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Statistical definition of probability:
Fn(A) = TLWA stabilizes to P(A).

Classical probability:

#A

P(4) = 4.

Geometrical probability:

Measure of g

P(A,)) = )
( g) Measure of (2
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1.3 The axiomatic definition of probability
(ME2R 1A BAL E )

Events

A sample point (often called an outcome) is an
event that cannot be broken down into some
combination of other events.

In a random experiment, besides elementary
outcomes——sample points, we are interested in

some other results.
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Example
A bag contains 10 balls, 3 of which are red, 3

white and 4 black, red—1, 2, 3, white— 4, 5, 6,
black— 7, 8,9, 10. If a ball is drawn at random,

then the sample space is




nts and Probability

matic definition of probability

Example
A bag contains 10 balls, 3 of which are red, 3

white and 4 black, red—1, 2, 3, white— 4, 5, 6,
black— 7, 8,9, 10. If a ball is drawn at random,

then the sample space is

QQ = {wl, cee ,wm}, w; = { the ¢-th ball }
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Consider the following results:
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C Z{the ball drawn out is not a red one}.

These are all events.
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1.3 The axiomatic definition of probability

Events

Consider the following results:

A ={the ball drawn out is red or white};
B :{the number of the balls drawn out is less than 5};

C Z{the ball drawn out is not a red one}.
These are all events.

A ={w1,ws, w3, wy, ws, We};
B ={w1, w2, w3, wy};

C :{W4, Ws, We, Wr, W, Wy, wlO}-
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An event A is defined as a certain subset of the
sample space (2, a certain set composed of sample

points.
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1.3 The axiomatic definition of probability

Events

An event A is defined as a certain subset of the
sample space (2, a certain set composed of sample
points.

{)—-sure event

()—- impossible event
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Events

Some relations of Events:
e B C A—If event A happens whenever event B
happens
@ union: AUB
@ intersection (or product): AN B
o complement: A¢ (or A)

e mutually exclusive (or disjoint): AN B = ()
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Events

o If AN B =0, then we define A+ B=AUB

o A — B = AB— the event that A happens but

B does not happen



Commutative law (52 #t1#)
AUB=BUA,AB = BA:

Associative law (455 18)

(AUB)UC = AU (BUC),(AB)C = A(BC):
Distributive law (73HC1H)
(AUB)NC = ACUBC, (ANB)UC = (AUC)N(BUC);

de Morgoan's law

AUB=ANB, ANB=AUB.
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events, then

(1) {both A and B come up while C' does
not}= ABC = AB—C = AB — ABC:
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Events

Example 1. Suppose that A, B, C' are three
events, then

(1) {both A and B come up while C' does
not}= ABC = AB—C = AB — ABC:

(2) {A, B and C all come up} can be written as
ABC,



Example 1. Suppose that A, B, C' are three

events, then

(1) {both A and B come up while C' does

not}= ABC = AB—C = AB — ABC:

(2) {A, B and C all come up} can be written as
ABC;

(3) {at least one of A, B and C' come up} can be
written as AU B U C or

AB C+ABC+A BO+ABC+ABC+ABC+ABC.
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Events

Example 2
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Events

Example 2

{the system works orderly} = (AUB)C or ACUBC.
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Probability space

Probability space A probability space contains three
basic elements (2, F, P)

()—the sample space

F—o-fields, o-algebra—the family of events

P—probability
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Geometrical probability: A, = { a sample point falls

into region g C 1},

_ Measure of g

P(A,)) = )
(4g) Measure of )



Chapter 1 Events and Probability
1.3 The axiomatic definition of probability

Probability space

Geometrical probability: A, = { a sample point falls

into region g C 1},

_ Measure of g

P(A,)) = )
(4) Measure of )

If the measure of g does not exists, we can not

define the probability of A,.
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1.3 The axiomatic definition of probability

Probability space

Geometrical probability: A, = { a sample point falls

into region g C 1},

Measure of g
P(Ag) =

~ Measure of

If the measure of g does not exists, we can not
define the probability of A,;. So, we do not take

such A, as an event.



