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Appendix A. Detail proofs of the main results

The proofs are arranged as follows. We first consider the homogeneous case

and prove Theorems 2.2 and 2.3 in Section 2 for the first order convergence.

We then prove Theorems 4.1 and 4.2, Corollaries 4.1 and 4.2 in Section 4

for second order convergence. Finally, we consider the results in Section 5

for non-homogeneous cases. Now, let us denote Fn = σ(Ym,Xm, Um,k,m =

1, . . . , n, k = 1, . . . ,K), which is the sigma-field that contain the history of the

urn process.

A.1. Proofs of the first order asymptotic properties

Before the proofs, we need two lemmas. The first lemma can be proved using

the same argument as Lemma A.4 of Hu and Zhang (2004).

Lemma A.1. With a probability of one, on the event {Nn,k →∞}, we have

Yn,k =

n∑
l=1

Xl,kUl,k ∼ Nn,k, if E[U1,k] <∞;

n∑
l=1

Xl,k(Ul,k −mk) =


o(Nn,k/ logNn,k), if E[U1,k logU1,k] <∞;

o(N
1/p
n,k ), if E[Up1,k] <∞, 1 ≤ p < 2;

o
(√

Nn,k log logNn,k), if E[U2
1,k] <∞.
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The following is the key lemma for proving Theorems 2.2 and 2.3.

Lemma A.2. Suppose that for each k, Un,k, n = 1, 2 . . . , are i.i.d. nonnegative

random variables with 0 < mk = EUn,k <∞. Then

log Yn,k ∼
mk

mmax
log n a.s. k = 1, . . . ,K, (A.1)

and there is random variable $k such that

Yn,k exp

{
−

n∑
l=1

mk

|Yl−1|

}
→ $k a.s. (A.2)

Further,

either P($k > 0) = 0 or P($k > 0) = 1, (A.3)

$k > 0 a.s. ⇐⇒ E[U1,k logU1,k] <∞. (A.4)

Proof. First, it is trivial that |Yn| ≤
∑n

l=1

∑K
k=1 Ul,k = O(n), hence

∞∑
n=1

P(Xn,k = 1|Fn−1)) ≥ c
∞∑
n=1

1/|Yn−1| =∞ a.s.,

which implies that P(Xn,k = 1 i.o.) = 1. Further, Yn,k ∼ mkNn,k →∞ a.s. by

Lemma A.1. Write qn−1 =
∑n

l=1 1/|Yl−1|. It is obvious that

E[Yn,k|Fn−1] = = Yn−1,k

(
1 +

mk

|Yn−1|

)
≤ Yn−1,k exp

{ mk

|Yn−1|

}
.

It follows that Yn,k exp{−mkqn−1} is a non-negative supermartingale and hence

it converges almost surely to a finite limit according to the fundamental con-

vergence theorem for supermartingales. Therefore, (A.2) is proved.

However, if we let Hk(x) = E
[

U2
1,k

x+U1,k

]
, then

E

[
Yn−1,k

Yn,k

∣∣∣Fn−1

]
= E

[
1−

Un,kXn,k

Yn−1,k
+

Xn,k

Yn−1,k

U2
n,k

Yn−1,k + Un−1,k

∣∣∣Fn−1

]
= 1− mk

|Yn−1|
+
Hk(Yn−1,k)

|Yn−1|
≤ exp

{
− mk

|Yn−1|
+
Hk(Yn−1,k)

|Yn−1|

}
.

It follows that

Y −1
n,k exp

{
mkqn−1 −

n∑
l=1

Hk(Yl−1,k)

|Yn−1|

}
converges to a finite limit a.s., (A.5)
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because it is also a non-negative supermartingale. In addition, Hk(Yl−1,k)→ 0

a.s. because EU1,k <∞ and Yl−1,k →∞ a.s. By combining (A.2) and (A.5) we

conclude that

log Yn,k ∼ mkqn−1 a.s. k = 1, . . . ,K, (A.6)

From (A.6), it is obvious that Yn,k/|Yn| → 0 a.s. if mk < mmax. As Yn,k ∼

mkNn,k a.s., we have

|Yn| ∼ mmax

∑
i:mi=mmax

Nn,i ∼ mmax

K∑
i=1

Nn,i = mmaxn a.s., (A.7)

which together with (A.6) implies that

log Yn,k ∼
mk

mmax

n∑
l=1

1

l
∼ mk

mmax
log n a.s. k = 1, . . . ,K.

Hence, (A.1) is proven.

Finally, we show (A.3) and (A.4). Assume that E[U1,k logU1,k] <∞. Then

∞∑
n=1

1

n
E

[
U2

1,k

nmk/(2mmax) + U1,k

]

≤
∞∑
n=1

1

n

nmk/(4mmax)EU1,k

nmk/(2mmax)
+

∞∑
n=1

1

n
E
[
U1,kI{U1,k ≥ nmk/(4mmax)}

]
<∞,

which together with (A.7) and (A.1) implies that

∞∑
n=1

1

|Yn−1|
Hk(Yn−1,k) <∞ a.s. (A.8)

From (A.8), (A.2) and (A.5), it follows that both Yn,k exp {−mkqn−1} and

Y −1
n,k exp {mkqn−1} have finite limits, and so $k > 0 a.s.

