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Chance, expectation, ...... , these words we are using

frequently are related to probability.

Probability theory originated from calculations of

probabilities in games of chance.
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Where does the chance come from? If every thing is

deterministic, we have no chance.

There are normally two classes of phenomena in

nature and human society.
@ Deterministic phenomenon

@ Random phenomena
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Deterministic phenomenon(fffi € 1314 ), is bound
to take place under a certain condition. For example
1. The area in a circle is S = 7wr?;

2. The distance a free-fall object travels within ¢
minutes is gt%/2;

3. Water boils at 100 centigrade under standard

atmosphere pressure.

sure event () and impossible events ( )
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Random phenomenon(FEHLINLS), in which the
events are not sure to take place.

For example

1. It will rain on next January 1 in Hangzhou;

2. 850 out of 1000 seeds one plants will germinate;
3. The distance between the target and the

projectile one fires is less than 15 meters.

random event(FEANLE1F)
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Properties of random phenomenon (random events)
(1) uncertainty( AN 2 14)

In a random phenomenon, the outcome is not
predicted with certainty in each individual
experiment.

If we repeatedly observe a random phenomenon
under a certain condition, the outcomes may be

different from places to places.
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Remark 1: But all possible outcomes are known.

Remark 2. A random phenomenon can be repeated

under the same condition.
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(2) statistical regularity(F8iHFIE:)

The outcomes of a great deal of repeated
experiments under a certain condition turn out to
have some regularity (statistical regularity)
— T he probability of each outcome to occur is

deterministic.
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Probability theory is a branch of
mathematics that focuses on the
study of quantity regularity of various
random phenomena.

Universal existence of random
phenomena determines the
importance of this subject.
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Various applications: Probability theory can be used

in almost all disciplines and professions, such as

@ statistics;

operations research;

biology;

@ economics;

psychology
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2019HR MV HEAT (CareerCast M3k

© 00 ~N W N =

Jobs
Data Scientist
Statistician
University Professor
Information Security Analyst
Mathematician
Operations Research Analyst

Actuary

Overall Rating
97
110
112
126
127
128
141

Median Salary
$114,520
$84,760
$76,000
$95,510
$84,760
$81,390
$101,560

Projected Growth
19%
33%
15%
28%
33%
27%
22%
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2018HR MY HEAT (CareerCast 3k

O© 00 ~N O W N =

Jobs
Genetic Counselor
Mathematician
University Professor
Statistician
Data Scientist
Information Security Analyst
Operations Research Analyst

Actuary

Rated Score
100
102
105
111
121
126
127
135

Income
$74,120
$81,950
$75,430
$84,060
$111,840
$92,600
$79,200
$100,610

Growth Outlook
29%
33%
15%
33%
19%
28%
27%
22%
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2017HR MV HEAT (CareerCast k)

©® ~N O O A~ W

Jobs
Statistician
Operations Research Analyst
Information Security Analyst
Data Scientist
University Professor
Mathematician

Software Engineer

Rated Score
93.00
102.00
104.00
105.00
110.00
128.00
129.00

Income
$80,110
$79,200
$90,120

$111,267
$72,416
$111,298
$100,690

Growth Outlook

34%

30%

18%
15.75%
15.24%
22.31%

17%
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2016HR MV HEAT (CareerCast k)

Jobs Rated Score | Income | Growth Outlook
1 Data Scientist 91.00 $128,240 16%
2 Statistician 96.00 $79,990 34%
3 Information Security Analyst 94.00 $88,890 18%
6 Mathematician 126.00 $103,720 21%
7 Software Engineer 131.00 $97,990 17%
8 | Computer Systems Analyst 133.00 $82,710 21%
10 Actuary 138.00 $96,700 18%




Chapter 1 Events and Probability

1.1 Random phenomena and statistical regularity

20150 MY HE4T (CareerCast 3k

Lo o b~ W N =

Jobs
Actuary
Audiologist
Mathematician
Statistician
Biomedical Engineer
Data Scientist
Software Engineer

Computer Systems Analyst

Rated Score
80.00
88.00
92.00
96.00
117.00
121.00
129.00
135.00

Income
$94,209
$71,133
$102,182
$79,191
$89,165
$124,149
$93,113
$81,150

Growth Outlook
25.09%
33.33%
25.91%
25.91%
25.65%
14.97%
21.13%
23.50 %
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The statistical definition of probability
Frequency:

If event A occurs ny times in N repeated
experiments under a certain conditions, then
frequency of A occurring in N experiments is

defined as:
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When N is large enough, the frequency turns out to
have a kind of stability,

i.e., the values of Fy(A) show fluctuations which
become progressively weaker as N increases, until

ultimately Fy(A) stabilizes to a constant.
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Example: In tossing a fair coin, let

A = {head comes up}.

