/2−1,

�, P (
⋃

iEi) < 1. ù`²,
⋂

iEi 6= ∅. l
, 3þã^�e,

��k�«æÚ�{, ¦�vk��kk�º:!¤k>Ó

�ôÚ���fãGi.
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Probability space

Remark: The method of introducing probability to

a problem whose statement is purely deterministic

has been called the probabilistic method.

Probabilistic method �)ûêÆ¥��
(J¯

K�5éõ�B.

~X: �é�ëY
q??Ø���¼êØ´�

©w,�. 
|^VÇ��{, �±y²ù��¼

ê'��¼êõ�õ.
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Continuity of probability measure

Continuity of probability measure

(Ω,F , P ) —a probability space.

Suppose A1, A2, · · · , is a sequence of increasing

events, i.e., A1 ⊂ A2 ⊂ · · · ⊂ An ⊂ · · · . Denote

A = ∪∞n=1An
∧
= lim

n→∞
An.
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Continuity of probability measure

Suppose that A1, A2, · · · , is a sequence of

increasing events with A as its limit, then

P (A) = P ( lim
n→∞

An) = lim
n→∞

P (An).
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1.3 The axiomatic definition of probability

Continuity of probability measure

Proof. Let A0 = ∅, Bk = Ak − Ak−1, k = 1, 2, · · · ,

then

A = B1 ∪B2 ∪B3 ∪ · · · ,

the union of a series of disjoint events. By the

countable additivity of probability, we have

P (A) =P (A1) + P (B2) + P (B3) + · · ·

= lim
n→∞

n∑
k=1

P (Bk).
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Continuity of probability measure

Since B1 + · · ·+Bn + ∅+ · · · = An, by the the

countable additivity of probability again we have

n∑
k=1

P (Bk) + 0 + · · · = P (An).

Therefore we have

P (A) = lim
n→∞

n∑
k=1

P (Bk)

= lim
n→∞

P (An),

which completes the proof.
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Continuity of probability measure

Similarly, if An is a sequence of decreasing events

and

A =
∞⋂
n=1

An
∧
= lim

n→∞
An,

then

P (A) = P ( lim
n→∞

An) = lim
n→∞

P (An).
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Continuity of probability measure

In general, for a sequence of events {An}, we denote

lim inf
n→∞

An =
∞⋃
n=1

∞⋂
m=n

Am, (An �õkk��Øu))

lim sup
n→∞

An =
∞⋂
n=1

∞⋃
m=n

Am. (An u)Ã¡õ�)

It is easily seen that

lim inf
n→∞

An ⊂ lim sup
n→∞

An.
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Continuity of probability measure

If

lim inf
n→∞

An = lim sup
n→∞

An,

we say that the limit of An exists and denote

lim
n→∞

An = lim sup
n→∞

An.
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Continuity of probability measure

It is easily seen that (Fatou Lemma)

P (lim inf
n→∞

An) =P (
∞⋃
n=1

∞⋂
m=n

Am)

= lim
n→∞

P (
∞⋂

m=n

Am) ≤ lim inf
n→∞

P (An).

P (lim sup
n→∞

An) =P (
∞⋂
n=1

∞⋃
m=n

Am)

= lim
n→∞

P (
∞⋃

m=n

Am) ≥ lim sup
n→∞

P (An).

So, if limn→∞An exists, then

P ( lim
n→∞

An) = lim
n→∞

P (An).
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Continuity of probability measure

Theorem

For a sequence of events {An}, we have

P (lim inf
n→∞

An) ≤ lim inf
n→∞

P (An);

P (lim sup
n→∞

An) ≥ lim sup
n→∞

P (An).

If limn→∞An exists, then

P ( lim
n→∞

An) = lim
n→∞

P (An).
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Continuity of probability measure

Theorem
If P : F → R is a finite additive function on the

σ-field F , and if An ↘ ∅ for sets An ∈ F implies

P (An)→ 0, then P is countably additive.
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Continuity of probability measure

Proof. Suppose B =
∑∞

m=1Bm for disjoint sets

Bm ∈ F .

Then Cn =
∑∞

m=n+1Bm ∈ F ,

B =
∑n

m=1Bm + Cn and Cn ↘ ∅. It follows that

P (B) =
n∑

m=1

P (Bm) + P (Cn)

due to the finite additivity, which gives

P (B)−
∑n

m=1 P (Bm) = P (Cn)→ 0. Hence

P (B) =
∞∑

m=1

P (Bm).
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Continuity of probability measure

Corollary

If P : F → R is a finite additive function on the

σ-field F , and if An ↗ Ω for sets An ∈ F implies

P (An)↗ P (Ω) <∞, then P is countably

additive.
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Continuity of probability measure

Example 6. Toss a fair coin infinitely many times

independently, the probability that no head comes

up is obviously 0. Use the above continuity theorem

to explain this fact rigorously.
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Continuity of probability measure

Proof: Let An is the event that no head comes up

in the first n tosses. Then A =
⋂∞

n=1An is the

event that no head comes up in all infinitely many

tosses. Then we have An ⊃ An+1.

So

P (A) = lim
n→∞

P (An) = lim
n→∞

1

2n
= 0.
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