Chapter 1 Events and Prob

1.3 The axiomatic definition (f ])l(b ability

Probability space

The o-algebra F of events is a family of {2 subsets
satisfying:

(1) Q e F;

(2) If A€ F, then A € F;

(3) If Ay, Ag,--- A,,--- € F, then U A, € F.
F satisfying the above three hypotheses is termed a
o-algebra (or o-field) in €2 and the elements of F

(subsets of €2) are called events.
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1.3 The axiomatic definition of probability
Probability space

Properties about o-algebra of events:
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Indeed,
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Probability space

Properties about o-algebra of events: (4) 0 € F
(0 =9Q);

(5) If A1, Ay, -+ A, -+ € F, then N0, A, € F.
Indeed,

(6) If Ay, Ay, -+, A, € F, then U'_ A} € F,
ZzlAk e F.
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Probability space

We conclude from the above statement that
inevitable event, the impossible event, and
complements, finite unions, finite intersections,
countable unions, countable intersections of events
are all still events and thus the operations like
complement, union and intersection in o-algebra of

events are all meaningful.
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Probability space

Examples:

o F1 ={0,Q} Fo={ all subset of Q}

o = {wy,wy, - }—F = { all subset of Q}

o If Q = R!, the family of all intervals and sets
of the unions, intersections and complements
of them is chosen to be F—-one-dimensional

Borel o-algebra, denoted by £.
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1.3 The axiomatic definition of probability

Probability space
Examples:

o F1 ={0,Q} Fo={ all subset of Q}
o = {wy,wy, - }—F = { all subset of Q}

o If Q = R!, the family of all intervals and sets
of the unions, intersections and complements
of them is chosen to be F—-one-dimensional

Borel o-algebra, denoted by £.

o If Q = R", A" — n-dimensional Borel o-algebra
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Probability space

o KT I A B
<> ﬁu%@ = {wy, wo, .. }REFRABE ] HIAS
R, I EX

A={A:ACQ}.



o KT I A B
O WHRQ = {wy,wy, ...} AEHRAEEE 54
,,,,, L, XA 38 Y

A={A:ACQ}.

O WERQNSEHEE R(EE R H)— AN X 8] [a, 1)),
KB R — 4L ok A BEMZ. —MK
HANR([a, b)) L ¥Borel 35

B = 0({(@,6] La < b})
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Probability space

WCH—HRER, o(C)ERTECHER/No-1k.
&l
o o(C)rEo-15,
o CCo(C),
o 3t H, WIELIRASCHo-ER, NS
HolC)C L
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Probability space

Theorem

WCHOER—MEGR, A —
PNo-dG BEC, I BXMEMESCHo-HL A,
G C L. BN, o(C)fFAE HME—.
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Probability space

uEEe: e

&= {c . L>C,L ?aa-iaz}.

2% e £ PFrh g Nz, 4

G=() L

Le?

ARG D C. NHEUEGRINFTK.

P4



Probability space

uEEe: e

&= {c . L>C,L ?aa-iaz}.

2% e £. frd g iz, 4

G=() L

Le?
BARG O C. FIEWIEGEI AR, B2, GHo.
B k
(1) BEQR TRAL (X2 LR T
LLA0), FiLhQ € 6.
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Probability space

(2) HAe g, WXNF—1NMLe L Ac L P
PIA € £ (XREALAo-1K), B A

Ae (1 £=6.

Le?



ae:
Probability spa

(2) HAe g, WXNF—1NMLe L Ac L P
PIA € £ (XREALAo-1K), B A
Ae (1 £=6.

LeZ
(3) #HA € G MM —NLe L A €L
PAUZ, A € L (X2EFALAC-), Frlk

UAeﬂﬁ G.

Le?



Ch iptel 1 Events and Pr bility ©5KILHT
tion of probability

Probability space

wJa, MRLAEECHIo-I, IBAL € L, Fir
LG C L.
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1.3 The axiomatic definition of probability
Probability space

i H5Q = {wy,ws, ..., }.
C={{wi}, {wn},....}. W



il 4 R = (—o0, 00) KB E &, W TF5E3RA
FSCAH ] PR otk

Q@ {(a,b]:a,b€ R};

Q@ {(a,b):a,b€ R};

Q@ {[a,b] : a,b € R};

Q@ {(—o0,b]:a,b€ R}

Q@ {(r1,m) : ri, o NEFRELY,

Q@ {G: GARFHIHEE},

Q@ {F: FARTHIMEY



Probability space

WERH: BT

(a,0] = ((a,b+1/n), (a,b) =| J(a,b—1/n],

FITBA(1), (2)FSESRAE A A M otgl. [FIFE, (1),
(3) R EESRAE A [F] () o k.



