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Conditional probability

Example: A dice is thrown. The sample space is
QO ={wi,ws, -+ ,wg}, w; ={i comes up}.
Consider the events
A = {an even point comes up} = {ws, wy, we},

B = {an odd point comes up} = {w1,ws,ws}.

Then
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Conditional probability

Now, provided that a big point (> 4) comes up, the
probability that the point is even is just the
conditional probability of A given C', written as
P(A|C), where C = { a big point comes up}.
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1.4 Conditional probability and independent events

Conditional probability

Now, provided that a big point (> 4) comes up, the
probability that the point is even is just the
conditional probability of A given C', written as
P(A|C), where C = { a big point comes up}.
Provided that a big point comes up, the sample

space becomes

Qg =(C= {w4,w5,w6}.
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Conditional probability

Provided the condition that C' has occurred, sample

points contained by A are {wy,ws} = AC.
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Conditional probability

Provided the condition that C' has occurred, sample
points contained by A are {wy,ws} = AC. So

_ #Hw,we} 2

P(A|C) = ot = 2.
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Conditional probability

Provided the condition that C' has occurred, sample

points contained by A are {wy,ws} = AC. So

_ #Hw,we} 2

Similarly

P(B|C) = #wsp _ 1
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P(A|B)

Number of sample points contained by A given B

Number of sample points given B
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P(A[B)

Number of sample points contained by A given B

Number of sample points given B
Number of sample points contained by AB

Number of sample points contained by B
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Conditional probability

P(A[B)

Number of sample points contained by A given B

Number of sample points given B
Number of sample points contained by AB

Number of sample points contained by B
Number of sample points contained by AB
Total number of sample points
Number of sample points contained by B
Total number of sample points
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1.4 Conditional probability and independent events

Conditional probability

P(A[B)

Number of sample points contained by A given B

Number of sample points given B
Number of sample points contained by AB

Number of sample points contained by B
Number of sample points contained by AB
Total number of sample points
Number of sample points contained by B
Total number of sample points

P(AB)

= P(B) (P(B) #0).
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Conditional probability

In general, given that the event B has occurred, the
relevant sample space is no longer €2 but consists of
outcomes in B: A has occurred iff one of the

outcomes in A N B occurred, so that
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1.4 Conditional probability and independent events

Conditional probability

In general, given that the event B has occurred, the
relevant sample space is no longer €2 but consists of
outcomes in B: A has occurred iff one of the

outcomes in A N B occurred, so that

P(A|B) « P(ANB) i.e., P(A|B) = cP(AN B).
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1.4 Conditional probability and independent events

Conditional probability

In general, given that the event B has occurred, the
relevant sample space is no longer €2 but consists of
outcomes in B: A has occurred iff one of the

outcomes in A N B occurred, so that
P(A|B) x P(ANB) i.e., P(A|B) =cP(AN B).

The propotionality constant ¢ = 1/P(B) is used to
ensure that the probability P(B|B) of the new

sample space B equals 1.
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Conditional probability

Definition 1 If A, B are two events and
P(B) # 0, then the conditional probability of A
given B, written as P(A|B), is defined to be

P(A|B) = %.
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Conditional probability

Properties of conditional probability
P(:|B) : F — [0, 1]:
@ (non-negativity) P(A|B) > 0 for all A € F;
@ (normalization condition) P(Q2|B) =
@ (countable additivity) If Ay,---, Ay, --- are
mutually disjoint events (A;A4; =0, i # j),

then

P() | AuB) =) P(A.|B).
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Conditional probability

Multiplication Rule:

P(AB)

PAIB) = 55y
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Conditional probability

Multiplication Rule:
P(AB)

P(B)
P(AB) = P(A|B)P(B), P(B)#0.

P(A[B) =
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1.4 Conditional probability and independent events

Conditional probability

Multiplication Rule:

P(AB)
P(B)
P(AB) = P(A|B)P(B), P(B)#0.

P(AB) = P(B|A)P(A), P(A) #0.

P(A[B) =
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Conditional probability

P(A Ay Ay)
=P(Au| A1 Ay Ay 1) P(A1As - Ap_y)
—P(Ap|A1As - Ay ) P(An_1|A1 Ay - An_s)
- P(A1Ay -+ Aps)

p<A1A2 . ..An) :P(Al) . P(AQ‘Al) . P(A:5|A1A2>
o P(Anfl‘AlAQ o An,fQ)
. P(A7L|A1A2 T An*1>'
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Conditional probability

Example Two people A and B make an
appointment to meet at a park between 7 o'clock
and 8 o'clock and the person who first arrives at the
park will keep waiting for another for 20 minutes.
Find the probability that A arrives first if they meet

each other.
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Conditional probability

Take 7 o'clock as the beginning time and assume
that A arrives at x and B arrives at y. The sample

space is
Q= {(z,)[0 <z < 60,0 < y < 60}
and

A ={they meet each other}

={(z,y)||z — y| £20,0 < z,y <60},
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Conditional probability
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Conditional probability

On the other hand,

B ={ A arrives first}

={(z,y)|z < y,0 < z,y < 60}.
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Conditional probability

On the other hand,

B ={ A arrives first}

={(z,y)|r < y,0 < z,y < 60}.
So

BA ={(z,y)|z <y <2+20,0 < z,y <60}
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1.4 Conditional probability and independent events

Conditional probability

On the other hand,

B ={ A arrives first}

={(z,y)|z <y,0 < z,y < 60}.
So

BA ={(z,y)|z <y <2+20,0 < z,y <60}

5602 — (60 —20)* 5
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Conditional probability

By definition, it follows that

P(B|A) = % _ %
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Conditional probability

Example 2. There is a prizewinning ticket in n
lottery tickets. These n lottery tickets are supposed
to be sold to n different persons randomly.

