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Appendix A. Detail proofs of the main results

The proofs are arranged as follows. We first consider the homogeneous case
and prove Theorems 2.2 and 2.3 in Section 2 for the first order convergence.
We then prove Theorems 4.1 and 4.2, Corollaries 4.1 and 4.2 in Section 4
for second order convergence. Finally, we consider the results in Section 5
for non-homogeneous cases. Now, let us denote F,, = o (Y5, Xom, U, m =
1,...,n,k=1,...,K), which is the sigma-field that contain the history of the

urn process.

A.1. Proofs of the first order asymptotic properties

Before the proofs, we need two lemmas. The first lemma can be proved using

the same argument as Lemma A.4 of Hu and Zhang (2004).

Lemma A.1. With a probability of one, on the event { Ny — oo}, we have

n
Yor = ZXl,kUl,k ~ Ny, if E[Ur] < oo;
=1

0(Np x/10og Ny ), if E[U xlog Uy 1] < o005

n
> Xik (Ui —mi) = { o(NP), if E[UY,] <00, 1 <p<2
=1

o(\/Nn,;,C loglog Ny, ), if E[Uﬁk] < 0.
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The following is the key lemma for proving Theorems 2.2 and 2.3.

Lemma A.2. Suppose that for each k, U, ., n=1,2..., are i.i.d. nonnegative

random variables with 0 < my, = EU,, j < co. Then

log ¥y,  ~ logn as. k=1,..., K, (A1)

max

and there is random variable w; such that

nkexp{ Z v 1|} — WL a.s. (A.2)

Further,
either P(wi >0)=0 or Plw;>0)=1, (A.3)

wi >0 a.s. <= E[U;logU ;| < oo. (A.4)

Proof. First, it is trivial that |Y;,| < 37, ST | Uy = O(n), hence

D P(Xnk =1Fu1)) Ze) 1|Y,u] = as,
n=1 n=1

which implies that P(X,, ; = 14.0.) = 1. Further, Y}, , ~ myN,  — oo a.s. by
Lemma A.1. Write ¢,—1 = Y_;-; 1/|Y;_1]. It is obvious that

m

It follows that Y, j exp{—mj¢n—1} is a non-negative supermartingale and hence

it converges almost surely to a finite limit according to the fundamental con-

vergence theorem for supermartingales. Therefore, (A.2) is proved.

However, if we let Hy(x) = E[HU k] then
Un i X X U2
E |: n—1,k )]:n 1:| _ E[l _ YnkAank + n,k n,k ‘fnfl}
Ynfl,k Ynfl,k Ynfl,k + Unfl,k

my, Hy(Yo-1k)

’Yn—l‘ ’Yn—l‘

my, Hi(Yo-1k) }

<ex {— +
PV T Y

It follows that

—~ Hy.(Yi-14)
Y_,i exp {mkqn_1 - Z M} converges to a finite limit a.s., (A.5)
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because it is also a non-negative supermartingale. In addition, Hy(Y;—1%) — 0
a.s. because EU; < oo and Y)_; ; — 0o a.s. By combining (A.2) and (A.5) we
conclude that

logY, p ~mrgn—1 as. k=1,..., K, (A.6)

From (A.6), it is obvious that Y, 1 /|Y5| — 0 a.s. if my < Mypez. As Yy ~

myNp i a.s., we have

K
’Yn‘ ~ Mmax Z Nn,i ~ Mmax Z Nn,i = MmazN a.S., (A7)
i:mi:mnzam i=1
which together with (A.6) implies that
n

my 1

— ~

log ¥y, i ~ logn as. k=1,..., K.

Mmax =1 l Mmaz

Hence, (A.1) is proven.
Finally, we show (A.3) and (A.4). Assume that E[U; ;log U; ;] < co. Then

[e.e]

Z lE U12,k
no | nme/Gmmas) 4 U

n=1

my, /(4Mmax)
< Z L/ EUuk + Z [Ul,kI{Ul,k > nm"/(4mm“)}] < 00,

nmk/(2mnnx)

which together with (A.7) and (A.l) implies that

Z |Yn 1| Yo—1k) <00 a.s. (A.8)

From (A.8), (A.2) and (A.5)7 it follows that both Y, , exp {—mign—1} and
Yn_k1 exp {mggn—1} have finite limits, and so wy > 0 a.s.