WERH: BT

(a,0] = ((a,b+1/n), (a,b) =| J(a,b—1/n],

FFEA(L), (2)FFEEKAE oAt R o 0. TR (1),
(3) AR A R o3k, B4, il

(—o00,b] = U(_nvb]o (a,b] = (=00, b]\(—00, dl,

n

(1), (4)HEERAE AR R A o35k



of probability

Probability space

(CL, b) = U (Th T2)

a<ri<ro<b

ALHIN(2), (5) A A Bl [F] 1 o3k
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Probability space

(CL, b) = U (Th T2)

a<ri<ro<b

AJFA(2), (5) HERRAEMA R0, BT RHAE—
THEEF PIR7R A Z v BT X TR F, #(2),
(6) FH FESRAE A [F] (1) o k.



(CL, b) = U (Th T2)

a<ri<ro<b

AJFA(2), (5) HERRAEMA R0, BT RHAE—
TFEE AT LRIR N2 2 Al SIS TF X TE] [ 5F, #0(2),
(6) &R RA AR R otk e Ja A TR R
N, W15(6), (7)H A AR R H ok
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Probability
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Probability space

Probability P is a real function defined on F:

A — P(A), satisfying

Py (non-negativity) P(A) > 0 for all A € F;

P, (normalization condition) P(£2) = 1;

P3 (countable additivity) If Ay, -, A, .- are
mutually disjoint events (A4;4; =0, i # j), then
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Probability space

Remark
Remark: A real function defined m on F

satisfying Py and Pj s called a measure.
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Probability space
Example
We shall construct a probability measure P on an

arbitrary o-field F in an arbitrary non-empty {2.
Suppose that wy € €2, define

1, wy € A,
P(A) = La(wo) =
0, otherwise
for A € F.

P is clearly a discrete probability measure— a

unit mass at wy.
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Probability space

Example
Q = {wy,ws,...}. Suppose p; = P({w,}), and let

F = { all subsets of Q}. Define

P(A) = p;

ijA

The (2, F, P) is a probability space.
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Probability space

Example
Let Q = (0,1]. F = Byy,1) be Borel field on (0, 1],

and m be the Lebesgue measure. The (€2, F,m)

is a probability space.
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1.3 The axiomatic definition of probability

Probability space

Remark
There is an unique measure m on (R, B)

satisfying
m((a,b]) =b—a, VYa<b.

This measure is called the Lebesgue measure on

R.
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1.3 The axiomatic definition of probability

Probability space

Remark

In general, there is an unique measure m on

(R",B") satisfying

m((al, bi] X -+ X (ay, bn]) = (by —ay) - (b, — ap),
Ya; < b;.

It is called the Lebesgue measure on R".




nd Probability
¢ definition of probability

ce

Example
Let 0 = (—00,400). F = B(_x,) be Borel field

on (—oo,00), and m be the Lebesgue measure.
p(z) > 0 is a function with [* p(z)dz = 1.
Define

P(A) = /Ap(x)dx.

Then (2, F, P) is a probability space.




Fods B, BLJE AR A
SLAEMESR 2 [ AL B, Brid 3
HIQH) TS Al e N1
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1.3 The axiomatic definition of probability
Probability space

Properties for probability:
@ P(0)=0.



nd Probability
¢ definition of probability

Properties for probability:

@ P(0) =0.
Proof.

PQ) = PQ+0+0+)
= P(Q)+ P0) + P(0) +---

implies P(()) = 0.
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Q (finite additivity) If A;A; = ) for i # j, then
P(X i Ai) = 2051, P(A).
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nd Probability
¢ definition of probability

ce

Q (finite additivity) If A;A; = ) for i # j, then
P(X i Ai) = 2051, P(A).

Proof.

PO " A) = PAi+-+A,+0+--)
i=1

n o0

= Y P(A)+ > P®)

i=1 i=n+1

= Y P(A).

=1
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ce

Q (finite additivity) If A;A; = ) for i # j, then
P(X i Ai) = 2051, P(A).

Proof.

PO " A) = PAi+-+A,+0+--)
i=1

n o0

= Zp(Ai)fZ P(0)
= ZP(AZ-).
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ce

Q (finite additivity) If A;A; = ) for i # j, then
P(X i Ai) = 2051, P(A).

Proof.