Experimenter | Number of tosses | Times of head | Frequency
Buffon 4040 2048 0.5069
Pearson 12000 6019 0.5016
Pearson 24000 12012 0.5005

Frequency stabilizes to—P(A) =

1
2
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The statistical definition of probability:

The constant to which the frequency of the event A
stabilizes calls the probability of the occurrence of
event A (the probability of A).

Example: The use frequency of each English letter:

E—0.105; ...; J, Q, Z—0.001
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Recall the frequency of event A occurring in N

experiments is defined as:

Q@ In(A)>0;
Q Fn(2) =1, where Q is a sure event;

@ Suppose that A and B will never come up simultaneously
and that A + B stands for the event that A, or B, or
both come up, then Fy(A+ B) = Fy(A) + Fn(B).
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Properties of probability:

@ Non-negativity(JEG11%): P(A) > 0;

@ Normalization(Fyufh): P(Q) =1, where Q is
a sure event;

@ Additivity( 7] ilf%): Suppose that A and B will
never come up simultaneously and that A + B
stands for the event that A, or B, or both
come up, then P(A+ B) = P(A) + P(B).
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1.2 Classical probability models( 7 LA Z A5
Random experiment(FiA/l 15 ), Sample points(1+
A i) and sample spaces(F 4872 [H])

@ We roll a dice and the possible outcomes are 1,

2, 3, 4,5, 6 corresponding to the side that

turns up.

@ We toss a coin with possible outcomes H

(heads) and T (tails).
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1.2 Classical probability models

Each elementary outcome of a random experiment
is termed a sample point, usually denoted by w.

The set of all sample points is termed sample space,
usually denoted by ).

Let w; = {i comes up} in the proceeding example of

dice throwing, then Q = {wy,ws, -+, wg}.
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Example 1. A bag contains 10 balls, 3 of which
are red, 3 white and 4 black. If a ball is drawn at

random, then the sample space may be taken as

(21 = {a red ball, a white ball, a black ball}.

If we label these 10 balls with, red-1, 2, 3, white—
4,5,6, black—7,8,9, 10, and take a ball randomly,

then the sample space may be taken as

QQ — {wl, ce ,wm}, W; — { the 7-th ball }
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Example 2. In the above Example 1, if two balls
are taken at a time, then each sample point is
expressed as (i, 7), where i and j are the numbers
attached to balls, and so the sample space is equal

to

Q= {(1,2),(1,3), - ,(1,10),
(273)? T (27 10) B (97 10)}7

which consists of (120) = 45 sample points in sum.
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Example 4. The distance between the target and
the projectile is a non-negative real number. In this

case the sample space may be taken as
Q =10, a],

a 1-dimensional continuous interval, where « is a

positive real constant.
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Classical probability models: possesses the following

two fundamental features.
@ The sample space is finite, i.e.,
Q= {wi,ws, -+ ,w,}, where
w;, ¢ =1,2,---  n are elementary events.

@ Each elementary event comes up with equal

possibility, i.e., their probabilities are identical.
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Definition 1 If a random experiment possesses n
elementary events of equal possibility and event A
contains m of these elementary events, then the

probability P(A) that event A comes up is defined

as
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Properties of probability:

@ Non-negativity(JE111%): P(A) > 0;

@ Normalization(Fytuf#): P(Q2) =1, where Q is
a sure event;