Now, suppose that my = E[U; ;] < oo and E[U; ;logU ;] = co. We will
show that wy, = 0 a.s. Define US% = Up i I{Un 1, < n},

waJlr)l k= Y(l) + Xn1 kU(Jr)l ) With Yo(k) = Yok,

UP) = Upp— U and V&) =Y, —Y). Then v, = v & + X, 0,08,
with YO(? = 0. Denote mSL = E[U1 xI{U1 < n}]. Then
® 1) 4@

Y1k (1) (1) Mk Mkt n—1k
E[erl)|]:nfl] — Y’rfl) + Y (]. + : + : 7 )
k Yo" ST Yol v
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Following the same argument as in the proof of (A.2), we find that

(Dy-(2)
m ".om Y,
Y(”eXp{ 3 ZM}
n,k 1
=1 |¥ii =1 |Y2—1|ng,k
converges to a finite limit almost surely. However, by E [U 18] <00, > 02  P(Up i >

n) < co. According to the Borel-Cantelli lemma, P( N k 7é 0i.0.) = 0. It follows
that Yfk) =0(1) and YV, , = (1) + O(1) a.s. Hence

oo (v (2)

Z my e Y5k Ci my Ci 1
v v S VvV v S Y < 00 a.s.
=1 |K—1‘le(ji7k =1 |}f171‘Y2717k — 11+ / (2mimax)

by (A.7) and (A.1). It follows that

n (1)
Yok €Xp § —Mkdn-1 +Z |Yz 1\ = Yk exp Z m 1|
for some 0 < ¢ < oo, where ml(k) E[U1 xI{U1 > l}]. It can be shown that

k o T, Uy pl{Urx > x}

3 > I > I 7
Z]Y}_ﬂ —CZ i >cE [/e . dx
=cE[U; ;(logUy, — 1)] = 00 a.s.

Hence Y,  exp {—mggn—1} — 0 a.s. The proof is now complete. O

Proof of Theorem 2.2. (2.4) follows immediately from (A.2) and (A.4).
By noting that Y, = >

1 XmkUmk ~ MmNy i a.s. due to Lemma A.1, (2.5)

is also proven. To prove (2.6) and (2.7), without loss of generality, we suppose

My =mg ="+ =Mk, = Mmaz > Mk >0, k=ko+1,...,K. Due to (2.5),
N, N,
ﬂ%@a.s.kgko and —* 50 a.s. k> ko+ 1.
Nna w1 Nna

Notice Ny 1 + ... N, g = n. It follows that

N, N,
L’k—>0a.s.k>ko—|—1 and —F Dk
n n wi + ...+ Wk,

which, together with (2.5), imply (2.7). Finally, (2.6) follows from (2.7) because

a.s. k <k,

Yn,k ~ man,k a.s.
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Proof of Theorem 2.3. logV, ; ~ my/Mmaeslogn a.s. due to Lemma
A.2. Hence, if Ymk/n‘s’c converges in distribution to a finite limit w; with
P(wj > 0) > 0, then 6 = mg/Mmaes. Whereas if N, x/n’ converges in
distribution to a finite limit ¢y, then Y, /n‘sk converges in distribution to
mypy, by the fact that Y, ~ myN,  a.s. The first part of the theorem is
proven.

Now, suppose that
Yy /T Mo RS w;, with P(wj, > 0) > 0. (A.9)

By (A.2), we have

Z Y. exp{ Z \T;?ale} Z Wy a.S.

JiM;=Mmax 7 =Mmax

and Zj:mj:mmax Yij ~ Mmax Zj:mj:mmx Np,j ~ Mmmaxn a.s. We conclude that

n
1 = TR\ 1/ Mmax__
L/ Mmas exp {_; |Yl_1|} N (Z].m] Munax ) 25 as., (A.10)

Mmax
where P(zw* > 0) =0 or P(* > 0) =1 by (A.3).

If P(@* > 0) = 0, then by (A.9) and (A.10), we have Y;, p exp {=>_}_; v 1‘}
0. It follows that P(wy > 0) = 0 by (A.2).