Now, suppose that mk = E[U1,k] < ∞ and E[U1,k logU1,k] = ∞. We will

show that $k = 0 a.s. Define U
(1)
n,k = Un,kI{Un,k < n},

Y
(1)
n+1,k = Y

(1)
n,k +Xn+1,kU

(1)
n+1,k with Y

(1)
0,k = Y0,k,

U
(2)
n,k = Un,k −U

(1)
n,k and Y

(2)
n,k = Yn,k − Y

(1)
n,k . Then Y

(2)
n+1,k = Y

(2)
n,k +Xn+1,kU

(2)
n+1,k

with Y
(2)

0,k = 0. Denote m
(1)
n,k = E[U1,kI{U1,k < n}]. Then

E[Y
(1)
n,k |Fn−1] = Y

(1)
n−1,k +

Yn−1,k

|Yn−1|
m

(1)
n,k = Y

(1)
n−1,k

(
1 +

m
(1)
n,k

|Yn−1|
+

m
(1)
n,kY

(2)
n−1,k

|Yn−1|Y (1)
n−1,k

)
.
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Following the same argument as in the proof of (A.2), we find that

Y
(1)
n,k exp

{
−

n∑
l=1

m
(1)
l,k

|Yl−1|
−

n∑
l=1

m
(1)
l,k Y

(2)
l−1,k

|Yl−1|Y
(1)
l−1,k

}
converges to a finite limit almost surely. However, by E[U1,k] <∞,

∑∞
n=1 P(Un,k ≥

n) <∞. According to the Borel-Cantelli lemma, P(U
(2)
n,k 6= 0 i.o.) = 0. It follows

that Y
(2)
n,k = O(1) and Yn,k = Y

(1)
n,k +O(1) a.s. Hence

∞∑
l=1

m
(1)
l,k Y

(2)
l−1,k

|Yl−1|Y
(1)
l−1,k

≤ C
∞∑
l=1

mk

|Yl−1|Yl−1,k
≤ C

∞∑
l=1

1

l1+mk/(2mmax)
<∞ a.s.

by (A.7) and (A.1). It follows that

Yn,k exp

−mkqn−1 +

n∑
l=1

m
(2)
l,k

|Yl−1|

 = Yn,k exp

−
n∑
l=1

m
(1)
l,k

|Yl−1|

→ ζ

for some 0 ≤ ζ <∞, where m
(2)
l,k = E[U1,kI{U1,k ≥ l}]. It can be shown that

∞∑
l=1

m
(2)
l,k

|Yl−1|
≥ c

∞∑
l=1

m
(2)
l,k

l
≥cE

[∫ ∞
e

U1,kI{U1,k ≥ x}
x

dx

]
=cE [U1,k(logU1,k − 1)] =∞ a.s.

Hence Yn,k exp {−mkqn−1} → 0 a.s. The proof is now complete. �

Proof of Theorem 2.2. (2.4) follows immediately from (A.2) and (A.4).

By noting that Yn,k =
∑n

m=1Xm,kUm,k ∼ mkNn,k a.s. due to Lemma A.1, (2.5)

is also proven. To prove (2.6) and (2.7), without loss of generality, we suppose

m1 = m2 = · · · = mk0 = mmax > mk > 0, k = k0 + 1, . . . ,K. Due to (2.5),

Nn,k

Nn,1
→ $k

$1
a.s. k ≤ k0 and

Nn,k

Nn,1
→ 0 a.s. k > k0 + 1.

Notice Nn,1 + . . . Nn,K = n. It follows that

Nn,k

n
→ 0 a.s. k > k0 + 1 and

Nn,k

n
→ $k

$1 + . . .+$k0

a.s. k ≤ k0,

which, together with (2.5), imply (2.7). Finally, (2.6) follows from (2.7) because

Yn,k ∼ mkNn,k a.s. �
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Proof of Theorem 2.3. log Yn,k ∼ mk/mmax log n a.s. due to Lemma

A.2. Hence, if Yn,k/n
δk converges in distribution to a finite limit $∗k with

P($∗k > 0) > 0, then δk = mk/mmax. Whereas if Nn,k/n
δk converges in

distribution to a finite limit ϕ∗k, then Yn,k/n
δk converges in distribution to

mkϕ
∗
k by the fact that Yn,k ∼ mkNn,k a.s. The first part of the theorem is

proven.

Now, suppose that

Yn,k/n
mk/mmax

D→ $∗k with P($∗k > 0) > 0. (A.9)

By (A.2), we have

∑
j:mj=mmax

Yn,j exp

{
−

n∑
l=1

mmax

|Yl−1|

}
→

∑
j:mj=mmax

$k a.s.

and
∑

j:mj=mmax
Yn,j ∼ mmax

∑
j:mj=mmax

Nn,j ∼ mmaxn a.s. We conclude that

n1/mmax exp

{
−

n∑
l=1

1

|Yl−1|

}
→
(∑

j:mj=mmax
$k

mmax

)1/mmax

=̂$̃∗ a.s., (A.10)

where P($̃∗ > 0) = 0 or P($̃∗ > 0) = 1 by (A.3).

If P($̃∗ > 0) = 0, then by (A.9) and (A.10), we have Yn,k exp
{
−
∑n

l=1
mk

|Yl−1|
} D→

0. It follows that P($k > 0) = 0 by (A.2).

If P($̃∗ > 0) = 1, then (A.10) and (A.2) imply that Yn,k/n
mk/mmax →

$k/($̃
∗)mk a.s. It follows that P($k > 0) = P($∗k > 0) > 0 by (A.9). Hence

P($k > 0) = 1 by (A.3). We conclude that if one of the $k, k = 1, . . . ,K is

positive, all of them are positive, while, if one of $k, k = 1, . . . ,K, is zero, then

all of them are zero. By (A.4), the proof is complete. �

A.2. Proofs of the limit distribution

In this subsection, we derive the limit distributions given in Theorem 3.1 and

Example 3.1.

Proof of Theorem 3.1. As the number of balls is an integer, we can use the

embedding method of Athreya and Ney (1972) to derive the limit. Let {́Z(t) =
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(Z1(t), . . . , ZK(t)); t ≥ 0} be a K-type Markov branching process with Zk(t),

k = 1, 2, . . . ,K (the K branching processes are independent) and Z(0) = Y0.