@ Additivity( 7] lf4): Suppose that A and B will
never come up simultaneously (i.e., AN B = ()
and that A + B stands for the event that A, or
B, or both come up(i.e., AU B), then
P(A+ B)=P(A) + P(B).
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In particular, if event A and B will never come up

simultaneously (i.e., AN B = (), and, at least one

of A and B will come up (i.e., AU B = (), then



Example 6 & n 7k, N M&ETF (n < N), k5
& TER R LAX 73 1), RS BRVEAE 546 1 N H AR
AR (BekE T R R, ATUIAPERZ A EK).
X n ANERFENLHIN N A, 3K

(1) FREM n #&AH —BRIMESE,

(2) A n H&H BRI,

Solution.
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EERG5NL ~ n, nDERIIEE— R BEEZ —
AR, B FRER R SE T RER, IX T SR AR
B, FEAR BB BN ZE NS B AR R R
HNT.
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HEERG 5 N1 ~ n, nNERIGRE— PR — A
AR, B FBOE RS AT AR, X8 Tl SR AR
B FEAR R BNZ IS NAS TR B BRI B 2 1
BN

(1) LA = {F& & Ink& & H — Bk},
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IR S N1 ~ n, n NERIOEE—FIRUELZ — M FF

AR, B MBOE RS TR, X8 T SR A
B, FEAR B RN AR NAS B AN BR (1) 5 2 HE S
BN

(1) itA = {(FEEMInI&E&A —3K}, BEE SR
MBUR TR E g Hn AN ERIG 2 HEB !,

P(A) = n!/N™.



Chapter 1 Events and Probability ©5KILHT

1.2 Classical probability models

(2)idB = {AntkS%H Bk},
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(2)ieB = {Ants&H —EK}, B FIREAR L
e N#% HH IR s RS B Py,
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1.2

Classical probability models

(2)ieB = {Ants&H —EK}, B FIREAR L
e N#% HH IR s RS B Py,

CBE N!

~N*» NN —n)
NN-1)---(N-n+1)

) 1 Nn2 1
—(1-5)(1-2) - (1- ).

P(B)
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bE

log(l —z) = —z + O(z?%); = — 0.
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Bl (ZEH &) SKn A N 243 NFZEH #)

AR NIAE H 55T AeHb tH EAE 365 K H1 1Y
EE—R, MFEARZRQFITCRAN BN = 365",
AR N4 H & AMIE, E QR
RHA = PR BURKIBER N
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pn:P(A):l_P(Z>
P 1 365!

365" (365 — n)!365"
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pn:P(A):l_P(Z)
P 1 365!

365" (365 —n)!1365"

TR IR, Bk e din!. BEnAIE K,
n!HEARF R, Fl0

=1

10! = 3,628,000, 15! = 1,307,674, 368, 700,

M 100165 1587 £ .
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TESEbRTFE A, HH H Stirling A AT LT &

n! = 2wn(
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1.2

7,

P’n,
I
P 3657

1= (1= 355) (1 - )

~1 — eXp{ — M}—pn.

2 x 365

n—1
365

)
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Al AR H a0 R 45 2R

n| 20 30 40 50 60 70 80
pn | 0411 0706 0.891 0.970 0.994 0.9992 0.9999
P. | 0406 0.696 0.882 0.965 0.992 0.9987 0.9998
n| 22 23

pn | 0.4757 0.5073

P | 0.4689 0.5000

Pn — Pn < 0.01.
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Example 7. A bag contains a white balls and b
black balls. These balls are drawn one by one
randomly and without replacement. Find the

probability that the k-th ball drawn is a white one.



Chapter 1 Events and Probability

1.2 Classical probability models

Solution 1. ERZR T, FLFHEERA)UUFHEERHAR L —
5, B2(a+ b)MEREE S, FMHEE N A
s FEAR RE O



Chapter 1 Events and Probability

1.2 Classical probability models

Solution 1. ERZR T, FLFHEERA)UUFHEERHAR L —
5, B2(a+ b)MEREE S, FMHEE N A
s, FEAR RS EON (a + b) D ERIIFES S (a + D).
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Solution 1. ERZR T, FLFHEERA)UUFHEERHAR L —
5, B2(a+ b)MEREE S, FMHEE N A

P28 82 (S AFAH 2 TR SR R M B B Bk, 3
A aMisd, BMIEEE TN E (o + b — 1) EK
[ (a + b — 1)BEE,



