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Deterministic phenomenon((½5y�), is bound

to take place under a certain condition.

For example

1. The area in a circle is S = πr2;

2. The distance a free-fall object travels within t

minutes is gt2/2¶

3. Water boils at 100 centigrade under standard

atmosphere pressure.

sure event (Ω) and impossible events ( ∅)
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Random phenomenon(�Åy�), in which the

events are not sure to take place.

For example

1. It will rain on next January 1 in Hangzhou;

2. 850 out of 1000 seeds one plants will germinate;

3. The distance between the target and the

projectile one fires is less than 15 meters.

random event(�Å¯�)
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different from places to places.
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(2) statistical regularity(ÚO5Æ5)

The outcomes of a great deal of repeated

experiments under a certain condition turn out to

have some regularity (statistical regularity)

—The probability of each outcome to occur is

deterministic.
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Various applications: Probability theory can be used

in almost all disciplines and professions, such as

statistics;

operations research;

biology;

economics;

psychology

.......
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2019��ü1(CareerCast�Õ)

Jobs Overall Rating Median Salary Projected Growth

1 Data Scientist 97 $114,520 19%

2 Statistician 110 $84,760 33%

3 University Professor 112 $76,000 15%

7 Information Security Analyst 126 $95,510 28%

8 Mathematician 127 $84,760 33%

9 Operations Research Analyst 128 $81,390 27%

10 Actuary 141 $101,560 22%
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2018��ü1(CareerCast�Õ)

Jobs Rated Score Income Growth Outlook

1 Genetic Counselor 100 $74,120 29%

2 Mathematician 102 $81,950 33%

3 University Professor 105 $75,430 15%

5 Statistician 111 $84,060 33%

7 Data Scientist 121 $111,840 19%

8 Information Security Analyst 126 $92,600 28%

9 Operations Research Analyst 127 $79,200 27%

10 Actuary 135 $100,610 22%
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2017��ü1(CareerCast�Õ)

Jobs Rated Score Income Growth Outlook

1 Statistician 93.00 $80,110 34%

3 Operations Research Analyst 102.00 $79,200 30%

4 Information Security Analyst 104.00 $90,120 18%

5 Data Scientist 105.00 $111,267 15.75%

6 University Professor 110.00 $72,416 15.24%

7 Mathematician 128.00 $111,298 22.31%

8 Software Engineer 129.00 $100,690 17%
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2016��ü1(CareerCast�Õ)

Jobs Rated Score Income Growth Outlook

1 Data Scientist 91.00 $128,240 16%

2 Statistician 96.00 $79,990 34%

3 Information Security Analyst 94.00 $88,890 18%

6 Mathematician 126.00 $103,720 21%

7 Software Engineer 131.00 $97,990 17%

8 Computer Systems Analyst 133.00 $82,710 21%

10 Actuary 138.00 $96,700 18%



Chapter 1 Events and Probability c©Üá#
1.1 Random phenomena and statistical regularity

2015��ü1(CareerCast�Õ)

Jobs Rated Score Income Growth Outlook

1 Actuary 80.00 $94,209 25.09%

2 Audiologist 88.00 $71,133 33.33%

3 Mathematician 92.00 $102,182 25.91%

4 Statistician 96.00 $79,191 25.91%

5 Biomedical Engineer 117.00 $89,165 25.65%

6 Data Scientist 121.00 $124,149 14.97%

8 Software Engineer 129.00 $93,113 21.13%

10 Computer Systems Analyst 135.00 $81,150 23.50 %
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The statistical definition of probability

Frequency:

If event A occurs nA times in N repeated

experiments under a certain conditions, then

frequency of A occurring in N experiments is

defined as:

FN(A) =
nA
N
.
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When N is large enough, the frequency turns out to

have a kind of stability,

i.e., the values of FN(A) show fluctuations which

become progressively weaker as N increases, until

ultimately FN(A) stabilizes to a constant.
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Example: In tossing a fair coin, let

A = {head comes up}.

