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1 Introduction and main results.

Let {X,X,;n > 1} be a sequence of i.i.d random variables with common distribution function F,
mean 0 and positive, finite variance o2, and set S,, = >_;_; Xy, M,, = maxg<,, |Sk|, n > 1. Also let
logz = In(z Ve), loglog z = log(log z) and ¢(z) = /22 1loglog x. Then by the well-known law of the

iterated logarithm (LIL) we have

n

lim sup —;\(4 j = lim sup Jﬁfﬂ)
n—oo n n—oo n

=0 a.s. (1.1)

Gut and Spataru (2000) proved the following two results on its precise asymptotics.

Theorem A Suppose that EX =0, EX? = 02 and E[X?(loglog |X|)'*°] < oo for some § > 0, and

let an, = O(y/n/(loglogn)?) for some v > 1/2. Then

e 1

=1
lim \/ﬁ E E'D(|Sn| > eop(n) +a,) = 1.
n=1

Theorem B Suppose that EX =0 and EX? = 02 < co. Then

1
lim €2 P(|S,| > ey/nloglogn) = o2

N0 L= logn

The main purpose of this paper is to show general results under the minimal conditions by using
an Feller’s (1945) and Einmahl’s (1989) truncation method. The following two theorems are our

main results.

Theorem 1.1 Let a > —1 and b > —1/2 and let a,(€) be a function of € such that

an(€)loglogn — 7 as n — oo and € \, V1 + a. (1.2)
Suppose that
EX =0, EX? =0 < oo and E[X?(log|X|)*(loglog |X|)"!] < o0 (1.3)
and
EX?I{|X| >t} = o((loglogt)™!) as t — oo. (1.4)
Then

lim (& —a— 1)1/ f: (log n)* (log log )" P{M, = 76(n)(c +an(€)) }

eNvVl1+ta el n
1
= _ — 1 I'b+1/2 1.
2 7r(a+1)eXp{ 27v1+a}l(b+1/2) (1.5)



and

o a b
6\11/%(62 7a71)b+1/2z (logn) (:glOgn) P{|Sn| > J¢(n)(€+an(€))}

n=1

= ﬁ exp{—27v1+a}l'(b+1/2). (1.6)

Here, T'(%) is a gamma function. Conversely, if (1.5) or (1.6) holds for a > —1, b > —1/2 and some

0 <o < oo, then (1.3) holds and
lim inf (log log t)EX2I{|X| >t} = 0. (1.7)

Theorem 1.2 Suppose that EX = 0 and EX? = 02 < oo, and let a,, = O(1/loglogn). Forb > —1,

we have
. (loglogn)®
2(b+1) Z >
21{%6 nlogn {M" 2 op(n)(e + an)}
2 — (-1
=— T 2 —_ 1.
N )kz:% 2k 1 1)%72 (18)
and
. (loglogn)®
(b+1) Z >
11\1%6 nlogn {|Sn| = U¢(n)(e+an)}
1
I'(b+3/2). (1.9)

NG

Conversely, if (1.8) or (1.9) holds for some b > —1 and 0 < o < oo, then EX =0 and EX? = o2.
Remark 1.1 Note that the condition (1.4) is sharp. A sufficient condition for it is given by
EX?loglog|X| < oo.

So, (1.4) is weaker than Gut and Spdtaru’s condition in Theorem A (see also their Remark 1.1).
When a >0 (ora=0 and b > 2), the condition (1.4) is implied by (1.3).

Remark 1.2 The condition that EX = 0 and EX? < oo is obviously sufficient and necessary for the

conclusion of Theorem B to hold, by Theorem 1.2. (see also Remark 1.2 of Gut and Spataru, 2000).

The proofs of Theorem 1.1 and 1.2 are given in Section 4. Before that, we first verify (1.5), (1.6),
(1.8) and (1.9) under the assumption that F is the normal distribution in Section 2, after which, by
using the truncation and approximation method, we then show that the probabilities in (1.5), (1.6),
(1.8) and (1.9) can be replaced by those for normal random variables in Section 3. Throughout this
paper, we let K(«, (,--+), C(a, B, --) etc denote positive constants which depend on «, 3, --- only,

whose values can differ in different places. a,, ~ b, means that a, /b, — 1.