PO " A) = PAi+-+A,+0+--)
i=1

n o0

= Zp(Ai)fZ P(0)
= ZP(AZ-).
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Probability space

Q If BC A, then P(A— B) = P(A) — P(B).
Proof. The equality is from A = B+ (A — B).
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1.3 The axiomatic definition of probability

Probability space

Q If BC A, then P(A— B) = P(A) — P(B).
Proof. The equality is from A = B+ (A — B).

Corollary
(a) (Monotonicity) If B C A, then
P(B) < P(A).

(b)0< P(A) < 1.
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1.3 The axiomatic definition of probability
Probability space




nd Probability
¢ definition of probability

ce

@ P(AUB)=P(A)+ P(B)— P(AB).
Proof. The equality is from

AUB=A+ (B - AB).

and AB C B.
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Probability space

@ P(AUB)=P(A)+ P(B)— P(AB).
Proof. The equality is from

AUB=A+ (B - AB).
and AB C B.

@ P(A— B) = P(A) — P(AB)
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Probability space

@ P(AUB)=P(A)+ P(B)— P(AB).
Proof. The equality is from

AUB=A+ (B - AB).
and AB C B.

@ P(A— B) = P(A) — P(AB)
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Probability space

@ P(AUB)=P(A)+ P(B)— P(AB).
Proof. The equality is from

AUB=A+ (B - AB).
and AB C B.

Q@ P(A—B)=P(A) — P(AB)
Proof. Notethat A— B=A — AB and
AB C A.



nd Probability
atic definition of probability

Probability space

@ (Exclusion-inclusion) (Jordan A )

P(AjUAU---UA,)

=Y P(A)— > PAA)+--
i=1 1<i<j<n
+(-D)" > P(AL A, A

11 <9 <-<ip

+ .-+ (—1)n_1P(A1A2 S An)



nd Probability
atic definition of probability

Probability space

@ (Exclusion-inclusion) (Jordan A )

P(AjUAU---UA,)

=Y P(A)— > PAA)+--
i=1 1<i<j<n
+(-D)" > P(AL A, A

11 <9 <-<ip

+ .-+ (—1)n_1P(A1A2 S An)



nd Probability
atic definition of probability

Probability space

@ (Exclusion-inclusion) (Jordan A )

P(AyUAU---UA,)

=Y P(A)— > PAA)+--

i=1 1<i<j<n

+(-D)" > P(AL A, A

11 <9 <-<ip

b (D)IP(A Ay - A,

Proof. By (5) and the induction.
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@ (sub-additivity) (Boole's inequality)

P(U A) < Z P(4;).
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Probability space

@ (sub-additivity) (Boole's inequality)

P(U A) < Z P(4;).
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Probability space

@ (sub-additivity) (Boole's inequality)

P(U A;) < Z P(A)).

PI‘OOf. Let Bl = Al, BQ = A2Z1, tt
B,=AA1---A,_1, -



Probability
efinition of probability

@ (sub-additivity) (Boole's inequality)

P(U A;) < Z P(A)).

Proof. Let Bl = Al, BQ = Agzl, cee
B, = AyAy -+ A,_q, -+ Then BN B; =0
(Z 7é ]), and Bl C Az Also U;.il Az = Zjil Bz
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Probability space

@ (sub-additivity) (Boole's inequality)

P Ja)<> P

Proof. Let By = Ay, By = AAq, -+,
n=A,A1---A,1,---. Then BN B; =10

(i #7), and B; C A;. Also |J2, Ai => .2, B;. In

fact, it is obvious that | J;=; A; D > o B;.
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On the other hand, suppose w € | J;=; A;. Then

w € A; for some 1.
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1.3 The axiomatic definition of probability

Probability space

On the other hand, suppose w € | J;=; A;. Then
w € A; for some i. Let n be the smallest one of

such ¢'s. Then w € A, but w € A;,
j=1,---,n—1. Sow € B,. It follows that

U2 4i C Y2 B
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Probability space

On the other hand, suppose w € | J;=; A;. Then
w € A; for some 7. Let n be the smallest one of
such ¢'s. Then w € A, but w € A;,
j=1,---,n—1. Sow € B,. It follows that
UiZi 4 € 325 B:.