Experimenter Number of tosses Times of head Frequency

Buffon 4040 2048 0.5069

Pearson 12000 6019 0.5016

Pearson 24000 12012 0.5005

Frequency stabilizes to–P (A) = 1
2
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The constant to which the frequency of the event A

stabilizes calls the probability of the occurrence of

event A (the probability of A).

Example:The use frequency of each English letter:

E—0.105; ....; J, Q, Z—0.001
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Recall the frequency of event A occurring in N

experiments is defined as:

FN(A) =
nA
N
.

1 FN(A) ≥ 0;

2 FN(Ω) = 1, where Ω is a sure event;

3 Suppose that A and B will never come up simultaneously

and that A+B stands for the event that A, or B, or

both come up, then FN(A+B) = FN(A) + FN(B).
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Properties of probability:

1 Non-negativity(�K5): P (A) ≥ 0;

2 Normalization(5�5): P (Ω) = 1, where Ω is

a sure event;

3 Additivity(�\5): Suppose that A and B will

never come up simultaneously and that A+B

stands for the event that A, or B, or both

come up, then P (A+B) = P (A) + P (B).



Chapter 1 Events and Probability c©Üá#
1.1 Random phenomena and statistical regularity

Properties of probability:

1 Non-negativity(�K5): P (A) ≥ 0;

2 Normalization(5�5): P (Ω) = 1, where Ω is

a sure event;

3 Additivity(�\5): Suppose that A and B will

never come up simultaneously and that A+B

stands for the event that A, or B, or both

come up, then P (A+B) = P (A) + P (B).



Chapter 1 Events and Probability c©Üá#
1.1 Random phenomena and statistical regularity

Properties of probability:

1 Non-negativity(�K5): P (A) ≥ 0;

2 Normalization(5�5): P (Ω) = 1, where Ω is

a sure event;

3 Additivity(�\5): Suppose that A and B will

never come up simultaneously and that A+B

stands for the event that A, or B, or both

come up, then P (A+B) = P (A) + P (B).



Chapter 1 Events and Probability c©Üá#
1.2 Classical probability models

1.2 Classical probability models(�;VÇ�.)

Random experiment(�ÅÁ�), Sample points(�

�:) and sample spaces(���m)

We roll a dice and the possible outcomes are 1,

2, 3, 4, 5, 6 corresponding to the side that

turns up.

We toss a coin with possible outcomes H

(heads) and T (tails).
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Each elementary outcome of a random experiment

is termed a sample point, usually denoted by ω.

The set of all sample points is termed sample space,

usually denoted by Ω.

Let ωi = {i comes up} in the proceeding example of

dice throwing, then Ω = {ω1, ω2, · · · , ω6}.
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Example 1. A bag contains 10 balls, 3 of which

are red, 3 white and 4 black. If a ball is drawn at

random, then the sample space may be taken as

Ω1 = {a red ball, a white ball, a black ball}.

If we label these 10 balls with, red–1, 2, 3, white–

4, 5, 6, black– 7, 8, 9, 10, and take a ball randomly,

then the sample space may be taken as

Ω2 = {ω1, · · · , ω10}, ωi = { the i-th ball }
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Example 2. In the above Example 1, if two balls

are taken at a time, then each sample point is

expressed as (i, j), where i and j are the numbers

attached to balls,

and so the sample space is equal

to

Ω = {(1, 2), (1, 3), · · · , (1, 10),

(2, 3), · · · , (2, 10), · · · , (9, 10)},

which consists of
(
10
2

)
= 45 sample points in sum.
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Example 4. The distance between the target and

the projectile is a non-negative real number. In this

case the sample space may be taken as

Ω = [0, α],

a 1-dimensional continuous interval, where α is a

positive real constant.
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Classical probability models: possesses the following

two fundamental features.

1 The sample space is finite, i.e.,

Ω = {ω1, ω2, · · · , ωn}, where

ωi, i = 1, 2, · · · , n are elementary events.