2 Normal cases.

In this section, we prove Theorems 1.1 and 1.2 in the case that {X, X,;;n > 1} are normal random
variables. Let {W(t);t > 0} be a standard Wiener process and N a standard normal variable. Our

results are as follows.

Proposition 2.1 Leta > —1 and b > —1/2 and let a,(€) be a function of € satisfying (1.2). Then

> a b
(€ —a— 1)b+1/2 Z (logn)®(loglogn)

lim
e\V1+a n=1 n
-P{ sup |[W(s)| > \/210g10gn(e+an(e))}
0<s<1

2, /ﬁexp{—2ﬁ/l Tar(b+1/2) (2.1)

o0
) log n)?(log log n)®
1 2 _g—1)bt1/2 ( PJIN| > v/2logl n
i (@ —a—)e YT - {IN| = V/2loglogn(e + an(e)) }

n=1

and

-/ 1+1) exp{—2rVIF a)T(b+1/2) (2.2)

Proposition 2.2 Let a, = O(1/loglogn). For any b > —1, we have

. (loglogn)®
1ime2<b+1>ZMP{ sup |W(s)| Z(eJran)\/QIOglogn}

N0 — nlogn 0<s<1
2 > )k
=——T((b+3/2)
Crnym 032 kZ:O 2k+12b+2

and
. (loglogn)®
1 b+1>§ : N| > V/2logl
B nlogn {| |2 (e +an)y/2log ogn}
1

NG

The following lemma will be used in the proofs.

T(b+3/2).

Lemma 2.1 Let {W(t);t > 0} be a standard Wiener process. Then for all x > 0,

o0

P W(s)| > = 1- —1)*P((2k =1z < N < (2k+1
(e W) =) k:z_of J¥P((2k — 1)z < N < (2% + 1)a)
= 42 > (2k + 1))
= 22 P(IN| > (2k + 1)z). (2.3)
In particular,
P( sup |W(s)| > x) ~2P(IN| > ) ~ e /% as & — fo0.

0<s<1 V2rx



Proof. It is well known. See Billingsley (1968).

Now, we turn to prove the propositions.
Proof Proposition 2.1: First, note that the limit in (2.1) does not depend on any finite terms of

the infinite series. Secondly, by Lemma 2.1 and the condition (1.2) we have

P{ sup |W(s)| > \/210glogn(e—|—an(e))} ~ 2P{|N\ > \/210glogn(e+an(e))}

0<s<1
1 2
- ex —(e+an(e log lo n}
\/ﬂ(ed‘_an(f)) QIOgIOgn p{ ( ( )) g 10g
2 1
" Ve Vloglogn eXp{ —<log logn} P { — 2ean(€) loglog n}

as n — oo, uniformly in € € (v/1 4+ a,+/1 + a + 0) for some § > 0. So, for any 0 < 6 < 1, there exist

4 > 0 and ng such that for all n > ng and € € (v1+a,v/1+a+9),

77(21“) %Ogﬂog — exp { — €2 log logn} exp { —2rv1+a— 9}

< P{supoc,cy W (s)| = vZTogTogn(e + an(e)) |
2 1 2
< mmexp{—e loglogn}exp{—ZT\/l—&—a—l—H}
and
m\ﬂogﬂwexp{ —ezloglogn}exp{ —27'\/1—|—a—9}
< P{IN| = v2TogTogn(e + an(e)) |

< \/%)mexp{_6210g10gn}exp{—27-\/1+7a+9},
by the condition (1.2) again. Also,

S\I%(GQ - 1)b+1/2§ (logn)a(:glog n)? \/bgllw exp{ ~ elog logn}
_ e\hj%(e? a1y /"" (logfc)“(logxlog x)b-1/2 exp{ g logx}dx
_ E\13/111%(62 - 1)b+1/2/100yb1/26xp{ 7y(62 1 —a)}dy
= 6\11/% :ola Yo 2y = /000 Yo V2 Vdy = T(b+ 1/2).

(2.1) and (2.2) are now proved.