(1) If the first £ — 1 customers do not get the
prizewinning ticket, find the probability that the
k-th customer gets the prizewinning ticket;

(2) Find the probability that the k-th customer gets

the prizewinning ticket.
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Conditional probability

Solution (1). Let A;= {the i-th customer gets

the prizewinning ticket}. Then the event as

condition in (1) IS leg a0c¢ Zkfl.
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Conditional probability

Solution (1). Let A;= {the i-th customer gets
the prizewinning ticket}. Then the event as
condition in (1) is A;As--- A;_;. If we consider the
event Ay in the reduced sample space by

Qy = A1 Ay - - - Aj;,_1, we can obtain by a direct

application of classical probability model

1

P(Ak|ZlZQ . 'Zk_l) = n——lﬁ—l
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Conditional probability

As for (2), Ay = A As--- Ay_1 A, obviously holds.

So by the multiplication rule we have

P(Ay) = P(A Ay - - A1 Ay)
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1.4 Conditional probability and independent events

Conditional probability

As for (2), Ay = A As--- Ay_1 A, obviously holds.

So by the multiplication rule we have
P(Ay) = P(A1Ay - Ay Ay)
= P(A))P(A;|A))P(A3|A1Ay)
e P(AHleQ .. 'Zk—l)
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Con 11t101 al probability

As for (2), Ay = A As--- Ay_1 A, obviously holds.

So by the multiplication rule we have

P(Ay) = P(A Ay - Ay Ay)
— P(A,)P(A,[A,) P(A;| 4, Ay)

P(Ay|A1Ay -+ Ay_q)
n—1 n—2 n—3 n—k+1 1
n n—1 n—2 n—k—i—? n—k—l—l

1
—
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Conditional probability

Solution (2). Let A;= {the i-th customer gets
the prizewinning ticket}. The problem is equivalent
to that a prizewinning ticket is assigned to one of n
customers randomly. There are n assignment ways

totally and only one way in Aj;. So

P(Ay) = %
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Conditional probability

Then the event A; A, --- A;_; as condition in (1) is
equivalent to that the prizewinning ticket is assigned
to one of other n — (k — 1) customers randomly,

and there are n — k + 1 assignment ways. So
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Conditional probability

Then the event A; A, --- A;_; as condition in (1) is
equivalent to that the prizewinning ticket is assigned
to one of other n — (k — 1) customers randomly,

and there are n — k + 1 assignment ways. So

N — n—k+1
P(AjAg- - Ap ) = ——.

n
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Conditional probability
Hence, by the definition of the condition probability,

P(AWA Ay -+ Apy)
P(AA Ay - Apy)
P(A Ay Ay
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Conditional probability
Hence, by the definition of the condition probability,

PAAA, T,
P Ty Ay )
PO, )
P(Ay)
P(A1Ay--- Ay )
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Conditional probability
Hence, by the definition of the condition probability,

P(AA Ay - Ay )
P(AkAlAQ A1)
P(A Ay Ap 1)
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Conditional probability

Example
(Match problem (continued)) Suppose that a

person types n letters, types the corresponding
addresses on n envelopes, and then places the n
letters in the n envelopes in random manner. We
say that a match occurs if a letter is placed in the
correct envelope. What is the probability of

(a) no matches;

(b) exactly k matches?
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Conditional probability

Solution. We denote the probability of exactly & matches
by P™.
(a) We have shown before that

wy L 1 1 (=)™

TR T —
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Conditional probability

Solution. We denote the probability of exactly & matches
by P™.

(a) We have shown before that

m_1_ 1 1 (=D
e TR TR T

(b) To obtain the probability of exactly & matches, we
consider any fixed group of k letters, say the iy, s, - - ,ix-th

letters.
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Conditional probability

Solution. We denote the probability of exactly & matches
by P™.
(a) We have shown before that

wy L 1 1 (=)™

TR T —

(b) To obtain the probability of exactly & matches, we
consider any fixed group of k letters, say the iy, s, - - ,ix-th
letters. The probability that they, and only they, are placed in

the correct envelopes is
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Conditional probability

P(A;, - Aikzml .. .En)

:P<Az1)P(A22|A11) ( Zk|A o “c 1)

P(Aiy, A Ay - Ay

11 1 (n— k)!
Qn—k = —‘anka
mn.:

“nn—1 n-—(k—1)

where ¢,,_, is the conditional probability that the other n — k
letters, being placed in their own envelopes, have on matches,

and so

1 1 1 (—1)"*
. _P(” k) - _ = — —oaoc _—r
(nk o3 T =)
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Conditional probability

As there are (Z) choices of a set of k letters, the desired

probability of exactly k& matches is

Pk(n) - Z P(A; - Aikzik+l ZZ")
17 < <ig
— k | gn—k = ]{Z'
1 1 1 (_l)nfk
5 _ = +I + (n—k)'
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Conditional probability