2 Each elementary event comes up with equal

possibility, i.e., their probabilities are identical.
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Definition 1 If a random experiment possesses n

elementary events of equal possibility and event A

contains m of these elementary events, then the

probability P (A) that event A comes up is defined

as

P (A) =
m

n
=

#A

#Ω
.
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Properties of probability:

1 Non-negativity(�K5): P (A) ≥ 0;

2 Normalization(5�5): P (Ω) = 1, where Ω is

a sure event;

3 Additivity(�\5): Suppose that A and B will

never come up simultaneously (i.e., A∩B = ∅)

and that A+B stands for the event that A, or

B, or both come up(i.e., A ∪B), then

P (A+B) = P (A) + P (B).
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In particular, if event A and B will never come up

simultaneously (i.e., A ∩B = ∅), and, at least one

of A and B will come up (i.e., A ∪B = Ω), then

P (A) = 1− P (B).
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Example 6 k n �¥, N ��f (n ≤ N), ¥�

�fÑ´�±«©�. z�¥á3��fS�V

Ç�Ó(��fv
�, �±NB?¿õ�¥). ò

ù n �¥�Å/�\ N ��f, ¦:

(1) �½� n ��k�¥�VÇ¶

(2) k n ��k�¥�VÇ.

Solution.



Chapter 1 Events and Probability c©Üá#
1.2 Classical probability models

r¥?Ò�1 ∼ n, n�¥�z�«�{´���

�:, z�«�{´��U�, ùáu�;VÇ�

.,

��:oêAT´N�¥�n�¥�­Eü�

êNn.

(1) PA = {�½�n��k�¥}, §�¹���

:ê´�½�n�¥n�¥��ü�ên!,

P (A) = n!/Nn.
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(2)PB = {kn��k�¥},

§�¹���:ê

´N�¥À�n��ü�êP n
N ,

P (B) =
P n
N

Nn
=

N !

Nn(N − n)!

=
N(N − 1) · · · (N − n+ 1)

Nn

=
(
1− 1

N

)(
1− 2

N

)
· · ·
(
1− n− 1

N

)
.
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5¿�

log(1− x) = −x+O(x2); x→ 0.

·�k

log
(
1− 1

N

)(
1− 2

N

)
· · ·
(
1− n− 1

N

)
=

n−1∑
k=1

log
(
1− k

N

)
= −

n−1∑
k=1

k

N
+O

( n−1∑
k=1

k2

N 2

)
=− n(n− 1)

2N
+O

( n3
N 2

)
if

n

N
→ 0.
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¤±

P (B) ≈ exp
{
− n(n− 1)

2N

}
.
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~~~ ()F¯K) ¦n�<¥��kü�<Ó)F�

VÇ.

))).@�z�<�)F��U/Ñy3365U¥�

?¿�U, K���mΩ����ê�]Ω = 365n.

^AL«n�<�)F�Ø�Ó, K��Ω�f

8]A = P n
365. �¦�VÇ�
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pn =P (A) = 1− P (A)

=1− P n
365

365n
= 1− 365!

(365− n)!365n
.

O�ù��VÇ, �O��¦ên!. �n�O�,

n!O��~¯, ~X

10! = 3, 628, 000, 15! = 1, 307, 674, 368, 700,


100!�¹158 êi.
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3¢SO�¥, ~~^Stirling úª?1CqO�:

n! =
√

2πn
(n
e

)n
exp

{ θn
12n

}
, 0 < θn < 1

≈
√

2πn
(n
e

)n
.
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,��¡,

pn =1− P n
365

365n

=1−
(

1− 1

365

)(
1− 2

365

)
· · ·
(

1− n− 1

365

)
≈1− exp

{
− n(n− 1)

2× 365

}
=̂p̃n.
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�±O�ÑXe(J:
n 20 30 40 50 60 70 80

pn 0.411 0.706 0.891 0.970 0.994 0.9992 0.9999

p̃n 0.406 0.696 0.882 0.965 0.992 0.9987 0.9998

n 22 23

pn 0.4757 0.5073

p̃n 0.4689 0.5000

pn − p̃n ≤ 0.01.
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Example 7. A bag contains a white balls and b

black balls. These balls are drawn one by one

randomly and without replacement. Find the

probability that the k-th ball drawn is a white one.
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Solution 1. r¥?Ò, U¹¥�gSr¥ü¤�

�, ��(a+ b)�¥Ñ¹�, z«ü{�����

:, ��:oê�

(a+ b)�¥�ü�ê(a+ b)!.