Proof Proposition 2.2: Observe (2.3),

P(IN| > z) = 2P(N > z), Va > 0,

and for any m > 1 and x > 0,

2m—+1
A3 (-DFP(N = (2k+1)z) < P( sup [W(s)| > )
k=0 0<s<1
2m

< 4> (-D)*P(N = (2k + 1)z).
k=0



It is sufficient to show that for any g > 0,

(log1
lim 20+ Z oglogn)” (N > q(e+ an)\/2log logn)

e\0 nlogn
1
=q¢ 2t~ _TI(b+3/2).
¢ STy T
Obviously,
. = (loglogn)®
2(b+1)
ll{r{l)e z:: nlogn (N > q(e—i—an)\/Qloglogn)
log logn)®
= 2(b41) i 2(b+1) (gig
= gq ll{rée 3:1 nlogn P<N2(6+qan)\/2loglogn.
So, it is sufficient to show that
. (loglogn)® 1
26+1) P(N > V2loglogn) = o= T(b+ 3/2).
iy 35 B TR) - g+

Without losing of generality, we assume that |a,| < 7/loglogn. Notice that

[P(N > (e + a,)V2IogTogn) — P(N > ey/2loglogn)|

1 2log 1 —7/logl 2
< \/ﬂexp{ _ 2loglogn(e 27/ oglog n) Han|v/21oglogn
m exp{ — e%loglogn + 267’}
and
lim 20+ Z (loglogn)” : ! eXp{ — ?loglog n}
N0 nlogn vl1oglogn
log1 b—1/2
= gi\rjréeﬂb“) /6 (Og;iz)xexp{ — ¢ loglogx}dac
= 1im62(b+1)/ b=1/2 exp{—€%y}d :lime/ b=1/2¢=yq
lim Y p{—€y}dy = lim LY y
1 o)
— 1 b—1/2 Y4 li / b—1/2 —yq
6{%6/€2y e y—l—el\rr(l)e : Y e Y
1
< i b=1/2dy = 0.
= 6%6/52 Y Y

Thus, it follows that

lim 2(+1) Z (loglogn)” (N > (eJran)\/Qloglogn)

eN0 nlogn
= teery S (EE (v 2 Tzl )
= li{%g(bﬂ)/ee (bggg]lggg?P<NZ€\/m)dx
- 21{% bp(z\7>\/>)dy—b+71 OOP(NZ\/@>dyb+1
- b+1P(N \/@)ybH’SOJFW/OOOybH/Qe_ydy
— mr(lﬂ-?)ﬂ).



The proposition is now proved.

3 Truncation and Approximation.

The purpose of this section is to use Feller’s (1945) and Einmah!’s (1989) truncation methods to show
that the probabilities in (1.5), (1.8) for M, can be approximated by those for \/nsupy<,<; [W(s)]
and the probabilities in (1.6), (1.9) for S,, can be approximated by those for v/nN.

Suppose that EX = 0 and EX? = 02 < oo. Without losing of generality, we assume that o = 1

throughout this section. Let p > 1/2. For each n and 1 < j < n, we let

Xy = X I{IX;] < V/n/(loglogn)’},  X,; = Xp,; — E[X,),

nj nj nj
J / J -/
! _ U q _ B
Snj - E ana Snj - § an?
i=1 i=1

n
— —/ =
M, = S B, =) Var(X
n ké?§| nk|’ ar( nk)

and

-/

XUy = Xy I{Vin/(loglogn)? < |X;| < ¢(n)}, Xy = X1ty — E[X[1],
-/

XU = Xy X)) > 6(n)}, Xy = X[ — E[XL1].

1! —/1

And also define S7;, S7%, Shis Snj» M;i and M:ﬁl similarly.

The following two propositions are the main results of this section.

Proposition 3.1 Leta > —1,b> —1 and 2 > p > p’ > 1/2. Suppose that the condition (1.3) is

satisfied. Then there exist 6 > 0 and a sequence of positive numbers {q,} such that

P{ sup |W(s)| > ey/2loglogn +

0<s<1 (loglog n)?’ } ~n

< P{ M, > €v/2B,, loglog n}

3
< 5 > S — .
< P{ sup |[W(s)| > ey/2loglogn (oglog n)7’ } + qn, (3.1)

0<s<1

P{\N|ze 2loglogn + — qn

Totog |
(loglog n)?’