Now, from the countable additivity and the

monotonicity,

o

P(U A;) = P(Z B;)

1=1
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Probability space

On the other hand, suppose w € | J;=; A;. Then
w € A; for some 7. Let n be the smallest one of
such ¢'s. Then w € A, but w € A;,
j=1,---,n—1. Sow € B,. It follows that
UiZi 4 € 325 B:.

Now, from the countable additivity and the

monotonicity,
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Probability space

On the other hand, suppose w € | J;=; A;. Then
w € A; for some 7. Let n be the smallest one of
such ¢'s. Then w € A, but w € A;,
j=1,---,n—1. Sow € B,. It follows that
UiZi 4 € 325 B:.

Now, from the countable additivity and the

monotonicity,

P(UAz‘) :P(ZBi) :ZP(Bi) < ZP A
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1.3 The axiomatic definition of probability

Probability space

Example 4. A bag contains n (n > 3) balls
numbered 1,2, --- , n respectively. Take three balls
randomly; find the probability that at least one of
ball 1 and ball 2 is taken.



1.3 The axiomatic definition of probability

Probability space

Solution (1).
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Probability space

Solution (1). Let A;={ ball i is taken}, i = 1,2,
then the desired probability is



nd Probability
atic definition of probability

Probability space

Solution (1). Let A;={ ball i is taken}, i = 1,2,
then the desired probability is

P(Al U AQ) :P(Al) =F P(AQ) = P(A1A2)
_(5) ) ()

HOREOEGE




nd Probability
atic definition of probability

Probability space

Solution (1). Let A;={ ball i is taken}, i = 1,2,
then the desired probability is

P(Al U AQ) :P(Al) =F P(AQ) = P(A1A2)
_() () ()
)R YR ¢
Solution (2). The complement of A; U A is
AjU Ay = A1 N A,




nd Probability
atic definition of probability

Probability space

Solution (1). Let A;={ ball i is taken}, i = 1,2,
then the desired probability is

P(Al U AQ) :P(Al) =F P(AQ) = P(A1A2)
_() () ()
)R YR ¢
Solution (2). The complement of A; U A is
A1 UA2 :A_lﬂA_Q So

P(A1UAy) =1—P(A N Ay)
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Probability space

Solution (1). Let A;={ ball i is taken}, i = 1,2,
then the desired probability is

P(Al U AQ) :P(Al) =F P(AQ) = P(A1A2)
_() () ()
)R YR ¢
Solution (2). The complement of A; U A is
A1 UA2 :A_lﬂA_Q So

P(AJUA)=1—-P(ANAy)=1~—
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1.3 The axiomatic definition of probability

Probability space

Example 5: (Match problem) Suppose that a
person types n letters, types the corresponding
addresses on n envelopes, and then places the n
letters in the n envelopes in random manner. Find
the probability p, that at least one letter will be

placed in the correct envelope.
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Probability space

Solution. Let A;={letter i is placed in the correct
envelope}, i = 1,2,---  n, then the required

probability p,, is P(U!,A;).
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Probability space

Solution. Let A;={letter i is placed in the correct
envelope}, i = 1,2,---  n, then the required

probability p,, is P(U_;A;). Note that

1
(4) =
(n—2)! 1 S
P(A;A;) o myP— 1<i<j<n,
— k)
(AMA o Ak): (n |k‘).7 1<21<' Zk<n7
n:
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Probability space

Hence



nd Probability
¢ definition of probability
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Probability space

Poo =1 —1/e.

The probability in Matching Problem
n 5 6 7 9 00

pr | 0.633333 | 0.631944 | 0.632143 | 0.632121 | 0.632121
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Example

(08, 0 ) TR B A 4 6 2 D 2
Ase AP ARAEG. AUBRETRA, TH A2 (A e £k i, 35
1 () 40, i — ARk, G PR TR AT A MR LA
R AT A 52 4 T, Gritf (7)) AN RER T8,
G =1, (7). DA BIGHIAE i B ATt B T
i BB R, s AT EGH (Y Rl
— it




in's
axiomatic definition of probability

Probability space

Example

(08, 0 ) TR B A 4 6 2 D 2
Ase AP ARAEG. AUBRETRA, TH A2 (A e £k i, 35
1 () 40, i — ARk, G PR TR AT A MR LA
R AT A 52 4 T, Gritf (7)) AN RER T8,
G =1, (7). DA BIGHIAE i B ATt B T
i BB R, s AT EGH (Y Rl
— it

XA — AN E LR iR, T T ERATT R BE SR 77 (probabilistic
method)WER, Zn A KK (X Tk), B 528 H E 1.
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AT GHIL AT RENLIR 0, B 21 AL AN (5 12 25
N1/2. i

E; = {THEG; SAKZEME}.