Assume that (i) each particle lives for a unit exponential random time, and

(ii) when a type k (k = 1, 2, . . . ,K) particle dies, new type k particles are

born according to the probability generating function sfk(s), i.e., the random

number of born particles has the same distribution as U1,k + 1. Let τ0 = 0

and τn be the time of the n-th death in the system. Then following the same

argument as in Theorem 9.2 of Athreya and Ney (1972), {Z(τn);n ≥ 0} is

equivalent to {Yn;n ≥ 0}, in other words, these two random sequences have

the same distribution. In fact, it is obvious that Z(0)
D
= Y0. Suppose

{Z(τ0), . . . ,Z(τn)} D= {Y0, . . . ,Yn}.

Given {Z(τ0), . . . ,Z(τn)}, the probability that the (n+ 1)-th death is a type k

particle is

Zk(τn)

|Z(τn)|

and when a type k particle dies, 1 + U∗n,k new type k particles are born,

and the distribution of U∗n,k is the same as that of Un,k. Thus, for a given

{Z(τ0), . . . ,Z(τn)}, the distribution of Z(τn+1)−Z(τn) is the same as that of

Yn+1 − Yn for a given {Y0, . . . ,Yn}. Hence,

{Z(τ0), . . . ,Z(τn),Z(τn+1)} D= {Y0, . . . ,Yn,Yn+1}.

Therefore, these two random sequences have the same distribution by induction.

Furthermore, it is obvious that the extinction probability of each Zk(t) is

zero because Zk(t) ≥ Zi(0). By the additive property of the branching process,

Zk(t) can be written as
∑Zk(0)

j=1 Z
(j)
k (t), where Z

(j)
k (t), j = 1, . . . , Zk(0), are i.i.d.

branching processes with Z
(j)
k (0) = 1 and the same generating function as that

of Zk(t). By Theorem 8.3 of Athreya and Ney (1972) and the assumption that

E[U1,k logU1,k] < ∞, for each Z
(j)
k there exists a positive continuous random
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variable $̃
(j)
k , with E[e−u$̃

(j)
k ] = gk(u) satisfying

invgk(u) = (1− u) exp

{∫ u

1

(
mk

s(fk(s)− 1)
+

1

1− s

)
ds

}
, 0 < u ≤ 1.

such that

e−mktZ
(j)
k (t)→ $̃

(j)
k a.s.

It is obvious that $̃
(j)
k , j = 1, . . . , Zk(0), are independent. Hence,

e−mktZk(t)→ $̃k =:

Zk(0)∑
j=1

$̃
(j)
k a.s.,

and $̃k is a positive continuous random variable with E[e−u$̃k ] =
[
gk(u)

]Zk(0)
=[

gk(u)
]Y0,k . Further, $̃k, k = 1, . . . ,K, are independent because {Zk(t)}, k =

1, . . . ,K, are K independent processes.

Now, it is obvious that τn →∞ a.s. as n→∞. We conclude that

e−mkτnZk(τn)→ $̃k a.s.

Hence,

Z
1/mi

i (τn)

Z
1/mj

j (τn)
→

$̃
1/mi

i

$̃
1/mj

j

a.s.

By (2.4) of Theorem 2.2, it follows that

$̃
1/mi

i

$̃
1/mj

j

=
$

1/mi

i

$
1/mj

j

a.s.

So, without loss of generality we can assume that $̃k = $k. �

Proof of Example 3.1. Notice mk = αkpk, fk(s) = 1− pk + sαkpk. From

(3.1) it follows that

gk(u) = (1 + αku)−1/αk ,

which is the Laplace transform of a gamma distribution with parameters 1/αk

and 1/αk. It follows that the distribution of $k is gamma with the parameters

Y0,k/αk and 1/αk. And so, the distribution of $k/αk is gamma with the

parameters Y0,k/αk and 1. (3.2) and (3.3) are proved.
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If αk ≡ α, then mk = αpk. Notice that
∑m

j=1 Γj(Y0,j/α, 1) is distributed as

Γ(
∑m

j=1 Y0,j/α, 1). So for k > m, the random variable in (3.2) is distributed as

p
pk/p1
1

pk

Γk(Y0,k/α, 1)

[Γ(
∑m

j=1 Y0,j/α, 1)]pk/p1
,

and for k = 1, · · · ,m, the random variables in (3.3) is

Γk(Y0,k/α, 1)

Γk(Y0,k/α, 1) +
∑

j 6=k Γj(Y0,j/α, 1)
,

which is distributed as Beta(Y0,k/α,
∑

j 6=k Y0,k/α).

If pk ≡ p, thenmk = αkp. Notice that
∑m

j=1 αjΓj(Y0,j/αj , 1) = α1
∑m

j=1 Γj(Y0,j/α1, 1)

is distributed as α1Γ(
∑m

j=1 Y0,j/α1, 1). So for k > m, the random variable in

(3.2) is distributed as

pαk/α1−1 Γk(Y0,k/αk, 1)

[Γ(
∑m

j=1 Y0,j/α1, 1)]αk/α1
,

and for k = 1, · · · ,m, the random variables in (3.3) is

Γk(Y0,k/α1, 1)

Γk(Y0,k/α1, 1) +
∑

j 6=k Γj(Y0,j/α1, 1)
,

which is distributed as Beta(Y0,k/α1,
∑

j 6=k Y0,k/α1).