< P{IS:| > ey/2B, loglogn |
3
< P{‘N| Zem—m}“r(ha

Vee (V1+a—6,V1+a+d), n>1 (3.2)

and

> (logn)*(loglogn)®
Z(g)(gg)

- qn < K(a,b,p,p’,0) < cc. (3.3)

n=1



Proposition 3.2 Let b be a real number and 2 > p > p’ > 1/2. Suppose that EX =0 and EX? = 1.
Then

P( sup [W(s)| >z + 3/(loglogn)?') — ¢ < P(M,, > x+/B,,)
0<s<1

< P( sup |[W(s)| >x—3/(log logn)p,) +q, Vx>0, (3.4)
0<s<1

P(IN| > z + 3/(loglogn)”") — ¢ < P(|S,| > 2v/B)

< P(IN|>z- 3/(loglogn)p') +gq,, V>0, (3.5)
where g} > 0 satisfies
~ (loglogn)® /
E < K(b,p,p') < 00 (3.6)
— nlogn

To show this two results, we need some lemmas.

Lemma 3.1 For any sequence of independent random variables {&n;n > 1} with mean zero and
finite variance, there exists a sequence of independent normal variables {n,;n > 1} with En, = 0

and En? = E€2 such that, for all Q > 2 and y > 0,

k k n
P(max| 36— S nl > v) < (AQ% Y A&,
=" =1 i=1 —

whenever E|&|9 < oo, i =1,...,n. Here, A is a universal constant.
Proof. See Sakhaneko (1980,1984, 1985).

Lemma 3.2 Let Q > 2, &,&,...,&, be independent random variables with E€, = 0 and E|&x|% <
00, k=1,...,n. Then for ally > 0,
k y2 n
P(max | > )S?ex {—n—}+ 2AQ)%y ¢ E|& |9,

where A is a universal constant as in Lemma 3.1.
Proof. It follows from Lemma 3.1 easily. See also Petrov (1995, Page 78).

Lemma 3.3 Define A,, = maxy<y, |§;k — Sk|. Leta > —1,b> —1 and p > 1/2. Suppose that the
condition (1.3) is satisfied and EX? = 1. Then for any \ > 0 there exist a constant K = K (a, b, p, \)

such that

. (logn)*(loglogn)®
3o e ng & IngKE[X?(log|X|)a(1oglog|X|)b—1]<oo, (3.7)
n=1

where

I, = P(An > /n/(loglogn)?, 7, > )\qb(n)).



Proof. Let 3, = nE[|X|I{|X| > v/n/(loglogn)P}]. Then |Ezgz1 X < Bn, 1 <7 <n. Setting

L={n:B.< éx/ﬁ/aoglogm%

we have

{A, > Va/(loglogn)®} € [ J{X, # X};}, ne L.

j=1
So for n € L,

< _anP(Xné X1 0, = Ao(n)).

Jj=1

Observer that X;Lj = 0 whenever X; # X,;Lj, j < n, so that we have for n large enough and all

1<j<nm,
P(X; # X7, M, = Aé(n))
- P(X # X, max, SR, max 15, — X0 > Aqb(n))
= P(x; £ X7,)P (krgax SV max 1S, — X7, > Ao(n)
< P(x; £ X, )P(3, > Ao(n) - X, )
< P(IX]> vir/(oglogn))P(IT, = Ad(n) — v/n/(loglog )" )
< P(|X| > \/ﬁ/(IOglogn)”)P(M'n > %qﬁ(n)).

A straightforward application of the inequalities of Ottaviani and Bernstein yields:

P(M;E%

o) < 2P(18,] 2 J0()) < (logn) ™

for some n =n(A) > 0.