If P(@* > 0) = 1, then (A.10) and (A.2) imply that Y, j/n™/mme —
wy/(@*)™ a.s. It follows that P(w; > 0) = P(w;, > 0) > 0 by (A.9). Hence
P(wr > 0) = 1 by (A.3). We conclude that if one of the wy, k = 1,..., K is
positive, all of them are positive, while, if one of wy, k =1,..., K, is zero, then

all of them are zero. By (A.4), the proof is complete. [

A.2. Proofs of the limit distribution

In this subsection, we derive the limit distributions given in Theorem 3.1 and
Example 3.1.
Proof of Theorem 3.1. As the number of balls is an integer, we can use the

embedding method of Athreya and Ney (1972) to derive the limit. Let {Z(t) =
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(Z1(t),...,ZKk(t)); t > 0} be a K-type Markov branching process with Z(t),
k=1,2,...,K (the K branching processes are independent) and Z(0) = Yj.
Assume that (i) each particle lives for a unit exponential random time, and
(ii) when a type k (k = 1,2,...,K) particle dies, new type k particles are
born according to the probability generating function sfx(s), i.e., the random
number of born particles has the same distribution as Uy, + 1. Let 79 = 0
and 7, be the time of the n-th death in the system. Then following the same
argument as in Theorem 9.2 of Athreya and Ney (1972), {Z(7,);n > 0} is
equivalent to {Y,;n > 0}, in other words, these two random sequences have

the same distribution. In fact, it is obvious that Z(0) 2 Yy. Suppose
D
{Z(10),...,Z(ma)} ={Y0,..., Y, }.

Given {Z(7y),...,Z (1)}, the probability that the (n+ 1)-th death is a type k

particle is

Zk (Tn)
|Z (7))

and when a type k particle dies, 1 + U;:,k new type k particles are born,
and the distribution of U;k is the same as that of U, . Thus, for a given
{Z(1),...,Z (1)}, the distribution of Z(7,,1+1) — Z(7,) is the same as that of
Y.+1 - Y, for a given {Yy,...,Y,}. Hence,

(Z(10), -, Z(10), Z(rui1)} 2 {Yo,..., Y0, Vo1 ).

Therefore, these two random sequences have the same distribution by induction.

Furthermore, it is obvious that the extinction probability of each Zi(t) is
zero because Zy(t) > Z;(0). By the additive property of the branching process,
Zi(t) can be written as Z]-Zi(lo) Z,gj)(t), where Z,gj)(t), j=1,...,7(0), are i.i.d.
branching processes with Z ,gj )(0) = 1 and the same generating function as that
of Zi(t). By Theorem 8.3 of Athreya and Ney (1972) and the assumption that

EU, ylogU, ] < oo, for each Z,g‘j) there exists a positive continuous random
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variable z%,gj )| with E[e*“&;j)] = gr(u) satisfying

in’ugk(u):(l—u)exp{/lu(S(fkgz)k_l) + 1;) ds}, 0<u<l.

such that

e_m’“tZlgj)(t) — %g) a.s.

()

It is obvious that @, j = 1,..., Z;(0), are independent. Hence,
Zy(0)
eI = Y @y as,
j=1
and @y, is a positive continuous random variable with E[e %] = [gj(u)] Ze0) _

[gk(u)]yo’k. Further, @y, k = 1,..., K, are independent because {Zy(t)}, k =
1,..., K, are K independent processes.

Now, it is obvious that 7, — 0o a.s. as n — co. We conclude that
e " 7 (Th) — Wk a.s.

Hence,

1

ZM™ (1) N gL/

a.s
1 j ~1 j
Zj/m (Tn) wj/m
By (2.4) of Theorem 2.2, it follows that
7%il/mi B wil/mi
T = Um0
i “ij

So, without loss of generality we can assume that wy = wy. O

Proof of Example 3.1. Notice my = axpk, frx(s) =1 — pr + $s*pg. From
(3.1) it follows that
gi(u) = (14 au) =/,

which is the Laplace transform of a gamma distribution with parameters 1/«
and 1/ay. It follows that the distribution of wy, is gamma with the parameters
Yor/ar and 1/ag. And so, the distribution of wy/ay, is gamma with the

parameters Yp /oy and 1. (3.2) and (3.3) are proved.
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If o, = «, then my = ap;. Notice that Z;nzl I';(Yo,;/a, 1) is distributed as
(307, Yo,/a,1). So for k > m, the random variable in (3.2) is distributed as

plfk/pl I'p(Yor/a,1)
pe [T, Yo, i/c, 1)]pe/pr

and for k =1,--- ,m, the random variables in (3.3) is
Ly (Yor/c,1)
Ty(You/o, 1) + 32,4, Ti(Yo,i /e, 1)
which is distributed as Beta(Yo /v, 3; 4 Yor/r).
If p. = p, then my, = ayp. Notice that > 77", a;T';(Yoj/aj, 1) = a1 3770 Tj(Yo 5 /a1, 1)
is distributed as anT'(3_72, Yp,5/a1,1). So for k > m, the random variable in
(3.2) is distributed as