Finally in the two-treatment case, when α1p1 = α2p2, for k = 1 the random

variable in (3.3) is

α1Beta
(Y0,1

α1
, Y0,2

α2

)
α1Beta

(Y0,1

α1
, Y0,2

α2

)
+ α2

(
1−Beta

(Y0,1

α1
, Y0,2

α2

)) ,
where

Beta
(Y0,1

α1
,
Y0,2

α2

)
=

Γ1(Y0,1/α1, 1)

Γ1(Y0,1/α1, 1) + Γ2(Y0,2/α2, 1)

is distributed as the beta distribution with the parameters given in the paren-

theses. This result is consistent with the new distribution in §6.2 of Aletti, May

and Secchi (2012).
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A.3. Proofs of the second order asymptotic properties

To prove the second order convergence we need the following central limit

theorem for martingale vectors which is a multi-dimensional version of Corollary

3.1 of Hall and Heyde (1980, p.58) and can be obtained using the Cramér-Wold

device.

Lemma A.3. Let {ζn,i = (ζ
(1)
n,i , · · · , ζ

(K)
n,i ),An,0,An,i; 1 ≤ i ≤ kn} be an array

of martingale differences with An,i ⊂ An+1,i, 0 ≤ i ≤ kn, n ≥ 1,

∑
i

E
[
‖ζn,i‖2I{‖ζn,i‖ ≥ ε}

∣∣An,i−1

] P→ 0, ∀ε > 0,

Vn =:
∑
i

E
[
(ζn,i)

′ζn,i
∣∣An,i−1

] P→ V := (Vij).

Then
∑kn

i=1 ζn,i
D→ N(0,V ) stably, where N(0,V ) is a multi-dimensional mix-

ing normal distribution with the characteristic function E[exp{−1
2

∑
i,j titjVij}].

Proof of Theorem 4.1. Recall δk = mk/mmax. Let

qn−1 =

n∑
l=1

1

|Yl−1|
and Qn,k =

1

mk
log Yn,k − qn−1.

In addition, Nn,k ≈ Yn,k ≈ nδk a.s. due to Theorem 2.2. Also,

1

mk
log(mkNn,k)−

1

mk
log(Yn,k) =− 1

mk
log
(
1 +

∑n
l=1Xl,k(Ul,k −mk)

mkNn,k

)
=o(N

1/p−1
n,k ) = o(Y

1/p−1
n−1,k ) a.s.

due to Lemma A.1. So, according to the Taylor-expansion, it is sufficient to

prove that

Qn,k − log$k = o(Y
1/p−1
n−1,k ) a.s. (A.11)

Now, we let U
(δk)
n,k = Un,kI{Un,k ≤ nδk/p}, U (δk)

n,k = Un,k − U
(δk)
n,k , f(x) = x −

log(1+x). Then 0 ≤ f(x) ≤ x2/(1+x) (x ≥ 0), Qn,k−log$k = −
∑∞

l=n+1 ∆Ql,k
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and

∆Qn,k =: Qn,k −Qn−1,k =
1

mk
Xn,k log

(
1 +

Un,k
Yn−1,k

)
− 1

|Yn−1|

=
1

mk

[ Un,k
Yn−1,k

Xn,k −
mk

|Yn−1|
−Xn,kf

( Un,k
Yn−1,k

)]
=

1

mk

[( U (δk)
n,k

Yn−1,k
Xn,k −

E[U
(δk)
n,k ]

|Yn−1|

)
+
( U (δk)

n,k

Yn−1,k
Xn,k −

E[U
(δk)
n,k ]

|Yn−1|

)
−Xn,kf

( Un,k
Yn−1,k

)]
:= (∆Q

(11)
n,k + ∆Q

(12)
n,k −∆Q

(2)
n,k)/mk.

It is obvious that

∞∑
l=1

Y
1−1/p
l−1,k E[|∆Q(2)

l,k |Fl−1] ≤
∞∑
l=1

Y
1−1/p
l−1,k

|Yl−1|
E
[ U2

l,k

Yl−1,k + Ul,k

∣∣Fl−1

]

≤
∞∑
l=1

Y
1−1/p
l−1,k

|Yl−1|
E[Upl,k]

Y p−1
l−1,k

≤ C
∞∑
l=1

l−1−δk(p+1/p−2) <∞ a.s. (A.12)

It follows that
∑∞

l=1 Y
1−1/p
l−1,k |∆Q

(2)
l,k | <∞ a.s., and hence

∞∑
l=n+1

|∆Q(2)
l,k | = o(Y

1/p−1
n−1,k ) a.s. (A.13)

On the other hand, {∆Q(11)
n,k } and {∆Q(12)

n,k } are both martingale differences. It

is easily seen that

∞∑
l=1

Y
(1−1/p)
l−1,k E[|∆Q(12)

l,k |
∣∣Fl−1]

≤C
∞∑
l=1

Y
(1−1/p)
l−1,k E[U1,kI{U1,k ≥ lδk/p]/|Yl−1|

≤C
∞∑
l=1

l(1−1/p)δk−1E[U1,kI{U1,k ≥ lδk/p]

≤CEUp1,k <∞,
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by noticing |Yl| ≈ l a.s. and Yl,k ≈ lδk a.s.; and also

∞∑
l=1

Y
2(1−1/p)
l−1,k E[|∆Q(11)

l,k |
2
∣∣Fl−1]

≤C
∞∑
l=1

Y
2(1−1/p)
l−1,k

E[U2
1,kI{U1,k ≤ lδk/p]
|Yl−1|Yl−1,k

≤C
∞∑
l=1

l(1−2/p)δk−1E[U2
1,kI{U1,k ≤ lδk/p]

≤CEUp1,k <∞.

We conclude that

∞∑
l=1

Y
(1−1/p)
l−1,k E[|∆Q(12)

l,k |
∣∣Fl−1] <∞,

∞∑
l=1

Y
2(1−1/p)
l−1,k E[|∆Q(11)

l,k |
2
∣∣Fl−1] <∞.