¤�	�¯���u31k� ��x¥, �

ka«�{, z«�{qéAÙ§(a+ b− 1)�¥

�(a+ b− 1)!�{,�T¯��¹���:ê

�a(a+ b− 1)!, ¤¦�VÇ�

P =
a(a+ b− 1)!

(a+ b)!
=

a

a+ b
.
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Solution 2. �¥Ø?Ò, =¤kx¥Ñw¤�

Ó, ù���u3(a+ b)� �¥�a� ��x

¥, �k

(
a+b
a

)
¥�{, ¤�	�¯��31k� 

��x¥, Ù§� ��a− 1�x¥, �
(
a+b−1
a−1

)
«

�{,

�¤¦�VÇ�

P =

(
a+b−1
a−1

)(
a+b
a

) =
a

a+ b
.
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Example 8 There are a defective products and b

nondefective products and they are

indistinguishable. If n (n ≤ a) products are sampled

from them, find the probability that the n products

sampled contain k defective ones.
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Solution. 3(a+ b)��¬¥�n�k
(
a+b
n

)
«�

{,


3a�g¬¥�k�, b��¬¥�n− k��

k
(
a
k

)(
b

n−k
)
«�{. �¤¦�VÇ�

P =

(
a
k

)(
b

n−k
)(

a+b
n

) .
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Solution. 3(a+ b)��¬¥�n�k
(
a+b
n

)
«�

{, 
3a�g¬¥�k�, b��¬¥�n− k��

k
(
a
k

)(
b

n−k
)
«�{. �¤¦�VÇ�

P =

(
a
k

)(
b

n−k
)(

a+b
n

) .
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Example 9. One has two boxes of matches, each

having n matches, in his pocket. Each time he

wants to use match, he will randomly take out a

box and draw one match from it. When he finds the

box he takes out is empty, find the probability that

the other box has just m matches.
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Solution. It is obvious that the event { When one

box he takes out is empty, the other box has just m

matches } is equal to the event { At the

(2n+ 1−m)-th draw, he finds one box is empty }.

And also, it is equal to A+B, where

A = { at the (2n+ 1−m)-th draw,

he finds box A is empty},

B = { at the (2n+ 1−m)-th draw,

he finds box B is empty}.
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Solution. It is obvious that the event { When one

box he takes out is empty, the other box has just m

matches } is equal to the event { At the

(2n+ 1−m)-th draw, he finds one box is empty }.
And also, it is equal to A+B, where

A = { at the (2n+ 1−m)-th draw,

he finds box A is empty},

B = { at the (2n+ 1−m)-th draw,

he finds box B is empty}.
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We consider A first.

It is obvious that

A = { in the first(2n+ 1−m) draws,

box A is drawn at the (2n+ 1−m)-th draw;

and in other (2n−m) draws , box A is drawn n times,

box B is drawn n−m times}.

We have totally 22n+1−m ways to take the first

(2n+ 1−m) draws in which
(
2n−m
n

)
ways satisfy

the condition in event A.
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Similarly, in the totally 22n+1−m ways to take the

first (2n+ 1−m) draws,
(
2n−m
n

)
ways satisfy the

condition in event B. Therefore, the desired

probability is

2
(
2n−m
n

)
22n+1−m =

(
2n−m
n

)
22n−m

.
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���;;;VVVÇÇÇ���...���ííí222

3�;VÇ�.¥, ���mΩ = {ω1, · · · , ωn}´k���

z���:Ñy´��U�.

��/, XJ���mΩ = {ω1, ω2, · · · }¹k�����, �

�:ωiÑy��U5�p(ωi), Ù¥p(ωi) ≥ 0,∑∞
i=1 p(ωi) = 1. ù�¯�A�VÇ�

P (A) =
∑

i:ωi∈A

p(ωi).