So,
(log n)*(log log n)®
> I,
neL n
oo
(log n)?(log log n)® NG )
= -nP(|X ] n
- C; n " (' > (log log n)? )(Ogn)
] Vitl .
< Pl ——— < |X| < logn loglog n
;]Zn ( (loglog j)» X1 (loglog(j + 1))P )( )4 )
N \/j ] +1 J
S P —_— < X S logn a n IOglogn
; ((loglogj) | X (loglog(j + 1))1;) g ( )
3 J+1 .
: " Xl < 1 log1
- =1 ( loglogj <Xl (loglog(j + 1))? ) (log j)*"(loglog 7)
<

CE | X*(log | X[)*~"(log log | X|)"**| < CE|X*(log | X|)" (log log | X|)"~*



If n ¢ L, then we have
—

It follows that

Z (logn)*(log logn)bI < Z (logn)?~"(loglogn)®
" n

ngL n ngL
(logn)?~"(loglog n)®*+2
< 8) 37 g
ngﬁ
(logn)2~"(log log n)b+2
< 82 /2
n=1
E|| < X< —i e
; [ I { 10g10g] <KX= (loglog(j +1))» }]
- Vi J+1
= E 1
8; “ | {(loglog]) X (loglog(j + 1)) }}
z]: (log n)?~"(log log n)’*2
s nl/2
< CiE“ | {L<‘X|<— V]H}}
T4 (loglog j)P ~ (loglog(j +1))”

-V/j(log j)*~"(loglog j)***

< CE[Xz(log|X|)“”’(loglog|X\)b+2“’} < CE[X2(10g|X\)“(loglog\X|)b’1].
(3.7) is proved.

Lemma 3.4 Leta > —1,b> —1 and p > 1/2. Suppose the condition (1.3) is satisfied and EX? = 1.

Then for any A > 0 there exist a constant K = K(a,b,p, ) such that

2. (logn)*(loglogn)®
3o e ng & 11, gKE[XZ‘aog|X\)a(1oglog\X|)b*1} < o0,
n=1

where

I, = P(An > /n/(loglog n)2, M,, > /\gb(n)).

Proof. Obviously,

wl >

I, < P(An > /n/(loglogn)?, M, >

wl >

o)) +P(M, = Som) + P(ML, > So(m)).

10



Observe that maxy<, |[ES?;| < nEX?/¢(n) = o(/n). We have

M8

Y

(logn)?(loglogn)® _/—m _ A
P37 = Som)

n
n=1

o i (log n)“(lsg log n)" 2": (X7 £0)
n=1 j=1

(logn)?*(loglog n)bP (|X| > d)(n))

IN

NE

1
KE [X2(1og 1 X])* (log log |X|)b*1} .

3
Il

IN

Also, notice that Y ,_, Var(X, ") < nE[X?I{\/n/(loglogn)? < |X| < ¢(n)}] = o(n). By Lemma

3.2 we have for QQ > 2,

M8

(logn)®(loglogn)® _ /—n _ A
P(angqb(n))

n
n=1

o0

(logn)(loglog n)® A2¢?(n)
n P { 328 0(n) }

IN
Q
ng

oo

(logn)?(loglog n)® 3¢
n AR (n)

nE[|X|21{|X| < ¢(n)}]

M

n=1

. K+CZ logn loglogn ZE[|X|QI{¢(J'—1)<\X|§¢(j)}]
=, (logn)*(loglogn)®
< K+cZE[|X|QI{¢<j—1><\XISW')}]Z(l : >¢$(§; =
j_l "
o oglog j)b
< K+CZE [XI°H{6( — 1) < x| < 6] gj)qbg(?)l =
j=1

< K+C) E[XPI{6( — 1) < |X] < ¢(j)}] (log 4)* (loglog 5)" !

j=1

< K+CE [X2(10g|X\)“(loglog \X|)b_1} < 00.
Finally, by noticing Lemma 3.3, we compete the proof of Lemma 3.4.

Lemma 3.5 Suppose that the condition (1.3) is satisfied. Then for any 1/2 < p’ < p we have

P( sup |[W(s)| >a+ 1/(log10gn)pl) —pn < P(M; > zv/By)

0<s<1

< P( sup [W(s)|>z— 1/(10g10gn)”/) +Dn, V>0 (3.8)
0<s<1

and

P(IN| >z + 1/(10glogn)p/) —pn < P(|§:L| > zv/By)

< P(IN| >z —1/(loglogn)”) + p,, Yz >0, (3.9)
where p, > 0 satisfies
 (log n)?(loglogn)®
Z (logn) (:g ogn) pn < K(a,b,p,p’) < . (3.10)
n=1

11



Proof. By Lemma 3.1, there exist a universal constant A > 0 and a sequence of standard Wiener

processes {W, ()} such that for all Q > 2,

— k 1 '
P(max (S, — Wa(=By)| > 5v/Ba/(loglogn)”)

< (AQ) ((loglogn ) ZE|Xnk}Q
< Cn(w\(/)%n)) E[|X|9I{|X| < v/n/(loglogn)"}].