It follows that
∑∞

l=1 Y
(1−1/p)
l−1 ∆Q

(1i)
l,k converges almost surely, i = 1, 2, and hence

∞∑
l=n+1

(∆Q
(11)
l,k + ∆Q

(12)
l,k ) = o(Y

1/p−1
n−1 ) a.s.

Therefore log$k − Qn,k =
∑∞

l=n+1 ∆Ql,k = o(Y
1/p−1
n−1 ) a.s. The proof is

complete. �

Proof of Theorem 4.2. Let δk, qn and Qn,k be defined as in the proof

of Theorem 4.1. Without loss of generality, we assume that m1 = . . . =

mk0 > mk, k = k0 + 1, . . . ,K. Define Ik = I{mk = mmax}. Let N0(0, 1)

be a standard normal variable which is independent of all other variables, and

ς =
∑k0

k=1

√
ηk/(1 + σ2

U,k)Nk1(0, 1) +
√

1−
∑k0

k=1 ηk/(1 + σ2
U,k)N0(0, 1). Then

ς is a standard normal variable such that E[ςNk1(0, 1)|ηk] =
√
ηk/(1 + σ2

U,k) for

a given ηk, k = 1, . . . , k0.

According to the delta-method, it is sufficient to show that

√
nδk (Qn,k − log$k)

D→ 1

mk
√
ηk

√
1 + σ2

U,kNk1(0, 1)− ςIk
mk

(stably),

√
nδk
(

log(mkNn,k)− qn−1 −Qn,k
) D→ 1

mk
√
ηk
σU,kNk2(0, 1) (stably),
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for k = 1, . . . ,K. Note that (A.13) and (A.12) also hold for p = 2. It follows

that

Qn,k − log$k = −
∞∑

l=n+1

1

mk
∆Q

(1)
l,k + o(n−δk/2) a.s.,

where ∆Q
(1)
n,k = ∆Q

(11)
n,k + ∆Q

(12)
n,k = Xn,kUn,k/Yn−1,k −mk/|Yn−1|, and

1

mk
log(mkNn,k)− qn−1 = Qn,k −

1

mk
log
(

1 +

∑n
l=1Xl,k(Ul,k −mk)

mkNn,k

)
= Qn,k −

1

mk

∑n
l=1Xl,k(Ul,k/mk − 1)

ηknδk
+ o(n−δk/2) a.s.

Hence, it is sufficient to show that∑n
l=1Xl,k(Ul,k −mk)√

nδk
D→ √ηkmkσU,kNk2(0, 1) (stably), (A.14)

√
nδk

∞∑
l=n+1

∆Q
(1)
l,k

D→ 1
√
ηk

√
1 + σ2

U,kNk1 (0, 1)− ςIk (stably). (A.15)

For the martingale differences {∆Q(1)
n,k}, we have

nδk
∞∑

l=n+1

E
[
(∆Q

(1)
n,k)

2
∣∣Fl−1

]
=nδk

∞∑
l=n+1

[ EU2
1,k

|Yl−1|Yl−1,k
−

m2
k

|Yl−1|2
]

=nδk
∞∑

l=n+1

(1 + o(1))
[ EU2

1,k

mmaxψkl · lδk
−

m2
k

m2
maxl

2

]
=(1 + o(1))

E[U2
1,k]

mmaxψkδk
− (1 + o(1))

m2
kn

δk

m2
maxn

=(1 + o(1))
E[U2

1,k]

ηkm
2
k

− (1 + o(1))
m2
kn

δk

m2
maxn

→

(σ2
U,k + 1)/ηk a.s., ifmk 6= mmax,

(σ2
U,k + 1)/ηk − 1 a.s., ifmk = mmax.
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and

√
nδknδj

∞∑
l=n+1

E
[
(∆Q

(1)
n,k)(∆Q

(1)
n,j)
∣∣Fl−1

]
=
√
nδk+δj

∞∑
l=n+1

[
− mkmj

|Yl−1|2

]

=−
√
nδk+δj

∞∑
l=n+1

(1 + o(1))
mkmj

m2
maxl

2

=− (1 + o(1))
mkmj

m2
max

nδk/2+δj/2−1

→

−1 a.s., if mk = mj = mmax, k 6= j,

0 a.s., otherwise .

On the other hand, the martingales
∑n

l=1Xl,k(Ul,k − mk), k = 1, . . . ,K, are

uncorrelated among themselves, and also uncorrelated with all
∑∞

l=n+1 ∆Q
(1)
l,j ,

j = 1, . . . ,K. Further,

n−δk
n∑
l=1

E[Xl,k(Ul,k −mk)
2|Fl−1] = n−δk

n∑
l=1

Yl−1,k

|Yl−1|
σ2
U,km

2
k

=n−δk
n∑
l=1

(1 + o(1))
ψkl

δk

mmaxl
σ2
U,km

2
k

→ ψk
mmaxδk

σ2
U,km

2
k = ηkσ

2
U,km

2
k a.s.

Next, we check the Linderberg condition. First, we have

n−δk
n∑
l=1

E[Xl,k(Ul,k −mk)
2I{Xl,k(Ul,k −mk)

2 ≥ εnδk |Fl−1]

=n−δk
n∑
l=1

Yl−1,k

|Yl−1|
E

[
(Ul,k −mk)

2I

{
Yl−1,k

|Yl−1|
(Ul,k −mk)

2 ≥ εnδk
} ∣∣∣Fl−1

]

≤Cn−δk
n∑
l=1

lδk

l
E
[
(Ul,k −mk)

2I
{

(Ul,k −mk)
2 ≥ εcl

} ∣∣∣Fl−1

]
→ 0 a.s.
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Also,

∞∑
l=n+1

E
[(√

nδkXl,kUl,k/Yl−1,k

)2
I
{(√

nδkXl,kUl,k/Yl−1,k

)2 ≥ ε} ∣∣Fl−1

]
= nδk

∞∑
l=n+1

Yl−1,k

|Yl−1|Y 2
l−1,k

E

[(
Ul,k

)2
I

{
Yl−1,k

|Yl−1|
(√
nδkUl,k/Yl−1,k

)2 ≥ ε} ∣∣Fl−1

]

≤ Cnδk
∞∑

l=n+1

1

l1+δk
E
[
U2
l,kI
{
U2
l,k ≥ εcl

}∣∣∣Fl−1

]
→ 0 a.s.