As there are (Z) choices of a set of k letters, the desired

probability of exactly k& matches is

Pk(n) = Z P(Ail e Aikzik+l ZZ")
17 < <ig
_(n) (n—=k) _ R
— k . | gn—k = ]{Z'
1 1 1 (_l)nfk
2|_3|+I B R n—m)!
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Total probability formula and Bayes’ rule

Total probability formula and Bayes' rule
Definition 2 Suppose that {A;, Ay, -+ A, -+ }
is a set of events satisfying: (1) A;,i =1,2,---, are
mutually disjoint and P(A;) > 0; (2)

Y2 A =Q. Then {Ay, Ag, -+, Ay, -+ }is called
a set of mutually exclusive and exhaustive events

in {2, or a partition of (2.
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then

P(B) = P(B) A
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then

P(B) = P(B) A
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Total probability formula and Bayes’ rule

If Ay, Ay, -+, A, --- are mutually exclusive and

exhaustive events, then

P(B) = P(B) A
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Total probability formula and Bayes’ rule

(Total probability formula) If Ay, Ag, -+, Ay, - -
are mutually exclusive and exhaustive events, then

for any event B

P(B) =) P(A;)P(B|4).

1=1
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Total probability formula and Bayes’ rule
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Total probability formula and Bayes’ rule

Example 4 There are 3 new balls and 2 old balls
in bag. If two balls are drawn in random and in
succession without replacement, find the probability

that the second is a new one.
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1.4 Conditional probability and independent events
Total probability formula and Bayes’ rule

Solution Let A = {the first ball is new}, B = {the

second is new}.
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Total probability formula and Bayes’ rule

Solution Let A = {the first ball is new}, B = {the

second is new}.

P(B|A) = % P(B[A) = Z
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Total probability formula and Bayes’ rule

Solution Let A = {the first ball is new}, B = {the

second is new}.
2 — 3
P(B|A)=-, P(B|A) =-.
(Bl4) =2, P(BIA)=1

On the other hand
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Total probability formula and Bayes’ rule

Solution Let A = {the first ball is new}, B = {the

second is new}.
2 — 3
P(B|A)=-, P(B|A) =-.
(Bl4) =2, P(BIA)=1

On the other hand
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Total probability formula and Bayes’ rule

Example
(Match problem (continued)) Suppose that a

person types n letters, types the corresponding
addresses on n envelopes, and then places the n
letters in the n envelopes in random manner. We
say that a match occurs if a letter is placed in the

correct envelope.

What is the probability of no matches?
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Total probability formula and Bayes’ rule

Solution (2). We denote the probability of no matches
by P\, Let E = { no matches}. Let A; be the event that

the -th letter is placed its correct envelope. Then

P" = P(E)
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Total probability formula and Bayes’ rule

Solution (2). We denote the probability of no matches
by P\, Let E = { no matches}. Let A; be the event that

the -th letter is placed its correct envelope. Then

P" = P(E) = P(EA;)+ P(EA;)
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Total probability formula and Bayes’ rule

Solution (2). We denote the probability of no matches
by P\, Let E = { no matches}. Let A; be the event that

the -th letter is placed its correct envelope. Then

P =P(E) = P(EA)+ P(EA)
= P(E|A,)P(A;) + P(E|A,)P(4)),
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Total probability formula and Bayes’ rule

Solution (2). We denote the probability of no matches
by P\, Let E = { no matches}. Let A; be the event that
the -th letter is placed its correct envelope. Then
P" = P(E) = P(EA;)+ P(EA;)
= P(E|A)P(A) + P(E|A,)P(4,),

P(E|A;) = 0.
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P(E|A,) is the probability of no matches when n — 1 letters
placed in a set of n — 1 envelopes that does not contain the
envelope of one of these letters. (Say, the 1-st letter is placed

to the i-th envelope)
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Total probability formula and Bayes’ rule

P(E|A,) is the probability of no matches when n — 1 letters
placed in a set of n — 1 envelopes that does not contain the
envelope of one of these letters. (Say, the 1-st letter is placed

to the i-th envelope)

This can happen in either of two mutually exclusive ways.
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Total probability formula and Bayes’ rule

P(E|A,) is the probability of no matches when n — 1 letters
placed in a set of n — 1 envelopes that does not contain the

envelope of one of these letters. (Say, the 1-st letter is placed
to the i-th envelope)

This can happen in either of two mutually exclusive ways.

@ Either there are no matches and the extra letter is placed
to the extra envelope (this being the i-th envelope that
chose first letter, in the remained (n — 2) letters and

(n — 2) envelopes there are no matches),

@ or there are no matches and the extra letter is not placed

in the extra envelope.
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Total probability formula and Bayes’ rule

The probability of the first of these events is ﬁPé”d). The

probability of the second event is just Po("_l), which is seen by
regarding the extra envelope as "belonging” to the extra

letter. So

— -1 _ 1 _ n—1
P _ p(EIA n — ( pi»=b 2
= Py = (A Lopr)

and thus,
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Total probability formula and Bayes’ rule

The probability of the first of these events is ﬁPé”d). The

probability of the second event is just Po("_l), which is seen by
regarding the extra envelope as "belonging” to the extra

letter. So

n —.n—1 e 1 n— n—1
Pé):P(E|A1) " :<PO( 1)+—P(§ 2))7’

and thus,

Obviously, Pél) =0, PSQ) = %
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

The probability of the first of these events is ﬁPé”d). The
probability of the second event is just Po("_l), which is seen by

regarding the extra envelope as "belonging” to the extra

letter. So
-1 . 1y n—1
P = p(E[A)—— = (P 4+ —p?) L=
{7 = PUEIA) = = (R + —APP) 2,
and thus,
_ il 7 o
B - B = —~ (P9 - AP
n
Obviously, Pél) = (0, PSQ) = 1. Hence
_ 1/ e . (—1)"
PP - B = —— (R - B = = .
0 0 n 0 0 n
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Total probability formula and Bayes’ rule

It follows that
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Total probability formula and Bayes’ rule

Example. (The gambler’s ruin problem) On each
play of the game,

p(0 < p < 1)—-gambler A will win one dollar from
gambler B

q = (1 — p)—-B will win one dollar from A.