ag/ar—1 Fk<YO,k/ak’ 1)
(D327 Yo/, 1)]ow/e”

p

and for k =1,--- ,m, the random variables in (3.3) is

Lyp(Your/a1,1)
Lp(Yor/c1,1) + 306 T (Yo, /0q, 1)

which is distributed as Beta(Yo /a1, 324 Yor/a1).

Finally in the two-treatment case, when a1p; = aops, for k = 1 the random

variable in (3.3) is

alBeta(Y‘“ Yo.2 )

a1 7 Qg

anBeta(%, 32) + oz (1 - Beta (%52, 22) )
where
Yo1 Yoo I'(Yo/a1,1)

Beta , =
( ap g ) I'1(Yo/a1,1) +T2(Yoz/a2, 1)

is distributed as the beta distribution with the parameters given in the paren-

theses. This result is consistent with the new distribution in §6.2 of Aletti, May
and Secchi (2012).
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A.3. Proofs of the second order asymptotic properties

To prove the second order convergence we need the following central limit
theorem for martingale vectors which is a multi-dimensional version of Corollary
3.1 of Hall and Heyde (1980, p.58) and can be obtained using the Cramér-Wold

device.

Lemma A.3. Let {¢,; = (C(l) ,ng)),Amo,An,i; 1 <i<k,} be an array

n,.?

of martingale differences with A, ; C Apy14, 0 <1 <k,, n>1,

S EICaillPI{Cn il > €} Ania] 50, Ve >0,

Api1] Lv.= (Vig)-

Vn = Z E [(Cn,i)/Cn,i

Then Zf;l Cni 2N N(0,V) stably, where N(0,V') is a multi-dimensional miz-

ing normal distribution with the characteristic function Elexp{—1 3", ;titiVig}.

Proof of Theorem 4.1. Recall 0y = my/mmax. Let

n
1 1
dn—1 = lz; Dfl_l| and Qn,k = mik log Yn,k — Qn—1-

In addition, Ny j ~ Y, 1 = n% a.s. due to Theorem 2.2. Also,

! 1 1 o1 Xk (U — my,
— log(myNp i) — — log(Yn i) = — — log (1 + > 11 Xik (U, ))
T MMk M Mg Ny k

1/p—1 1/p—1
=o(NP ) = o(v,")) as.

due to Lemma A.1. So, according to the Taylor-expansion, it is sufficient to

prove that
1/p—1
Qn i —logwy = o(Ynﬁ?k ) a.s. (A.11)

Now, we let U = U, 1 I{Up . < n®/?}, Tow) = Upse = U, fla) = o -

n,k

log(14x). Then 0 < f(x) < 2?/(142) (x > 0), Qnr—logwr = — > 2,1 AQuk



10 L. Zhang ET AL.

and

A = - — - 1 (1 7 > B
Qn,k QnJg Qn 1,k my n,k og + Ynfl,k |YTL—1|

)
(dx) (6x) 77(6%)

1 [<Uﬁk X EK&%”)*_(L%$ X Ew%x}>

— ko ,—
my I\Y, 1 " Y, 1] Yook Y1

1 [ Un .k mg
= — ,k S —
Yn—l,k " |Yn—1’

nkf(

mg

— Xuif (5 M)} — (AQUD + AQ) — AQ®))/m

It is obvious that

/ — 111%p U?k
1—1 5
ZYl [PEAQY) | Fi <z . [Yl_mmm_l}

o) 1 1/p P
E[U.
Z Y1k [ lf] < C§ 710k H1/p=2) 5 s (A.12)
p
=1 Yi| Y~ 1,k =1

It follows that y 2, ll llk/p]AQl | < oo as., and hence

Z 1AQ = oY,/ 1) aus. (A.13)

l=n+1

On the other hand, {AQS?} and {AQS?} are both martingale differences. It

is easily seen that

<C ZYZ“I VRO I{U g > 1P [Y |

gcz (VPR IE [ T{U, > 1947
=1

§CEU{D,€ < 00,
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by noticing |Y;| =~ [ a.s. and Y}, = 1% a.s.; and also