A, ERnR B A — AT B B S U B e A,



Pro‘r d} ility space

AT GHIL AT RENLIR 0, B 21 AL AN (5 12 25
N1/2. i

E; = {THEG; SAKZEME}.

WA, EGRRR 2D AEAE— A+ B A5 & 1 % A S A R
il

P(E;) =P(G; SIAM¥IRLAEA) + P(G; FiAM35 R )

1 1\ k(k=1)/2-1
o L Ly
2(2) 2
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NI

P(JE) < Z P(E;)

n <1)k‘(kl)/21

k) \2
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Probability space

NI

FTBL=

n
< Qk(k=1)/2-1
(&)

i, P(U, E;) < 1.
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Probability space

M
P(JE) < ZP(El)
n\ 71\ k(k-1)/2-1
B (k) <§)
BT A4

n
< Qk(k=1)/2-1
(&)

B, P(U, B:) < 1. XU, N, B £ 0. i, ELLMﬁFF
2/H—MREH L, FEEAE - NEEN R rEid
—EiE e THEG;.
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Probability space

Remark: The method of introducing probability to
a problem whose statement is purely deterministic

has been called the probabilistic method.

Probabilistic method i tRE]L 7 H [ — L6 PR i)
T RAR 2 7 A

B an: ELAR B LE T )AL AEAS A] 5 ) R EA
3-SR, T A MR B 7792, AT DAE B IR A 1) Ry
AR TR EZCED
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Continuity of probability measure

Continuity of probability measure
(Q, F, P) —a probability space.
Suppose A1, As, - -, is a sequence of increasing
events, i.e., Ay C Ay C---C A, C---. Denote

A=U% A4, £ lim A,.

n—oo
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Continuity of probability measure

Suppose that Ay, A, -- -, is a sequence of

increasing events with A as its limit, then

P(A) = P(lim A,) = lim P(A,).

n—oo n—oo
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1.3 The axiomatic definition of probability
Continuity of probability measure

Proof. Let Ay =0, B, = A, — Aj_1,k=1,2,---,

then
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1.3 The axiomatic definition of probability

Continuity of probability measure

Proof. Let Ay =0, B, = A, — Aj_1,k=1,2,---,
then
A=BUBUB3U---,

the union of a series of disjoint events.
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Continuity of probability measure

Proof. Let Ay =0, B, = A, — Aj_1,k=1,2,---,
then
A=BUBUB3U---,

the union of a series of disjoint events. By the

countable additivity of probability, we have

P(A) =P(Ay) + P(Bs) + P(B3) +

n—00
k=1
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Continuity of probability measure

Since By +---+ B, +0+---= A,, by the the

countable additivity of probability again we have
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1.3 The axiomatic definition of probability

Continuity of probability measure

Since By +---+ B, +0+---= A,, by the the

countable additivity of probability again we have

Xn:P(Bk) + 0+ = P(Ay).
k=1
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Continuity of probability measure

Since By +---+ B, +0+---= A,, by the the

countable additivity of probability again we have

> P(Bi)+0+--- = P(A,).
k=1
Therefore we have

n

P(A) = lim S P(B)

n—00
k=1

= lim P(A,),

n—oo
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Continuity of probability measure

Since By +---+ B, +0+---= A,, by the the

countable additivity of probability again we have

> P(Bi)+0+--- = P(A,).
k=1
Therefore we have

n

P(A) = lim » P(By)
k=1

= lim P(A,),

n—oo

which completes the proof.
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Continuity of probability measure

Similarly, if A, is a sequence of decreasing events

and

A—ﬁ&}hmm,

n—00
n=1

then

P(A) = P(lim A,) = lim P(A,).

n—oo n—o0
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Continuity of probability measure

In general, for a sequence of events {4, }, we denote

liminf A, = | | [ Am, (A ZEHEHERADMARE)

n—00
n—= 1m n

hmsupA ﬂ U A (A RETT Z1)

n=1m=n
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1.3 The axiomatic definition of probability