Solution 1. ERZR T, FLFHEERA)UUFHEERHAR L —
5, B2(a+ b)MEREE S, FMHEE N A

P B FAA S TSR LML B a3k, 3t

B aFiges, BABEE XA R E (a + b — 1)/1NER
(a4 b — 1)UB0E, BUZFA A E R A 2
HNala+b—1)!, FrRETBEER N

a+b—1)! a

af
2= = :
(a+b)! a+b
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Solution 2. #FEKAY S, BIFTA HEREE
[, XA 2 TAE (0 + b) ML B Bla M BT E
Bk, oy
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Solution 2. %FRAY =, EIFiH FIHAE BA
i, SIS 2 FE (0 + ) A B B e B A
B, 6T () s,



Solution 2. &HAGHIE, M EEREE A
[, KB RR 24 F4E (o + )AL B SR Lo R B
BR, S5 () FREOE, T S TE R
BMEER, S A G E e — 1A R, 35 () A
ik,



Solution 2. &HAGHIE, M EEREE A
[, KB RR 24 F4E (o + )AL B SR Lo R B
BR, S5 () FREOE, T S TE R
BMEER, S A G E e — 1A R, 35 () A

JBUZ,
WMUITR N
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Example 8 There are a defective products and b
nondefective products and they are
indistinguishable. If n (n < a) products are sampled
from them, find the probability that the n products

sampled contain k defective ones.
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1.2 Classical probability models

Example 9. One has two boxes of matches, each
having n matches, in his pocket. Each time he
wants to use match, he will randomly take out a
box and draw one match from it. When he finds the
box he takes out is empty, find the probability that

the other box has just m matches.
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Solution. It is obvious that the event { When one
box he takes out is empty, the other box has just m
matches } is equal to the event { At the

(2n + 1 — m)-th draw, he finds one box is empty }.
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Solution. It is obvious that the event { When one
box he takes out is empty, the other box has just m
matches } is equal to the event { At the

(2n + 1 — m)-th draw, he finds one box is empty }.
And also, it is equal to A + B, where

A = { at the (2n + 1 — m)-th draw,
he finds box A is empty},

B = { at the (2n + 1 — m)-th draw,

he finds box B is empty}.
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We consider A first.
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We consider A first. It is obvious that

A = { in the first(2n + 1 — m) draws,
box A is drawn at the (2n + 1 — m)-th draw;
and in other (2n — m) draws , box A is drawn n times,

box B is drawn n — m times}.
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We consider A first. It is obvious that

A = { in the first(2n + 1 — m) draws,
box A is drawn at the (2n + 1 — m)-th draw;
and in other (2n — m) draws , box A is drawn n times,

box B is drawn n — m times}.

We have totally 22"+1= ways to take the first
(2n + 1 — m) draws in which (*"~™) ways satisfy

the condition in event A.
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Similarly, in the totally 227*1=™ ways to take the
first (2n+ 1 —m) draws, (*"~"") ways satisfy the
condition in event B. Therefore, the desired
probability is

Q(Qn;m) _ (2n;m)
22n+1-m 22n—m ’
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— B, WERFEAZAQ = {w, wo, - YEH A I LR, #
A mw IR REHE p(w;), HHp(w;) >0,

Yo p(w;) = 1. XA ARy

P(4)= 3 plw).

Lw; EA
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Q FEfE: P(A) >0;
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Q FEfE: P(A) >0;
Q Miutk: P(Q) =1;

Q I FEAF AR BAFEIR KA,
M P(A+ B) = P(A) + P(B);
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Q FEfE: P(A) >0;
Q Miutk: P(Q) =1;

Q I FEAF AR BAFEIR KA,
M P(A+ B) = P(A) + P(B);

Q@ ST ILEA,, i = 1,2, - FEAFHAEAL
RIS (B, A N Ay = 0, 0 # §), FIYS, AR
b AR (B, Ay, T

o0

P(Y_A) =) P(4).

=1 =1



vents and Probability
al probability models

Geometrical probability models

Geometrical probability models(J LA %2)
Sample space {)—a region in R".