ZYQ“ YPENAQUY | Fizy]

U I{U < 19:/7)
Y 1Yk

<CZ}/; (1- 1/p

gcz (2RO U,y < 1047
=1

<C EU{7 e < 0.
We conclude that

ZY (1- Up)EHAQ 12)”]:1 1] < o0, ZY} (1- 1/p)EHAQl(,1kl)’2‘]:l*1] < 00
It follows that Y _;°, Y] 1 1/p )AQ( ) converges almost surely, i = 1,2, and hence

Z (AQL +AQY) = o(v, /57! aus.

l=n+1

Therefore logwy — Qni = Y 21 AQur = O(leli_l) a.s. The proof is

n

complete. [

Proof of Theorem 4.2. Let 0z, ¢, and @, be defined as in the proof
of Theorem 4.1. Without loss of generality, we assume that m; = ... =

Mg, > Mg, k = ko+1,..., K. Define I, = I{my = mmax}. Let Np(0,1)

be a standard normal variable which is independent of all other variables, and

<= 20y i/ (L4 0F )N (0,1) + \/1 = k1 /(1 + 0,)No(0,1). Then

¢ is a standard normal variable such that E[cNy1(0,1)|nx] = 1 /me/(1 4+ o) for

agiven ng, k=1,..., ko.
According to the delta-method, it is sufficient to show that

1 Iy
14+ 0%, Ni1(0,1) — £ (stably),
o Uk %1(0,1) mE ( y)

1
Vnde (1 Nok) — gn1 — & Ni2(0,1) (stabl
% (log(mpNp k) — n-1 — Qni) = mk\/ﬂUU’k k2(0,1) (stably),

V n‘sk' (ka — logwk) 2)
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for k =1,..., K. Note that (A.13) and (A.12) also hold for p = 2. It follows

that

(e 9]

L (1) —8,/2
Qn,k’ —logwy = — l Z;_l mikAQl’k + 0(7’L K/ ) a.s.,
=n

where AQY) = AQYY + AQYY = Xy kUn i/ Vo1 — mi/ [V 1], and

1 § ln_l Xl,k(l/l,k — mk)
+ =
man’k

1 S0 X (U —1
1 Xu( lék/mk )+O(n—5k/z) s
mg NEnor

1 1
log(man,k) —gn-1= Qn,k - — log (
mig mp

= Qn,k -

Hence, it is sufficient to show that

Yoy Xok (U — ma)

n‘;k‘

D
— mmkUU7ka2(0, 1) (stably),

Vit 37 AQY 3 mmel (0,1) — <1}, (stably).

l=n+1

For the martingale differences {AQS)C}, we have

[e.9]

S E{(AQSDQ‘J_—F@
I=n+1
I=n+1 YialYieie [Vl
= EU? 2
O 1k m2
= k 1 1 _
it 3 o) [ )
E[U12k] an(sk
o)~ e
E[U12k] m2n5k
=(1 1 N (1 1 k
(14 0(1)) nem? (A+oW)m—
(U%’k +1)/mk a.s., ifmy £ Mumax,

(GZZJ',k + 1)/77k =1 a.s., ifmg = mmpax.

)

(A.14)

(A.15)
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and

Vi 3 e[t aei|F ]

l=n+1
> MEM,;
VAT Sl L
’ Z Y12
l=n+1
> MEM;
— — Vnok+o; Z (1+0(1)) 2k ]2
I=n—+1 mmaxl
(14 0(1))mkmj nOk/2+8;/2—1
Tax
-1 a.s., ifmp =m; = mmpax, k # 7,
_>
0 a.s., otherwise .

On the other hand, the martingales Y ;" | X; 1 (U — mg), k = 1,...

13

, K, are

uncorrelated among themselves, and also uncorrelated with all ° 11 AQl(lj),

j=1,..., K. Further,

n
_ - Yi ik
n 0 E E[Xl,k(Ul,k—mk)2’ﬂ—1] = n 0 g ! 1’1 J?Lkm

=1 =1
n

—o Pil%
=n"% Y (1 +0(1)) o7 mi

=1 Mmax!

(7 2 2 2 2
(o2 m = g m a.s.
Uk = NMkOy kMg
mmax(sk

Next, we check the Linderberg condition. First, we have

n

0% CE[X1k(Unk — i) H{X 1k (Ui — i) > en™| Fiy]
=1

_5 Y, Lk o [ Yicik ‘
= k I — >
" Zle N {U““ ) {le_lw”“ )’ 2 en }fl 1}

n

<Cn % Z ZTE [(Ul,k —my)?1 {(Ul,k —my)? > ecl} ’]:1_1} — 0 a.s.