The initial fortune of A is ¢ dollars, the initial
fortune of B is k — ¢ dollars.

If one loses his all money, the game is over. Find

the probability that B loses all his money.
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Total probability formula and Bayes’ rule

Solution. Let p; denote the probability that
gambler A will win the game (the gambler B will
ruin), given that his initial fortune is i dollars.

Obviously, pp = 0 and p = 1.
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Total probability formula and Bayes’ rule

Solution. Let p; denote the probability that
gambler A will win the game (the gambler B will
ruin), given that his initial fortune is i dollars.
Obviously, pg = 0 and p; = 1.

Let A;(B;) denote the event that gambler A wins
(resp. losses) one dollar on the first play of the
game; and let W denote the event that gambler A

will win the game. Then
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1.4 Conditional probability and independent events
Total probability formula and Bayes’ rule

P(W) = P(A)P(W|A1) + P(B1)P(W|B)
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Total probability formula and Bayes’ rule

P(W) = P(A)P(W|4) + P(B;)P(W|B)
= pP(W|A1) + QP(W|Bl)



lity
and independent events

T(tal plol dl ility formula and Bayes’ rule

P(W) = P(A)P(W|A) + P(B1)P(W|B)
= pP(W|A)) + q¢P(W|By).
That is
Di = PPi+1 + qPi-1-
So
q q.;_ .
pi—Dpi-1 = ]_)(pi—l_pz'—Q) = (];) 'py, i=2,-- k.

Taking summation on both sides yields
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Total probability formula and Bayes’ rule

k__ .
b1 (q/qp/)p_f/pu if q ?é b,

(k — 1)py, if g =p.
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Total probability formula and Bayes’ rule

k-1

q.

l—p1 = m Z(—)
i1 P

k__ .
D1 (q/qp/)p_f/pu If q ?é D,
(k — 1)py, if g =p.

Hence

Art, fp#1/2

1/k, ifp=1/2.

p1 =



Chapter 1 Events and Probability ©5KILHT

1.4 Conditional probability and independent events
Total probability formula and Bayes’ rule

So, if p # 1/2, then

(¢/p) — 1

=T fori =1, k1
(¢/p)* —1
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Total probability formula and Bayes’ rule

So, if p # 1/2, then

 (g/p) -1
P =1

if p=1/2, then

1
P = -, fori=1,--- k—1.
P 2 or 1
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Total probability fo

(Bayes's rule) If Ay, Ay, -+, Ay, -+ are mutually
exclusive and exhaustive events, then for any event

B with P(B) > 0 we have

_ P(BA;)  P(B|A)P(A;)
P(A;|B) = P(B) - Zjozl P(B|Aj)P(AJ).




1.4 Condition robe

Total probability fo

(Bayes's rule) If Ay, Ay, -+, Ay, -+ are mutually
exclusive and exhaustive events, then for any event

B with P(B) > 0 we have

_ P(BA;)  P(B|A)P(A;)
P(A;|B) = P(B) - Zjozl P(B|Aj)P(AJ).

P(A;) — priori probability (5L ME2),
P(A;|B) — a posteriori probability( )5 % #%).



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

Bl BEAE: IR AR SRAR I AT REPE> 85%, Tl
WL RIS T2, 15 A WU — L8 (5 51 ) A A
Jonhson: JFARIT, 43AR AT BEMEN60%, 1 1 —
THUAS: 75 B 2 BH

{HL =] I 75 At S RS PRI, B8 PRI S 3R A B 22 FH
PRI AT BEPE N25%.

7] 25 2E 42 2 i Jonhson 3 B AR ? ik A5 £ &
SR
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Total probability formula and Bayes’ rule

fi#t: H AR Jonhson B A AT, BR/NEEB £fHM:, ©
HP(A) =0.6. WA EAR BRI, BIP(B|A) = 1.
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

fift: A RJonhson B AN, BRI EB /MY, &
HMIP(A) = 0.6. WREAR NBEFENE, BIP(B|A) = 1. 7Ei8
WAEWT, AR NEA BA K, A 2,

Bl P(B|A) = 0, 1HJonhson A ¥¥ R, tH ] #E 38k 2
FHYE, IXIP(B|A) = 0.25.
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

fi#t: FH ARIRJonhson B H AT, BR/R G EB 2/, &
HP(A) =0.6. WA EARNBEFYE, BIP(B|A)=1. fE#
HEIGOLT, aAm NBA BA R, REA S B,

Bl P(B|A) = 0, 1HJonhson A ¥¥ R, tH ] #E 38k 2
FEME, X P(B|A) = 0.25. Mifi

palp) — PUB) _ P(A)P(B|A)