We conclude the Linderberg condition:

∞∑
l=n+1

E
[
(
√
nδk∆Q

(1)
l,k )2I

{
(
√
nδk∆Q

(1)
l,k )2 ≥ ε

} ∣∣Fl−1

]
→ 0 a.s.,

n−δk
n∑
l=1

E[Xl,k(Ul,k −mk)
2I{Xl,k(Ul,k −mk)

2 ≥ εnδk |Fl−1]→ 0 a.s.

To apply Lemma 4.3 to the central limit theorem for martingale vectors, it

is sufficient to let An,i ≡ Fi and define ζn,i = (ζn,i,1, . . . , ζn,i,2K) as follows. For

k = 1, . . . ,K, let ζn,i,k = n−δk/2Xi,k(Ui,k −mk) if 1 ≤ i ≤ n, and ζn,i,k = 0 if

i ≥ n+ 1. For k = K + 1, . . . , 2K, let ζn,i,k = nδk−K/2∆Qi,k−K if i ≥ n+ 1, and

ζn,i,k = 0 if 1 ≤ i ≤ n. Then, by Lemma A.3, (A.14) and (A.15) hold. �.

Next we give the proofs of Corollaries 4.1 and 4.2.

Proof of Corollary 4.1. Let f(xi : i ∈ Ωj\{j}) = 1/(1+
∑

i∈Ωj\{j} x
mj

i ηi/ηj).

Then

Yn,j∑
i∈Ωj

Yn,i
= f

( (Yn,i/ηi)
1/mi

(Yn,j/ηj)1/mj
: i ∈ Ωj\{j}

)
,

Nn,j∑
i∈Ωj

Nn,i
= f

( (Nn,i/ηi)
1/mi

(Nn,j/ηj)1/mj
: i ∈ Ωj\{j}

)
,

∂f

∂xi

∣∣∣
xk=1,k∈Ωj\{j}

= − mjηiηj
(
∑

k∈Ωj
ηk)2

.

The results follow from Theorem 4.2 using the delta-method and some elemen-

tary calculations of variability. �

Proof of Corollary 4.2. We only show the proof of (4.4) and (4.5) because

the proofs of the remaining results are similar. Suppose m1 = . . . = mk0 > mk
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for k > k0. For i = 1, . . . , k0, write

ζn,i,j = nδj/2

(
(Nn,i/ηi)

1/m1

(Nn,j/ηj)1/mj
− 1

)
.

Then, for mi = mmax,

Nn,i

(Nn,j/ηj)1/δj
− ηi =ηi

[(
ζn,i,jn

−δj/2 + 1
)m1 − 1

]
=mmaxηiζn,i,jn

−δj/2 + o
((
ζn,i,jn

−δj/2)2)
=mmaxηiζn,i,jn

−δj/2 + o
(
n−δj/2

)
a.s.,

due to (4.2). Note that Nn,1 + . . .+Nn,K = n. It follows that

n

(Nn,j/ηj)1/δj
− 1 =

∑
i:mi=mmax

(
Nn,i

(Nn,j/ηj)1/δj
− ηi

)
+

∑
i:mi<mmax

Nn,i

(Nn,j/ηj)1/δj

=mmaxn
−δj/2

∑
i:mi=mmax

ηiζn,i,j +
∑

i:mi=msec

ηin
δsec−1(1 + o(1)) + o(n−δj/2) a.s.,

because Nn,i ∼ ηinδi a.s. by Theorem 2.2. Hence,

Nn,j/ηj
nδj

− 1 =−mmaxδjn
−δj/2

∑
i:mi=mmax

ηiζn,i,j − δjnδsec−1
∑

i:mi=msec

ηi

+ o(nδsec−1) + o(n−δj/2) a.s.

Recall the definitions of Aij , Bij in Theorem 4.2. Notice
∑

i:mi=mmax
ηi = 1.

For mi = mmax > mj , we have

∑
i:mi=mmax

ηi(Aij +Bij) = − 1

mj
√
ηj

(√
1 + σ2

U,jNj1(0, 1) + σU,jNj2(0, 1)
)
.

(4.5) follows from (4.3).

For (4.6), it is sufficient to notice that Yn,j = (Yn,j −mjNn,j) +mjNn,j and

Yn,j −mjNn,j√
nδj

D→ √ηjσU,jmjNj2(0, 1) (stably). �
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A.4. Proofs for the non-homogeneous case

To prove Theorem 5.1, we need another lemma.

Lemma A.4. Suppose supn E[Un,k logp Un,k|Y0, . . . ,Yn−1] < ∞ a.s. for some

p > 1. Under (5.1) or (5.3), we have that Nn,k →∞ a.s., Yn,k ∼ mkNn,k a.s.,

min
k
mk ≤ lim inf

n→∞

|Yn|
n
≤ lim sup

n→∞

|Yn|
n
≤ max

k
mk a.s. (A.16)

and

Yn,k exp

{
−

n∑
l=1

ml,k

|Yl−1|

}
converges a.s. to a positive finite limit. (A.17)

Proof. We prove (A.16) first. Note that

Yn,k =

n∑
m=1

Xm,kmm,k +

n∑
m=1

Xm,k(Um,k −mm,k)

=mkNn,k +

n∑
m=1

Xm,k(mm,k −mk) +

n∑
m=1

Xm,k(Um,k −mm,k).