=1



14 L. Zhang ET AL.
Also,

> E [(\/nT’le,kUl,k/Yl—l,kfI{(\/EX”CUUC/Y}_Lk)Q > 6} ‘fl_l]
l=n+1

Y._ Y, _

6 -1,k [ 2 -1,k 3 2

=n ~ w5 E | ULk I{ no U /YiZ1 k)" > 6} .7:11]
2 et | O T O )zl

— 1
l=n+1

We conclude the Linderberg condition:

i E [(\/nTkAQl(,lk))zI {(\/nTkAQl(,lk))z 2 6} ‘}-171} — 0 a.s.,
l=n+1

nitsk Z E[Xl,k(Ul,k — mk)QI{XLk(Ul,k — mk)2 > en‘s"]]——l_l] — 0 a.s.
=1

To apply Lemma 4.3 to the central limit theorem for martingale vectors, it
is sufficient to let A, ; = F; and define ¢ ; = ((nyits - - -5 Cnji2ie) as follows. For
k=1,....K, let Guir = n %X, x(Uix —my) if 1 <4 < n, and (g = 0 if
i>n+1. Fork=K+1,...,2K, let (i = n</2AQ;_x if i > n+1, and
Cnik =01if 1 <i < n. Then, by Lemma A.3, (A.14) and (A.15) hold. [.

Next we give the proofs of Corollaries 4.1 and 4.2.
Proof of Corollary 4.1. Let f(z; : i € Q\{j}) = 1/(1+2;c0\ (5 zmi /nj).
Then

Yo (Yoi/m)V™ ,
) — s : Q
ZiEQj Yn,i f((yn,j/n‘])l/mJ Le ]\{]})’
Noj (Noi/mi) /™ |
9. — s : Q
ZiEQj Nn,i f((NnJ/nJ)l/m] S J\{]})’
o/ _ mgmm
0z lx,=1,ke;\ {5} (Ceq, )2

The results follow from Theorem 4.2 using the delta-method and some elemen-
tary calculations of variability. [
Proof of Corollary 4.2. We only show the proof of (4.4) and (4.5) because

the proofs of the remaining results are similar. Suppose m; = ... = my, > my



Mult-color reinforced urn 15

for k > kg. For i =1,..., kg, write

Coir = nSl? (Noi/m) ™\
" (Ni,j/nj)t/mi

Then, for m; = myax,

Nn,i iy m
Wyl = (G2 0)™ 1]

=M liCni "% + 0((Cn,i,j”_6j/2)2)

:mmaxmgnmn*‘sjﬂ + o(n*‘sﬂ'n) a.s.,

due to (4.2). Note that Ny, 1 + ...+ N, x = n. It follows that

_n 1= Z <]Vn7l o ,'7) + Zi:mi<mnax n,i
(N /i) (Nug /i)t (Nnj /) /%

LM =Mmax

=mmaxn” Y i+ >, mm® T (1 +0(1) +o(n” ) as.,

LM =Mmax M =Migec

because Ny, ; ~ nin% a.s. by Theorem 2.2. Hence,

N, . —5s -
%/TI] —1=- mmaxéjn %12 Z nic’nﬂi:j - 6jn65m ' Z i

noi
1M =Mmax 1M =Mgec

+o(n%="1) +o(n=%/?) as.

Recall the definitions of A;;, B;j in Theorem 4.2. Notice )

= T L.

For m; = mmax > mj, we have

Z m(Aij-i-Bij) = — L <\/1+0'[2J,ij1(0, 1) —l—O’UJNjQ(O, 1)) .

] M /1
1M =M max J 77]

(4.5) follows from (4.3).

For (4.6), it is sufficient to notice that Y, j = (Yy; — mjNy ;) +m;N, ; and

Y7' — m.:N. j D
% = Mjou,m;jNj2(0,1) (stably). O
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A.4. Proofs for the non-homogeneous case
To prove Theorem 5.1, we need another lemma.