P(B)  P(B|A)P(A) + P(B[A)P(A)
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

fi#t: FH ARIRJonhson B H AT, BR/R G EB 2/, &
HP(A) =0.6. WA EARNBEFYE, BIP(B|A)=1. fE#
HEIGOLT, aAm NBA BA R, REA S B,

Bl P(B|A) = 0, 1HJonhson A ¥¥ R, tH ] #E 38k 2
FEME, X P(B|A) = 0.25. Mifi

_ P(AB) _ P(A)P(B|A)
B = P(B)  P(B|A)P(A) + P(B[A)P(A)
1 x 0.6

1x06+0.25x%x0.4
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

fi#t: FH ARIRJonhson B H AT, BR/R G EB 2/, &
HP(A) =0.6. WA EARNBEFYE, BIP(B|A)=1. fE#
HEIGOLT, aAm NBA BA R, REA S B,

Bl P(B|A) = 0, 1HJonhson A ¥¥ R, tH ] #E 38k 2
FEME, X P(B|A) = 0.25. Mifi

_ P(AB) _ P(A)P(B|A)
B = P(B)  P(B|A)P(A) + P(B[A)P(A)
1 x 0.6

1x06+0.25x%x0.4

[R] 1t 22 A= NV 1% 31 Jonhson S B R .



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

Example 7 A doctor uses to diagnose patients in
order to see whether they suffer from liver cancer.
Let C' be the event that a patient suffers from liver
cancer, A the event that a patient is diagnosed

suffering from liver cancer (FH%). Suppose
P(A|C) = 0.95, P(A|C) = 0.01(&RBH ),

P(C') = 0.0001, find the probability that one
patient diagnosed suffering from liver cancer suffers

truly from liver cancer.
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1.4 Conditional probability and independent events
Total probability formula and Bayes’ rule

Solution: According to Bayes' formula, we have

P(C|A) =



lity
and independent events

T(tal plol dl ility formula and Bayes’ rule

Solution: According to Bayes' formula, we have
P(C) - P(A|C)
P(C)- P(A|C) + P(C) - P(A|C)

P(C|A) =



Chapter 1 Event nd Prob.
1.4 Conditional pr

Total probability formula and

Solution: According to Bayes' formula, we have
P(C) - P(A|C)
P(C)- P(A|C) + P(C) - P(A|C)

P(C|A) =
In addition,
P(a) =1— P(C) = 0.9999,

P(A|C) = 0.01.
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

Solution: According to Bayes' formula, we have
P(C) - P(A|C)

P(Cl4) = P(C) - P(A|C) + P(C) - P(A[C)

In addition,
P(C)=1- P(C) = 0.9999,
P(A|C) = 0.01.

Substituting these numerical values into Bayes's

formula

P(C|A) = 0.0094.



) 0 ilit;
1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

B8 T DU S /K 4R AR 7= R —Fo = iy FL
FUKZ =84 A B PR R 12%,25%,25%
M38%. MR LL, B AR K Z A S48 270 )
°50.06, 0.05, 0.04, 0.03. H& 8 KZr= MG, K
RGN, 1) FIRHERIE1000070. ZHLE,
T ER U SRR 3L R A& DA, Al 4 2% K
SINAL S RN e
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

f#: FABFR “ULE— M= ARG
AR “ARE A E E R SE mK&RAE A
i=1,234.
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1.4 Conditional probability and independent events

Total probability formula and Bayes’ rule

f#: H B “HER 1= A&7
AR AR b R SR K & A R T
i=1,2,3,4.HEEE

P(B) =Y P(B|A;)P(A;)

i=1
=0.12 x 0.06 + 0.25 x 0.05 + 0.25 x 0.04 4 0.38 x 0.03
=0.0411.

ERXEIZ L) P AR N4.11%.
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1.4 Conditional probability and independent events

WAEZE P IR M) S 7= i AN S 4% i, BI B R AR
T BRATE b HOR AR i T R o SR A
ZP(A)|B), FFEELR/NUHIEEAT 2 7. HBayes

AR

= ~ (0.175.
P(B) 0.0411 0.175

P(4)B) =24
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1.4 Conditional probability and independent events

WAEZE P IR M) S 7= i AN S 4% i, BI B R AR
T BRATE b HOR AR i T R o SR A
ZP(A)|B), FFEELR/NUHIEEAT 2 7. HBayes

AR

= ~ (0.175.
P(B) 0.0411 0.175

P(4)B) =24
el

P(A3|B) ~ 0.304, P(As|B) ~ 0.243, P(A,|B) ~ 0.278.
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1.4 Conditional pr

To tal pr ol ability formul

F‘f%Fﬁfﬂﬁﬁ)ﬂ@;anﬁTA*%ﬁ BRI B R4
T BRATE b HOR AR i T R o SR A
ZP(A)|B), FFEELR/NUHIEEAT 2 7. HBayes

A
_P(BJA)P(A;)  0.12x0.06 _
P(Ay|B) = BB = oo =0V
ALt

P(A3|B) ~ 0.304, P(As|B) ~ 0.243, P(A,|B) ~ 0.278.

XFE, BB PR N A 175000, 30407,
243075 A127807T..