Let An = σ(Y0, . . . ,Yn,X1, . . . ,Xn,Xn+1). It is easily seen that {Xn,k(Un,k −

mn,k)} is a sequence of martingale differences. Let f(x) = x logp(e+ x). Then

∞∑
m=m0

E

[
f(|Xn,k(Un,k −mn,k)|)

f(Nm,k)

∣∣∣∣Am−1

]

≤C sup
m

E
[
f(Um,k)

∣∣Am−1

] ∞∑
m=m0

Xm,k

f(Nm,k)

≤C
∞∑

m=m0

Nm,k −Nm−1,k

f(Nm,k)
≤ C

∫ ∞
Nm0−1,k

1

f(x)
dx <∞,

if Nm0−1,k > 0. By the law of large numbers for martingales (c.f., Stout (1974,

P157),

n∑
m=1

Xm,k

(
Um,k −mm,k

)
= o(Nn,k) a.s. on {Nn,k →∞}.

It follows that

Yn,k =mkNm,k +

n∑
m=1

Xm,k(mm,k −mk) + o(Nn,k) a.s. (A.18)

on {Nn,k →∞}.
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If the condition (5.1) (i.e., mn,k → mk a.s., k = 1, . . . ,K) is satisfied, it is

obvious that
∑n

m=1Xm,k(mm,k − mk) = o(n) a.s. If (5.3) (i.e.,
∑

n |mn,k −

mk|/n < ∞ a.s. k = 1, . . . ,K) is satisfied, then we also have by Kronecker’s

Lemma

|
n∑

m=1

Xm,k(mm,k −mk)| ≤ n
n∑

m=1

|mm,k −mk|
n

= o(n) a.s.

In either case, we have Yn,k = mkNm,k + o(n) a.s. We conclude that

|Yn| =
K∑
k=1

mkNm,k + o(n) a.s.,

which, together with
∑K

k=1Nn,k = n, implies (A.16).

From (A.16), it follows that∑
n

P(Xn+1,k = 1|Fn) =
∑
n

Yn,k
|Yn|

≥
∑
n

Y0,k

|Yn|
=∞.

It follows that P(Xn+1,k = 1, i.o.) = 1 which is equivalent to Nn,k →∞ a.s.

Next, we prove Yn,k ∼ mkNn,k a.s. If (5.1) is satisfied, Yn,k ∼ mkNn,k is

obvious by combining Nn,k → ∞ a.s. and (A.18). Suppose (5.3) is satisfied.

Then by (A.16),

∞∑
l=1

E

[
Xl,k|ml,k −mk|

Yl−1,k

∣∣∣Fl−1

]
=

∞∑
l=1

|ml,k −mk|
|Yl−1|

<∞ a.s.

It follows that

n∑
m=1

Xm,k(mm,k −mk) = o(Yn,k) a.s. on {Yn,k →∞}

and
n∑

m=1

Xm,k(mm,k −mk) = O(1) a.s. on {sup
n
Yn,k <∞}.

Combining the above argument with (A.18) and Nn,k →∞, we have

Yn,k = mkNn,k + o(Yn,k) + o(Nn,k) a.s.,

which implies Yn,k ∼ mkNn,k a.s.
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Finally, we show (A.17). Following the same argument given in proving (A.2)

and (A.5),

Yn,k exp

{
−

n∑
l=1

ml,k

|Yl−1|

}
converges a.s. to a finite limit, (A.19)

and

Y −1
n,k exp

{
n∑
l=1

bl−1,k

}
converges a.s. to a finite limit, (A.20)

where

bn,k =
mn,k

|Yn−1|
− 1

|Yn−1|
E

[
U2
n,k

Yn−1,k + Un,k

∣∣∣Fn−1

]
.

It is sufficient to prove that the limit in (A.19) is strictly positive. Note that

E

[
U2
n,k

Yn−1,k + Un,k

∣∣∣Fn−1

]
≤C 1

logp Yn−1,k
sup
n

E
[
Un,k logp Un,k

∣∣∣Fn−1

]
(A.21)

→ 0 a.s.,

which implies that

bn,k =
mn,k

|Yn−1|
− o(1)

|Yn−1|
a.s.

By (A.16), it follows that for any 0 < δ < minimi/maximi,

n−1∑
l=1

bl,k =

n−1∑
l=1

mk

|Yl−1|

(
1− o(1)

)
≥
(

mk

maximi
− o(1)

) n−1∑
l=1

1

l
> δ log n a.s.

under either (5.1) or (5.3), so, Yn,k ≥ Cnδ a.s. by (A.20). Hence, by (A.21) we

have

∞∑
n=1

1

|Yn−1|
E

[
U2
n,k

Yn−1,k + Un,k

∣∣∣Fn−1

]
≤ C

∞∑
n=1

1

n logp(Cnδ)
<∞ a.s.,

which, together with (A.19) and (A.20), implies that the limit in (A.19) is a.s.

positive. (A.17) is proven. �

Proof of Theorem 5.1. If (5.1) is satisfied, then

log Yn,k ∼
n∑
l=1

ml,k

|Yl−1|
∼

n∑
l=1

mk

|Yl−1|
a.s. (A.22)
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That is, (A.6) remains true, which together with Yn,k ∼ mkNn,k, implies (A.1).