"equal possibility":



Chapter 1 Events and Probability
1.2 Classical probability models

Geometrical probability models

Geometrical probability models(J LA/ %)
Sample space {)—a region in R".
"equal possibility” : measure of A = measure of B

— P(A) = P(B).
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Geometrical probability models

Definition Event A; = { a sample point falls into

region g C 2}. The probability of A, is defined as

~ Measure of g
~ Measure of '

P(Ay)

This is called the geometric probability.
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Geometrical probability models

Example 11 (The arrangement problem). Two
people make an appointment to meet at a park
between 7 o'clock and 8 o'clock and the person who
first arrives at the park will keep waiting for another
for 20 minutes. Find the probability that they can
meet.

Solution.......
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Take 7 o'clock as the beginning time and assume that one
people arrives at x and the other arrives at y. The sample

ponit is (x,y) and



Geometrical probability models

Take 7 o'clock as the beginning time and assume that one
people arrives at x and the other arrives at y. The sample

ponit is (x,y) and the sample space is

Q= {(z,y)[0 <2 < 60,0 <y < 60}.
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Geometrical probability models

Take 7 o'clock as the beginning time and assume that one
people arrives at x and the other arrives at y. The sample

ponit is (x,y) and the sample space is
Q= {(z,y)[0 <2 < 60,0 <y < 60}.

The two people meet each other if and only if |z — y| < 20.
Therefore the sample points such that event

A = {they meet each other} happens constitute the area

9= {(z,y)||lz -y <20,0 < z,y < 60}.
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So we have

the area of ¢
the area of (2

P(A) =
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So we have

the area of ¢

the area of 2
602 — (60 — 20)2 9

602 9

P(A) =
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Geometrical probability models

Example 12. (The problem of Buffon's needles) If
a needle of length [ is dropped at random on the
middle of a horizontal surface ruled with parallel
lines a distance a > [ apart, what is the probability

that the needle will cross one of the lines?
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Solution.

A
a
A
a
A4 .
0
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Geometrical probability models

The position the needle lies in (the sample point) is
decided by two parameters, the distance x between
needle’'s midpoint and the line closest to it , and the

angle ¢ between the needle and parallel lines.
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The position the needle lies in (the sample point) is
decided by two parameters, the distance x between

needle’'s midpoint and the line closest to it , and the
angle ¢ between the needle and parallel lines. So

the sample space is

Q= {(p,z)[0<p <0<z <

}.

DO 2

The needle crosses one of the parallel lines if and

only if z < %singp (denote this area by g).
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al2

0 [s]} phi
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Hence the desired probability is

the area of g
the area of 2

P =
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Hence the desired probability is

the area of g
the area of ()
foﬂ % sinpdy 21

ma/2 am’

P =
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Geometrical probability models

Monte Carlo method If we know the value of P,

then we can obtain

21
T =—P.
a

Since

probability P ~ frequency %,

the latter can be obtained from a large number of
repeated independent experiments. Then
_2n

T — .
a N
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Geometrical probability models

In history, one of the best approximate values is

T~ 3.1415929.
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Geometrical probability models

In history, one of the best approximate values is
T~ 3.1415929.

Nowadays, repeated independent experiments can
be simulated by computator. And so the probability

can by approximated by simulation.
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Geometrical probability models

In history, one of the best approximate values is
T~ 3.1415929.

Nowadays, repeated independent experiments can
be simulated by computator. And so the probability
can by approximated by simulation.

Monte Carlo method is very popular in computation.
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Properties of probability:

@ Non-negativity(JEf114): P(A) > 0;
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Geometrical probability models

Properties of probability:
@ Non-negativity(JEf114): P(A) > 0;

@ Normalization(Fyufh): P(Q) =1, where Q is

a sure event;



Properties of probability:

@ Non-negativity(JEf114): P(A) > 0;

@ Normalization(Fyufh): P(Q) =1, where Q is
a sure event;

@ Additivity( 7] ilf%): Suppose that A and B will
never happen simultaneously and that A + B

stands for the event that A, or B, or both
happen, then P(A+ B) = P(A) + P(B).
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@ Countable Additivity( 7] ] inf4): Suppose
that any two of A;, 7 =1,2,---, will never
happen simultaneously (i.e., 4; N A; =0,

i # j) and that >_°, A; stands for the event
that at least one of A;, 2 =1,2,---, happens
(i.e., U2y A;), then
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