Lemma A.4. Suppose sup,, E[Uy, j; log? Uy, | Y0, ..., Yn_1] < 00 a.s. for some
p > 1. Under (5.1) or (5.3), we have that Ny j, — 00 a.s., Yy ~ mpNp i a.s.,

Y., Y.
minmy < liminf —— Yo < limsup — Yo < maxmy a.s. (A.16)
k n—oo M n—00 n k
and

n

kexp{ Z | } converges a.s. to a positive finite limit.  (A.17)
l 1
=1

Proof. We prove (A.16) first. Note that

n n
Yn,k = Z Xm,kmm,k + Z Xm,k(Um,k - mm,k)

m=1 m=1

n n
=myNp i + Z KXo o (Mo o — M) + Z Xon e (U e — Mo k)

m=1 m=1
Let A, =0(Yp,..., Y, X1,..., Xy, Xy q1). It is easily seen that {X,, (U, r —

mpk)} is a sequence of martingale differences. Let f(x) = zlogP(e + ). Then

Z E[ (I X,k (U (nk mn,k)l)‘Am_l}

= Nm,k:)
> ka
SO E [f(Uni)An1] 30 xS
o0 1
<c —mlk <c/ iy dr < oo,
Z O L

if Npo—1, > 0. By the law of large numbers for martingales (c.f., Stout (1974,
P157),

n

Z Xk (Um,k - mmvk) =0o(N,) a.s. on {Npj — oo}

m=1

It follows that

n

Yok =miNon g + > X (i i — mi) + 0(Ny i) acs. (A.18)

m=1

on {N, — oo}.
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If the condition (5.1) (i.e., my, — my as., k = 1,...,K) is satisfied, it is
obvious that > | X k(mmr — my) = o(n) as. If (5.3) (e, Y, |mnx —
mg|/n < oo as. k=1,...,K) is satisfied, then we also have by Kronecker’s

Lemma

n

n
’ s ) n
m=1 m=1

In either case, we have Y, j, = my Ny, 1, + o(n) a.s. We conclude that

K

Y,| = Z MmNy +0(n) a.s.,
k=1

which, together with S5 N, = n, implies (A.16).
From (A.16), it follows that

Yor _

n

It follows that P(X,4+1% = 1, 7.0.) = 1 which is equivalent to N, ; — oo a.s.

Next, we prove Y, i ~ miN, a.s. If (5.1) is satisfied, Y, ~ mpN,  is
obvious by combining N, ; — oo a.s. and (A.18). Suppose (5.3) is satisfied.
Then by (A.16),

[ Xk mue — mig |my ), — my|
E : : ‘.7-" 1] < 0 a.s.
121 { Y1k Z Y71

It follows that
n
S Xons (e = 18) = 0{¥as) 5. on {Yok = 00}
m=1
and
n
3 Xunsmne —mi) = O(1) a.s. on {sup¥ys < o}.
m=1 "
Combining the above argument with (A.18) and N,, ; — oo, we have

Yo =mpNpr +o0(Yor) +0o(Npk) a.s.,

which implies Y,  ~ m Ny, i a.s.
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Finally, we show (A.17). Following the same argument given in proving (A.2)
and (A.5),

n
Y,k exp {— Z |;Z”j| } converges a.s. to a finite limit, (A.19)
=1 N
and .
Yr:k1 exp {Z bl_ug} converges a.8. to a finite limit, (A.20)
where )
" |Yn—1’ |Yn 1’ 'rL 1k+Unk "
It is sufficient to prove that the limit in (A.19) is strictly positive. Note that
——|F Cisu E[U log? U ]-',} A.21
Y- 1k+Unk’ et log? Yy, 1k o nd 108" Uni| Fa1| - ( )
— 0 a.s.,
which implies that
1
bn,k — Mnk O( )

— a.s
|Yn—1’ |Yn—1’
By (A.16), it follows that for any 0 < § < min; m;/ max; m;,

n—1
Zblk Z i 1|(1—0 1)) > <&—0(1)> Z% > dlogn a.s.
(] (2 l:l

under either (5.1) or (5.3), so, Y, > Cn’ a.s. by (A.20). Hence, by (A.21) we

have

e

Z |Yn 1’

which, together with (A.19) and (A.20), implies that the limit in (A.19) is a.s.