So (5.2) is proven. Finally, (5.3) and the fact that |Yn| ≈ n imply that∑∞
l=1

|ml,k−mk|
|Yl−1| < ∞ a.s. It follows that Yn,k exp

{
−
∑n

l=1
mk

|Yl−1|

}
converges

a.s. to a positive finite limit by (A.17). Then, (2.4)-(2.7) follow by the same

argument as in the proof of Theorem 2.2. �

Proof of Theorem 5.2. First, the conditions in the theorem imply

sup
n

E[U2
n,k|Y0, . . . ,Yn−1] <∞ a.s.

and (5.3), and so (2.4)-(2.7) follow by Theorem 5.1.

Similar to (A.13) (where p = 2), we have

Qn,k − log$k = −
∞∑

l=n+1

1

mk

[
Xl,k

Ul,k
Yl−1,k

− mk

|Yl−1|

]
+ o(n−δk/2)

= −
∞∑

l=n+1

1

mk

[
Xl,k

Ul,k
Yl−1,k

−
ml,k

|Yl−1|

]
−

∞∑
l=n+1

1

mk

ml,k −mk

|Yl−1|
+ o(n−δk/2)

= −
∞∑

l=n+1

1

mk

[
Xl,k

Ul,k
Yl−1,k

−
ml,k

|Yl−1|

]
+ o(n−δk/2) a.s.

Also

1

mk
log(mkNn,k)− qn−1 −Qn,k = − 1

mk
log
(

1 +

∑n
l=1Xl,k(Ul,k −mk)

mkNn,k

)
=− 1

mk

∑n
l=1Xl,k(Ul,k −mk)

ηkmknδk

(
1 + o(1)

)
=− 1

mk

∑n
l=1Xl,k(Ul,k −ml,k)

ηkmknδk

(
1 + o(1)

)
− 1

mk

∑n
l=1Xl,k(ml,k −mk)

ηkmknδk

(
1 + o(1)

)
.

Notice

∞∑
l=1

E
[
Xl.k|ml,k −mk|

∣∣Fl−1

]
lδk/2

=

∞∑
l=1

Yl−1,k|ml,k −mk|
|Yl−1|lδk/2

≤C
∞∑
l=1

lδk |ml,k −mk|
l · lδk/2

≤
∞∑
l=1

|ml,k −mk|√
l

<∞ a.s.,

which implies ∑n
l=1Xl,k(ml,k −mk)

nδk/2
→ 0 a.s.
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So, it is sufficient to show that∑n
l=1Xl,k(Ul,k −ml,k)√

nδk
D→ √ηkσU,kmkNk2(0, 1) (stably), (A.23)

√
nδk

∞∑
l=n+1

∆Q̃
(1)
l,k

D→ 1
√
ηk

√
1 + σ2

U,kNk1 (0, 1)− ςIk (stably), (A.24)

where ∆Q̃
(1)
l,k = Xl,kUl,k/Yl−1,k −ml,k/|Yl−1|.

For the martingale differences {∆Q(1)
n,k} and Xl,k(Ul,k −ml,k), we have

nδk
∞∑

l=n+1

E
[
(∆Q̃

(1)
n,k)

2
∣∣Fl−1

]
= nδk

∞∑
l=n+1

[E[U2
1,k|Fl−1]

|Yl−1|Yl−1,k
−

m2
l,k

|Yl−1|2
]

=nδk
∞∑

l=n+1

[E[(U1,k −ml,k)
2|Fl−1] +m2

l,k

|Yl−1|Yl−1,k
−

m2
l,k

|Yl−1|2
]

=nδk
∞∑

l=n+1

(1 + o(1))
[m2

kσ
2
U,k +m2

k

mmaxψkl · lδk
−

m2
k

m2
maxl

2

]
+ nδk

∞∑
l=n+1

[ m2
l,k −m2

k

|Yl−1|Yl−1,k
−
m2
l,k −m2

k

|Yl−1|2
]

=(1 + o(1))
σ2
U,k + 1

ηk
− (1 + o(1))

m2
kn

δk

m2
maxn

+ o(1)

→

(σ2
U,k + 1)/ηk a.s., ifmk 6= mmax,

(σ2
U,k + 1)/ηk − 1 a.s., ifmk = mmax;

√
nδknδj

∞∑
l=n+1

E
[
(∆Q̃

(1)
n,k)(∆Q̃

(1)
n,j)
∣∣Fl−1

]
=
√
nδk+δj

∞∑
l=n+1

[
−
ml,kml,j

|Yl−1|2

]

=−
√
nδk+δj

∞∑
l=n+1

(1 + o(1))
mkmj

m2
maxl

2
+
√
nδk+δj

∞∑
l=n+1

[
mkmj −ml,kml,j

|Yl−1|2

]
=− (1 + o(1))

mkmj

m2
max

nδk/2+δj/2−1 + o(1) a.s.

→

−1 a.s., if mk = mj = mmax, k 6= j,

0 a.s., otherwise ;
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and

n−δk
n∑
l=1

E[Xl,k(Ul,k −ml,k)
2|Fl−1]

=n−δk
n∑
l=1

Yl−1,k

|Yl−1|
(
σ2
U,km

2
k + o(1)

)
→ ηkσ

2
U,km

2
k a.s.

Further, by the similar arguments as in the proof of Theorem 4.2, the

Linderberg conditions can be verified:

∞∑
l=n+1

E
[
(
√
nδk∆Q̃

(1)
l,k )2I

{
(
√
nδk∆Q̃

(1)
l,k )2 ≥ ε

} ∣∣Fl−1

]
→ 0 a.s.,

n−δk
n∑
l=1

E[Xl,k(Ul,k −ml,k)
2I{Xl,k(Ul,k −ml,k)

2 ≥ εnδk |Fl−1]→ 0 a.s.

Then applying Lemma A.3 we conclude (A.23) and (A.24). The proof is

completed. �
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