éù��VÇ�.,N´�ykXe5�:
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1 �K5: P (A) ≥ 0;

2 5�5: P (Ω) = 1;

3 �\5:e¯�AÚBØÓ�u),

KP (A+B) = P (A) + P (B);

4 ���\5:e¯�Ai, i = 1, 2, · · ·¥?Ûü�ÑØ¬

Ó�u)(=,Ai ∩ Aj = ∅, i 6= j), ^
∑∞

i=1AiL«§�

¥��k��u)(=
⋃∞

i=1Ai), K

P (
∞∑
i=1

Ai) =
∞∑
i=1

P (Ai).
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Sample space Ω—a region in Rn.

”equal possibility”:

measure of A = measure of B

=⇒ P (A) = P (B).
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Definition Event Ag = { a sample point falls into

region g ⊂ Ω}. The probability of Ag is defined as

P (Ag) =
Measure of g

Measure of Ω
.

This is called the geometric probability.
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Example 11 (The arrangement problem). Two

people make an appointment to meet at a park

between 7 o’clock and 8 o’clock and the person who

first arrives at the park will keep waiting for another

for 20 minutes. Find the probability that they can

meet.

Solution.......
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Take 7 o’clock as the beginning time and assume that one

people arrives at x and the other arrives at y. The sample

ponit is (x, y) and

the sample space is

Ω = {(x, y)
∣∣0 ≤ x ≤ 60, 0 ≤ y ≤ 60}.

The two people meet each other if and only if |x− y| ≤ 20.

Therefore the sample points such that event

A = {they meet each other} happens constitute the area

g = {(x, y)
∣∣|x− y| ≤ 20, 0 ≤ x, y ≤ 60}.
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So we have

P (A) =
the area of g

the area of Ω

=
602 − (60− 20)2

602
=

5

9
.
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Example 12. (The problem of Buffon’s needles) If

a needle of length l is dropped at random on the

middle of a horizontal surface ruled with parallel

lines a distance a > l apart, what is the probability

that the needle will cross one of the lines?
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Solution.
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The position the needle lies in (the sample point) is

decided by two parameters, the distance x between

needle’s midpoint and the line closest to it , and the

angle ϕ between the needle and parallel lines.

So

the sample space is

Ω = {(ϕ, x)
∣∣0 ≤ ϕ ≤ π, 0 ≤ x ≤ a

2
}.

The needle crosses one of the parallel lines if and

only if x ≤ l
2 sinϕ (denote this area by g).
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Hence the desired probability is

P =
the area of g

the area of Ω

=

∫ π
0

l
2 sinϕdϕ

πa/2
=

2l

aπ
.
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Monte Carlo method If we know the value of P ,

then we can obtain

π =
2l

a
P.

Since

probabilityP ≈ frequency
n

N
,

the latter can be obtained from a large number of

repeated independent experiments. Then

π ≈ 2l

a

n

N
.
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In history, one of the best approximate values is

π ≈ 3.1415929.

Nowadays, repeated independent experiments can

be simulated by computator. And so the probability

can by approximated by simulation.

Monte Carlo method is very popular in computation.
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Properties of probability:

1 Non-negativity(�K5): P (A) ≥ 0;

2 Normalization(5�5): P (Ω) = 1, where Ω is

a sure event;

3 Additivity(�\5): Suppose that A and B will

never happen simultaneously and that A+B

stands for the event that A, or B, or both

happen, then P (A+B) = P (A) + P (B).
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4 Countable Additivity(�ê�\5): Suppose

that any two of Ai, i = 1, 2, · · · , will never

happen simultaneously (i.e., Ai ∩ Aj = ∅,

i 6= j) and that
∑∞

i=1Ai stands for the event

that at least one of Ai, i = 1, 2, · · · , happens

(i.e.,
⋃∞
i=1Ai), then

P (
∞∑
i=1

Ai) =
∞∑
i=1

P (Ai).
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