On the other hand, by Lemma 1.1.1 of Csorgé and Révész (1981),

P (| mas, (W (sB) ~ Wa (" B,)| = L /By /(loglogn)” )
B P(OI£?X1|W (s )_Wn([T:])' ;\/7(1og£n) )
< C’nexp{ - (v/( loglogn } exp{ - En/(log logn)Qp/}.
Let -
S ns n(sBn
=, U8 -S| Gt ) 61

Then p,, satisfies (3.8) and (3.9), since {W,,(tB,,)/v/Bn;t > 0} 2 {W(t);t > 0} for each n. And also,

pn < Cn((bgl\j%n)p>QE[leQI{|X| < Vn/(loglogn)’}] + Cnexp{ - 1—12n/(10g10g n)2p’}.

It follows that

>, (log n)%(log log n)®
Z(g)(gg)

Pn
n=1 n
 (logn)?(loglog n)"*#'@
< K+CY (log n)*(log log ) E[|X|91{|X| < v/n/(loglogn)"}]
n=1 nQ/2
>, (logn)*(loglog n)b+?'@
s KA C Zl nQ@/2
SUE[Ix e X<V 1
= (loglog(j —1))” (loglog 5)”
- Vi—1 Vi (log j)* (log log )" 7'?
< K +CY E —VIZC X<
=t Z; 10g10g(j— Dy = ] < (loglogj)p}] je?

K + CE[|X|*(log | X|) (log10g|X\)b+(pr)Q+2p] <K < oo,

IN

whenever (p’ — p)Q + 2p < —1. So, (3.10) is satisfied.

Now, we turn to prove Propositions 3.1 and 3.2.

12



Proof of Proposition 3.1: Let 0 < § < %\/1 + a. Observe that, if n is large enough,

P{M, > /2B, Toglogn

= P{M, > cy/2B, loglogn, A, < log\IZ)ZnP}

+P{M > /2B, loglogn, A, > 1Og‘1{);n) }
< PO, > 2B, Toglogn - Y

O (logl\{)zn)?}
< {M > /By [ey/2loglogn - m]}+ffn
< P{ s WO = V2I0BTogn = ol = (o I
< P{OggllW(S)l > €\/2loglogn — m} +pu+ 11,

for all e € (vVV1+a —d,v/1+ a+ d), where I, is defined in Lemmas 3.4 with A = /1 +a/4 and p,

is defined in 3.5. Also, if n is large enough,

P{M > e\/2B, 10g10gn}

> P{ 2 V2B Toglogm, A < ¥ )
> P{M;EEM+M%MSM{;)2}
> P{M;z@[e 210glogn+m]}

20> Lo 0> i)

> P{ sup [W(s)| = ey/2log] o p -1
= P W)l = ev2loglogn + ooy p o = 1o

for all € € (v/1+a —6,v/1+ a+ J), where I,, is defined in Lemma 3.3 with A = /1 + a/4.

Similarly, if n is large enough,

P{N> 2logl 7,}— .y
IN|>e€ oglogn + (loglog )7 Pn — I,
< P{|Sn|26\/23nloglogn}

3
< P{IN| > ey/2l0glogn — —> o+ 11,
- {| |2 0808 (loglogn)P’}+p +

Letting ¢, = pn + I, + I, completes the proof by Lemmas 3.3, 3.4 and 3.5.

Proof Proposition 3.2: Let {W,(:)} be a sequence of standard Wiener processes being defined in

the proof of Lemma 3.5, and let p,, be defined in (3.11). And set

q. =P ( sup |M[nS /\/7 W,.(sBp, /\/7|>3/ (loglogn)? )

0<s<1

13



Then ¢} satisfies (3.4) and (3.5), and also

ay < P(A, > v/n/(loglogn)?) + py.

By Lemma 3.5,

Also, following the lines in the proof of (3.7) we have

Uoglogn)’ 1\ '/ (toglog n)?)