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Independent events

1. Independence of two events:

P(A|B) = P(A)



Chapter 1 Events and
1.4 Conditional probab

Independent events

Independent events

1. Independence of two events:
P(A|B) = P(A)

— P(AB) = P(B)P(A|B) = P(A)P(B)
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1.4 Conditional probab

Independent events

Independent events

1. Independence of two events:
P(A|B) = P(A)

— P(AB) = P(B)P(A|B) = P(A)P(B)

P(AB) = P(A)P(B)



Independent events

1. Independence of two events:
P(A|B) = P(A)
—> P(AB) = P(B)P(A|B) = P(A)P(B)

P(AB) = P(A)P(B
_ P(AB) _ P(4)
(

—

= PAIB) =55 ==
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1.4 Conditional probability and independent events

Independent events

Definition. Two events A and B are independent
if
P(AB) = P(A)P(B).



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Definition. Two events A and B are independent
if
P(AB) = P(A)P(B).

Any event is independent of ().
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1.4 Conditional probability and independent events

Independent events

Example 9. An urn contains a black balls and b
white balls. If two balls are drawn in succession and
we denote by A the event that the first ball drawn is
black, B the event that the second ball drawn is
black. Are A and B independent of each other?
Consider two different situations: (1) with

replacement, (2) without replacement.
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1.4 Conditional probability and independent events
Independent events

Solution. For case (1),

a

P(B|4) = P(B[A) = ——.

So
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1.4 Conditional probability and independent events

Independent events

Solution. For case (1),

a

P(B|4) = P(B[A) = ——.

So



Chapter 1 Event nd Prob. ity
1.4 Conditional probability and independent events

Independent events

Solution. For case (1),

a
a+b

P(B|A) = P(B|A) =
So
P(B) = P(B|A)P(A)+ P(B|A)P(A)

a
a+b

— 2 (P(4) + P(A)) =



Chapter 1 Event nd Prob. ity
1.4 Conditional probability and independent events

Independent events

Solution. For case (1),

a
a+b

P(B|A) = P(B|A) =
So
P(B) = P(B|A)P(A)+ P(B|A)P(A)

a
a+b

— 2 (P(4) + P(A)) =

= P(B|A),

which shows that A and B are independent.
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1.4 Conditional probability and independent events

Independent events

For case (2), we have
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1.4 Conditional probability and independent events

Independent events

For case (2), we have

a—1 — a

P(BJA)=——— PB[A)=—""
BIA) == PBA) =5

By the formula for total probability, we have
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1.4 Conditional probability and independent events

Independent events

For case (2), we have

a—1 — a

P(BJA)=——— PB[A)=—""
BIA) == PBA) =5

By the formula for total probability, we have

a a—1 b a
P(B) = . .
B) = 13 a50-1 T a¥b ato=1
a
= P(B|A

which shows that A and B are not independent.
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1.4 Conditional probability and independent events

Independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and

B, A and B, A and B.
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1.4 Conditional probability and independent events

Independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and
B, A and B, A and B.

Proof. Since A and B are indept.,

P(AB) = P(A)P(B), then

P(AB) = P(A— AB)
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1.4 Conditional probability and independent events

Independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and
B, A and B, A and B.

Proof. Since A and B are indept.,

P(AB) = P(A)P(B), then

P(AB) = P(A— AB) = P(A) — P(AB)
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1.4 Conditional probability and independent events

Independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and
B, A and B, A and B.

Proof. Since A and B are indept.,

P(AB) = P(A)P(B), then

P(AB) = P(A— AB) = P(A) — P(AB)
— P(A) — P(A)P(B)
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1.4 Conditional probability and independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and
B, A and B, A and B.

Proof. Since A and B are indept.,

P(AB) = P(A)P(B), then

P(AB) = P(A— AB) = P(A) — P(AB)
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1.4 Conditional probability and independent events

Independent events

Example 11. Suppose A and B are two events
independent of each other, show that so are A and
B, A and B, A and B.

Proof. Since A and B are indept.,

P(AB) = P(A)P(B), then

P(AB) = P(A— AB) = P(A) — P(AB)



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Definition Two o-algebras F; and F; are said to

independent with regard to P , if
P(A1As) = P(A))P(As).

holds for arbitrary A;, A, such that A; € F7, and
A2 € Fo.



2. Independence of several events

Definition Events A, B and C are said to be

independent if

and



Definition Suppose that A, Ay, ---, A, are n

events. If for 1 <i<j<k<---<n,

P(A;A;) = P(A;)P(4;),
P(A;A;Ay) = P(A;) P(A;) P(Ag),

P(A1Ay---A,) = P(A))P(Ay)--- P(Ay) )
(11)
hold, then A, Ay, ---, A, are said to be

independent.



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Example 13. Suppose that A;, Ay, ---, A, are
independent, and P(A;) = p;,i =1,2,--- ;n. Find
the probabilities that

(1) neither of them occurs;

(2) at least one of them occurs;

(3) only one of them occurs.



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Solution:
(1) {neither of them occurs}= A; Ay --- A,. We

have

P(AjAy---A)



Solution:

(1) {neither of them occurs}= A; Ay --- A,. We

have
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1.4 Conditional probability and independent events

Independent events

Solution:
(1) {neither of them occurs}= A; Ay --- A,. We

have



Chapter 1 Events and Prc ility

1.4 Conditional probability and independent events

Independent events

(2) {at least one of them occurs}=

A1UA2U"'UAn221Z2“-An. So



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

(2) {at least one of them occurs}=

A1UA2U"'UAn221Z2“-An. So

P(AJUAU---UA,) = 1—-P(A4,4,---A,)



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

(2) {at least one of them occurs}=

A1UA2U"'UAn221Z2“-An. So

P(AJUAU---UA,) = 1—-P(A4,4,---A,)

n

- 1_H(1 — pi).