Continuity of probability measure

In general, for a sequence of events {4, }, we denote

liminf A, = | | [ Am, (A ZEHEHERADMARE)

n—oo

n*l m=n
hmsupA ﬂ U A (A RETT Z1)
n=1m=n

It is easily seen that

liminf A, C limsup A,,.

n—00 n—00
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Continuity of probability measure

liminf A, = limsup A,
n—0o0 n—00

we say that the limit of A,, exists and denote

lim A, = limsup A,,.

ey n—00



The axiomatic de on of probability

Continuity of probability measure

It is easily seen that (Fatou Lemma)

P(llHi)lan U ﬂ An

n=1m=n

= lim P([ | A») < liminf P(A,).

n—o0 n—oo



The axiomatic de on of probability

Continuity of probability measure

It is easily seen that (Fatou Lemma)

P(llHi)lan U ﬂ An

n=1m=n

= lim P([ | A») < liminf P(A,).

n—o0 n—oo

P(limsup A,,) ﬂ U Am

n—00
n=1m=n

= lim P( U A,,) > limsup P(A,).

n—00 n—00
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1.3 The axiomatic definition of plob ability

Continuity of probability measure

It is easily seen that (Fatou Lemma)

P(llHi)lan U m An

n=1m=n

= lim P([ | A») < liminf P(A,).

n—o0 n—oo

P(limsup A,,) :P(ﬂ U An)

n—00
n=1m=n

= lim P( U A,,) > limsup P(A,).

n—00 n—00

So, if lim,,_, A,, exists, then

P(lim A,) = lim P(A4,).

n—o0 n—00
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Continuity of probability measure

Theorem
For a sequence of events {A,}, we have

P(liminf A,) < liminf P(A,);

n—oo n—oo

P(limsup A,) > limsup P(A,).

n—oo n—oo

If lim,,_, A, exists, then

P(lim A,) = lim P(A,).

n—oo n—oo
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1.3 The axiomatic definition of probability

Continuity of probability measure

Theorem
If P: F — R s a finite additive function on the

o-field F, and if A, \ 0 for sets A, € F implies
P(A,) — 0, then P is countably additive.
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1.3 The axiomatic definition of probability
Continuity of probability measure

Proof. Suppose B =) "_, B, for disjoint sets
B, € F.
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Continuity of probability measure

Proof. Suppose B =) "_, B, for disjoint sets
Bp,eF. ThenC, =% Bn€F,
B=>"_By,+C,and C, 0.
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Continuity of probability measure

Proof. Suppose B =) "_, B, for disjoint sets
Bp,eF. ThenC, =% Bn€F,
B=>"_By,+C,and C, N\, 0. It follows that

= zn: P(B,,) + P(C,)

due to the finite additivity, which gives
P(B) _Zn— P(Bm) - P(Cn) — 0.

m=1
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¢ definition of probability

robability measure

Proof. Suppose B =) "_, B, for disjoint sets
Bp,eF. ThenC, =% Bn€F,
B=>"_By,+C,and C, N\, 0. It follows that

= zn: P(B,,) + P(C,)

due to the finite additivity, which gives
P(B)->Y" _, P(B,) = P(C,) — 0. Hence

- ZP(Bm)
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1.3 The axiomatic definition of probability

Continuity of probability measure

Corollary
If P: F — R is a finite additive function on the

o-field F, and if A, /Q for sets A, € F implies
P(A,) /7 P(Q) < oo, then P is countably
additive.
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1.3 The axiomatic definition of probability

Continuity of probability measure

Example 6. Toss a fair coin infinitely many times
independently, the probability that no head comes
up is obviously 0. Use the above continuity theorem

to explain this fact rigorously.
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Continuity of probability measure

Proof: Let A, is the event that no head comes up
in the first n tosses. Then A = ()", A, is the
event that no head comes up in all infinitely many

tosses. Then we have A, D A, ;1.
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1.3 The axiomatic definition of probability

Continuity of probability measure

Proof: Let A, is the event that no head comes up
in the first n tosses. Then A = ()", A, is the
event that no head comes up in all infinitely many
tosses. Then we have A, D A, 1. So

P(A) = lim P(A,) =

n—oo
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Continuity of probability measure

Proof: Let A, is the event that no head comes up
in the first n tosses. Then A = ()", A, is the
event that no head comes up in all infinitely many

tosses. Then we have A, D A, 1. So

P(A) = Tim P(A,) = lim — = 0.

n—00 n—oo 2N
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