NE

= nlogn
loglogn)® (log log n)b*2
< 3 BT () V(g logmy) + 3 LENE
. nlogn ey n3/2logn

(loglogn)®
—= - P(|X log1 p
£ 1] > Vi (oo )

Mg

3
I
—

+Z logflo I‘ff;n E[|X|I{|X] > v/n/(loglogn)"}]

CE [ 108 X))~ (oglog [X1)"*] + CE[X*(log X loglog [X|)"*2+7

IN

CEX? < 0.

IA

So, ¢ satisfies (3.6).

4 Proofs of the Theorems.

4.1 Proofs of the direct parts.

Without losing of generality, we assume that EX = 0 and EX? = 1.
Proof of the direct part of Theorem 1.1: Let ¢ > 0 small enough and {g,} be such that (3.1),
(3.2) and (3.3) hold. Then

0 b
lim (62 Ca— 1>b+1/2 Z (log n)*(log log n)
eNvV1+ta n

n=1

qn =0,
by (3.3). Notice that a,(e) — 0. By (3.1), we have that for n large enough,

P{ sup [W(s)] 2 v/2Toglogn(e +an(e) + oo g,

0<s<1 (loglogn)r

P{Mn > /2By loglogn(e + an(e))}
P{ sup IW(s)] > V2TogTognle +0,(0) = oo} + o

0<s<1

Vee (W14+a—9/2,V1+a+§/2).

IN

IN
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On the other hand, by Proposition 2.1,

lim (2 —a—1)1/2 Z (log n)”(loglog n)
eNVita — n
3
Py sup [W(s)| > v/2logl Nt
{021;21| (s)] > v/2loglog n(e + ay(€)) (Toglog )7 }

=2 ﬁ exp{—27v1+a}l'(b+1/2).

It follows that

) b
lim (62 Ca— 1>b+1/2 Z (log n)*(log log n)

iTa et n
-P{Mn > /2B, loglogn(e + an(e))}
1
=2 . exp{—27v1+a}l'(b+1/2). (4.1)

Similarly,

lim (2 —a—1

12 i (logn)?(loglog n)®

eNV1+a n=1 n
P{1S.] > V2B, Toglogn(e + a,(0))}
_ ﬁexp{_zn/mmb +1/2). (42)

Finally, noticing the condition (1.4), we have
0 <n— B, <2nE[X?I{|X| > v/n/(loglogn)P}] = o(n(loglogn)™").

Let al,(e) = v/n/Bn(e + an(€)) — €. Then

P{Mn > ¢(n)(e+ an(e))} P{Mn > /2B, loglog n(e + a’n(e))},

P{ISul = d(n)(c + an(e)) } = P{ISul = v/2By loglog n(e + al,(e)) },

and,

— B,)loglogn n
al (€)loglo n:e(n +./—an(e)loglogn — 7
n(€) loglog NN NCESNN \V B, (€) loglog

asn — oo and € \, V1 + a. Now, (1.5) and (1.6) follow from (4.1) and (4.2), respectively.

Proof of the direct part of Theorem 1.2: We show (1.8) only, since the proof of (1.9) is similar.

Noticing n > B,, ~ n and Proposition 3.2, for any 0 < § < 1 we have for n large enough and all

15



€ >0,

IN
-

IN
-

IN
o
e N e N e N W
s
Vv
~—
[0}
+
S
&
_
_|_
N
[\
Sy
S
<)
02
<)
0Q
S
—

IA
-

A

< P{ sup |[W(s)| > (e +an — 3/loglogn)\/210glogn} +q.

So, by Propositions 2.2 and 3.2,

2
b+ Dvr .

. (log1 b
hren\%lf 2(0+1) Z WP{M” > (e + an)qb(n)}
=1

(-1
@k

WE

(14 6)720+D T'(b+3/2)

™~
Il

IN

oo

) loglogn)®
< X 2(b+1) (7 >
S hle\b‘(l)lp € n§:1 nlogn P{Mn > (e+ an)¢(n)}

2 > —1)*
< GrTea k_0(2k(+1))%+2.

Letting 6 — 0 completes the proof.