1=1



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

(3) {only one of them occurs}
=A1 Ay Ay Ay A Ay Ay A
A Ay - - - A,. Therefore, the desired probability is

PO AAy- Ay ApAppn - Ay)



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

(3) {only one of them occurs}
=A1 Ay Ay Ay A Ay Ay A
AjA, - Therefore, the desired probability is

A,
PO AAy- Ay ApAppn - Ay)
1

= P(Z Z Ak 1AkAk+1 Z )



Chapter 1 Events and Probability
1.4 Conditional probability and independent events

Independent events

(3) {only one of them occurs}
=AAy-- A, 1A, + A1As - A, 1A+ +

AjA, - Therefore, the desired probability is

A,
PO AAy- Ay ApAppn - Ay)
1

= ZR:P(Z Ay Ay Mg Apy - A n)
= ZP(Zl)P(Ag) P(A-1)P(Ax)P(Ag11) - - P(An)
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1.4 Conditional probability and independent events

Independent events

Exmaple 14. The reliability of each component is

p, find the reliability of both systems.

g




Chapter 1 Events and Probability

1.4 Conditional probability and independent events

Independent events

Solution.

Ry = P(An(BUC)NnD)
= P(ABDUACD)



Solution.

Ry = P(An(BUC)NnD)
= P(ABDUACD)
= P(ABD) + P(ACD) — P(ABCD)



1.4 Conditional probability and independent events

Independent events

Solution.

Ry = P(An(BUC)NnD)
= P(ABDUACD)
— P(ABD) + P(ACD) — P(ABCD)
= P(A)P(B)P(D)+ P(A)P(C)P(D)



1.4 Conditional probability and independent events

Independent events

Solution.
Ry = P(An(BUC)NnD)
= P(ABDUACD)
— P(ABD) + P(ACD) — P(ABCD)
— P(A)P(B)P(D) + P(A)P(C)P(D)
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1.4 Conditional probability and independent events

Independent events
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1.4 Conditional probability and independent events

Independent events

R, = P(ABUCD)
= P(AB)+ P(CD) — P(ABCD)



R, = P(ABUCD)

— P(AB) + P(CD) — P(ABCD)
— P(A)P(B) + P(C)P(D)
—P(A)P(B)P(C)P(D)

= 2p2 — p4.
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1.4 Conditional probability and independent events

Independent events

UE. ICANZEMRE KAX—FF, B s— N
AENME(RIEE 0 AN TR), R A
R R KRRy



1.4 Conditional probability and independent events

Independent events

WE. ICANZEREKL0X —F 4, ByRanE—1R
B EMMERI 0P BN TAR), MR AR
TSR AR R



UE. ICANZEMRE KAX—FF, B s— N
AR AR EANTAR), HEHR AR
R R KRRy

TESME BT, B kNN, T A o
PR 2L P R 100 T B K 4 O
EATRHNG. WP(A|By) = ¢*.
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1.4 Conditional probability and independent events

Independent events

FITEA



Chapter 1 Events and Probability
1.4 Conditio l] obability and independent events

In depe o ient events

LA .
¢=> d'
k=0
Blg2 T fg(s) = sHIff, Htg(s) = > 00, sk
(0<s<1). B g(1) =1. M40 < s < 1K, iR
Hg(s)HIF2HN

o0 (0.]
=Y " hpe=pi+ > " e
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1.4 Conditional probability and independent events

Independent events

M¥py +p1 < 1, WDH —Ppe > 0, k> 2, X}

g(s)=pr+ ) " hpr <pi+ > kpr=m<1;
k=2 k=2



Independent events

M¥py +p1 < 1, WDH —Ppe > 0, k> 2, X}

g(s)=pr+ ) " hpr <pi+ > kpr=m<1;
k=2 k=2

WHRpy +pr =1, XS
gd(s)=p <1

Frblia 2 H (g(s) —s) <0,0<s< 1. A\
Mg(s) — sfE[0, 1] LA RIS, g = 1277
Feg(s) = sIME—ME. SR,



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

The independence of experiments

The independence of experiments

Suppose Ey, Es,---, E,, are n experiments, then
each possible outcome of each experiment can be
treated as an event. Ey, Es, ---, E,, are said to be
independent if Ay, Ay, ---, A, are independent for
any Ay € By, Ay e By, ---, Ay, € E,,.
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1.4 Conditional probability and independent events

The independence of experiments

Q;—F;. To describe these n experiments, we construct a

compound experiment

E = (Ey,Ey, -+, E,) with Q =Q; x Qy X -+ X Q,

and let sample points w = (w!,- -+ ,w"), where W' € Q;.

In a compound sample space, event A’ can be represented as
Q) X - x A x --- x Q,,, which we still denote by A°.

Then the independence of E, F», ---, E, can be expressed in

terms of

P(A'A2... A") = P(AY)P(A?)... P(A™),

forall A'of E;, i =1,2,--- ,n.
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1.4 Conditional probability and independent events
The independence of experiments

Repeated independent experiments.
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1.4 Conditional probability and independent events

The independence of experiments

4. The Bernoulli model

A trial is called Bernoulli trial if there are only two
possible outcomes for each trial.