n 1k+Unk

= 1
<C _ .S.
- nZ::lnlogp(Cn‘s) <00 a8,

positive. (A.17) is proven. [J

Proof of Theorem 5.1. If (5.1) is satisfied, then

108 Y Zm y Zm e (A-22)
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That is, (A.6) remains true, which together with Y;, , ~ myN,, 1, implies (A.1).
So (5.2) is proven. Finally, (5.3) and the fact that |Y,| ~ n imply that
Yo ‘m{}% T“l < oo a.s. It follows that Y, exp{ - > D’};‘—_"l‘} converges
a.s. to a positive finite limit by (A.17). Then, (2.4)-(2.7) follow by the same

argument as in the proof of Theorem 2.2. [J

Proof of Theorem 5.2. First, the conditions in the theorem imply
sup E[Uik\Yo, e Yool < oo as.
n

and (5.3), and so (2.4)-(2.7) follow by Theorem 5.1.
Similar to (A.13) (where p = 2), we have

o0
1 Uk my ] —6,/2
—logwy, = — — | X — — +o(n %/
Qn.k g Wk 1—2: - [ l,le_Lk Y| ( )
=n+1
x oo
1 m 1 myp—m
- Z o [ Lk Uik ]Yl’k|] - Z m—il‘;, ’ 4 oo(n0/2)
5 I—1,k -1 Wy -1
-y L [ T ] +o(n?) .
= n+1 _1zk ’ l—1|
Also
1 1 Xk (U e — my,
— log(mgNp i) — — Qnp=——"1log < Zl 1 ( )>
my mi mank
1 >0 Xiwe(Ug —my)
= — — = : ! 1+ o(1
my nNemgnd ( ( ))
1 57 . X (U —m 1 57 Xiu(mpe —m
L3 X Lk l,k)(1+0(1)> L e X Li k) (1+0(1)).
my NEMENex my NEMEn*
Notice
i [ Xy — mkH]:l 1] B i Y1 k|mi e — myl
—1 10v/2 =1 Y1 [10%/2
Z "|m1k—mk|<§:|mz,k—mk|<ooa8
50 /2 = S0
LT S T

which implies

Yoy Xog(my e — my)

— 0 a.s.
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So, it is sufficient to show that

XU —
Zl:l l7k( ;’k ml’k) 2) \/77k;0'U7kmka2(O, 1) (stably), (A.23)
n k
=~ 1
Vndx E AQl(}k) et T /1+ Ug,’kal (0,1) — I} (stably), (A.24)

l=n+1
where A@l(lk) = X1kUik/Yi—1,k — mup/|Yi1].
For the martingale differences {AQSZ} and X; (U —my ), we have

S E[(a0 % CEU2F]  m?
SR e A Ol v eyt

l=n+1 l=n+1
S i E[(Urk — mu )| Fia] + mfk, B lek ]
|}/2—1|1/l—1,k‘ |}fl_1‘2

l=n+1

0o m202 .+ m2 m2
=n® 37 (1+o(1)| S - T

3 5 12
I=n+1 MinaxtPrl - 106 Myl

2 2 2 2
ey { Mg — M Mg — mk}
YialYiie  [Yial?

l=n+1
2
g + 1 m2n6k
=(1+o(1) 22 — (1 +0(1))—E—— + o(1)
Mk Mihax™
(GIQJ,k + 1)/77k a.s., mek: 7’é Mmax,

(JIQM + 1)/ —1 a.s., ifmi = Mmpax;

Vit 3 E[(AQUNAQN)|Fi]

l=n+1

> my My 4
—/0k+5; Z [ Lk lu}

o 2
l=n+1 ’Yi_1|

o0 [e.o]
j mgmgs — myp pmy 4
= VA3 (o)) T B Y [T
l=n+1 Minax i -1

=—(1+ 0(1))%71@/2%,-/2—1 +o(1) as.

max

-1 a.s., if my, = mj = Mmax, k 7& Js
-

0 a.s., otherwise ;
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and

n=% Z EX1k(Uig — mug)?|Fioi]
=1

n
Y_
— Z ‘ll/2 11’7 (a%’kmi +0(1)) — nkaakmz a.s.
=1 -

Further, by the similar arguments as in the proof of Theorem 4.2, the

Linderberg conditions can be verified:
Z E [(\/ nékAQvl(’llg)zl {(v n5kA@l(71k))2 > e} }.7:1,1} —0 a.s.,
l=n+1

n
niék Z E[Xl,k(Ul,k — ml,k)2I{Xl,k(Ul,k — ml’k)2 > €n5k|.7:l_1] — 0 a.s.
=1

Then applying Lemma A.3 we conclude (A.23) and (A.24). The proof is
completed. [
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