Let A denote "success” and A "failure” in a

Bernoulli trial, then
Q = {wl,wg}, w1 = A7CLJ2 = Z,

F={0,AAQ}.

Given P(A)=p, (0<p<1), P(A)=1-p



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

The independence of experiments

Repeated independent Bernoulli trials are widely
studied. We call this probability model the Bernoulli
model.

lts sample points are w = (w!, -+ ,w"), where w' is
A or A and the total number of its sample points is
2",

The Bernoulli model is not a classical probability

model since the probabilities of its sample points is

not necessarily equal.
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1.4 Conditional probability and independent events

The independence of experiments

Example 16. Consider a Bernoulli model of n
repeated independent trials. Let Ay={A occurs
only in the first k trials}, By ={A occurs exactly k
times}. Find (1) P(Ax), (2) P(By).
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1.4 Conditional probability and independent events
The independence of experiments

Solution. (1) It is easy to see

Ak:AA'“f‘lél—A“'E-
k n—=k
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1.4 Conditional probability and independent events

The independence of experiments

Solution. (1) It is easy to see

Ak:AA'“éél_A“'E-
k n—=k

Since A occurs independently with probability p
each trial, then P(Ay) = pfg"*.
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1.4 Conditional probability dl]d independent events

The independence of experiments

Solution. (1) It is easy to see

A, =AA---AAA... A,
‘kr ntk
Since A occurs independently with probability p

each trial, then P(A) = pFq" ",
(2) Note that

=AA - AAA- A+AAA- - AAA. -

o e T
+...4+AA...AAA.. - A.

n—Fk k
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1.4 Conditional probability and independent events

The independence of experiments

So

AT\ & on—k _ n! k n—k
_<k)p E ATy L

k=20,1,2,--- ,n, which appear in the expansion
(p+q)" => 1o ()P ¢" " with the total sum 1.
So call b(k,n, p) the binomial distribution.



1.4 Conditional probability and independent events

The independence of experiments

Bl =5 52 Hy SR > 2 50 (A% R A AL B R R
5, PRI S ARSI 2 R AR AT )
R HUNTHZE R 2 A IR 2 2 /D7



Chapter 1 Events and Probability

1.4 Conditional probability and independent events

The independence of experiments

fREL: 4 E,RNHIn — LRSS SN 7 S #s A
HH I M0 AE BB n e I 15 X — A,
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1.4 Conditional proba

The independence o©

fRiE1: 4 E,RRHIn — 1G5 s AR A
Y LI AE S e B 1 53X — A, B4
REBER N

P(| JE) =) P(E,).

YRI5 K LR A P(F) = & 1745
I BLREE R P(S) = &



fRiE1: 4 E,RRHIn — 1G5 s AR A
Y LI AE S e B 1 53X — A, B4
REBER N

P(|J Ex) =) _ P(Ey).

YRS S B P (F) = 4 74
HIH B A P(S) = 5. FrLd

P(E,) = (1— P(F) — P(8))" "' P(F).
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1.4 Conditional probability and independent events

The independence of experiments

P(|JEw) =) (1 - P(F) - P(S))" ' P(F)
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1.4 Conditional probability and independent events

The independence of experiments

fifih2: 2 ERARSSBET 52X — A,
FRINFH IR AR S R, SRR — Ul
ZERNT R, OFR S — I 4 ROV E R A



fiRV52: & EFRRSHDIET B2 AT —F
FPRRFE—RI AR NS, SEREH— A5
ZERNT R, ORI —IRIR 45 R H B/ A
A4

P(E) = P(E|F)P(F)+P(E|S)P(S)+P(E|0)P(0).

P(E|F) =1, P(E|S)=0, P(E|O)= P(E).
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The independence of experiments
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1.4 Conditional probability and independent events

The independence of experiments

Example 10. One has two boxes of matches, each
having n matches, in his pocket. Each time he
wants to use match, he will randomly take out a
box and draw one match from it. When he finds the
box he takes out is empty, find the probability that

the other box has just m matches.
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Solution. The desired probability is

P =P({box A is empty, box B has m matches})
+ P({ box B is empty, box A has m matches})
2P + P

Consider P, first. When one box is empty,

2n + 1 — m drawings are considered. So
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~

box A is empty, box B has m matches}

in the first 2n + 1 — m drawings,

box A is drawn at the (2n + 1 — m)-th draw
and, in the first 2n — m drawings,

box A is drawn n times,

box B is drawn n — m times }
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Consider it as a Bernoulli model of 2n —m + 1
repeated independent trials, where A={box A is
drawn} and A={box B is drawn}, and
p=P(A) =1/2.
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Consider it as a Bernoulli model of 2n — m + 1
repeated independent trials, where A={box A is
drawn} and A={box B is drawn}, and
p=P(A)=1/2. Thus
2n—m\ , 1. 1 1
P — “\n(_— n—m_.
= ("G

n
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Consider it as a Bernoulli model of 2n —m + 1
repeated independent trials, where A={box A is
drawn} and A={box B is drawn}, and
p=P(A)=1/2. Thus

2n—m\ 1., 1., 1
P = ( )(5) (5) 5
Similarly,

A= (" " GrGr s
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Hence, the desired probability is

2n—m\ 1. 1 1
P = 2 “\n/\n—m
o (2) (2)
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