4.2 Proofs of the converse parts.
Now, we turn to prove the converse parts of Theorem 1.1 and 1.2. First, we show that each of (1.5),
(1.6), (1.8) and (1.9) implies

EX? <oo, EX =0 and E[X?(log|X|)*(loglog |X|)""'] < o0, (4.3)

where a = —1 in Theorem 1.2. We only give the proof that (1.6) implies (4.3), since other proofs
are similar. Let {)~(,)~(n;n > 1} be the symmetrization of {X, X,;n > 1}, and let S, = Sy Xp.

Then by (1.6),

e a b .
timsup (e —a —1)+1/2 3 (B CBLEN B 115 5 o550 e 4 an(0))} < K < oo
eN\vIta n=1 n

For M > 0, define Y = Y(M) = XI{|X| < M} and Y,, = Y,,(M) = X, I{|X,,| < M}. Observing

that XI{|X| < M} — XI{|X| > M} 2 X and XI{|X| < M} — XI{|X| > M} + X = 2V, we obtain

16



that

limsup (¢ — a — 1)1/2 i (log)* (loglog )" { ZYM > 20¢(n)(e + an(e))}

eNWI1+a n=1 n
= (1 % (logl ~
< 2limsup (e —a — 1)b+1/2 Z (logn)? (loglog n)” P{|Sn\ > 20¢(n)(e+ an(e))}
eNW1lta n=1 "
< 2K < o0, (4.4)

However, since Y is a bounded random variable which satisfies conditions (1.3) and (1.4), by the

direct part of Theorem 1.1 we have

. 9 1/9 (logn)?(loglogn)®
Jim (¢ a1y Z - {|Zm > VEYZ6(n)(e + an(e)) |

n=1

= @ 1+ 0 exp{—27V1+a}T(b+1/2) > (4.5)

Putting (4.4) and (4.5) together yields \/E)N(QI{|)~(| < M} = VEY? < 20. Then, letting M — oo
yields EX? < oo.

EX = 0 is obvious when EX? < oo, for otherwise we have
P{|S.| > ecp(n)} — 1, Ve>0,

which implies that

e a b
E (log n)*(loglog n) P{|Sn| > eocp(n)} =00, Ve>0,a>—-1 and b> —1.
n

n=1

Now, by (1.6) and the Lévy inequality we obtain that for some € > 0,

(logn) log logn)?

HME%

P{rlygg | Xk| > 3eap(n)}

C

S

3
Il
—

b
(logn) (loglogn) P{I]?<aX|Xk‘ > Qeod)(n) +2 /nEXQ}
n <n

a b
(log )" (loglog ) P{max|Si| > eog(n) + VnEX?}
n <n

IA
Q
(]2

3
Il
-

P{|S.| > eop(n)} < cc.

(logn)?(log log n)®
n

IA
Q
(]2

3
Il
—

Observe that
EX?

P Xl > < -
{Iglga%d k| 2 3eod(n)} < 18¢2loglogn —0

We conclude that

(logn)*(loglog n)bP{|X| > 3ecp(n)}

M8

n=1

>~ (logn)®(loglogn)®
cy p

P{I]?<aX|Xk| > 3eop(n)} < oo,
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which implies

E[XQ(log | X1])¢(log log ‘X‘)b_l] < 00.

(4.3) is proved.

Next, we show that EX? = ¢2. By the direct part of Theorem 1.2, (1.8) and (1.9) shall hold
with EX? taking the place of o2, which are obviously contradictory to (1.8) and (1.9) themselves,
respectively, if EX? # 2. Notice that (4.1) and (4.2) hold whenever (4.3) is satisfied. However, if
EX? +# 02, (1.5) and (1.6) are contradictory to (4.1) and (4.2), respectively, since B, ~ nEX?2.

Finally, we show (1.7). Suppose that (1.7) fails. Without losing of generality, we can assume that
o 2E[X2I{|X| > \/n/(loglogn)P}] > 79/ loglogn for some 79 > 0 and all n > 1. Then no? — B,, >
RE[XCT{|X]| > vi/(loglogm)P}] > no?r/loglogn. Let dj(e) = v/T+ 7o/ oglogn(e + an(e)) — e
Then

al(€)loglogn — 7+ 10V1 + a/2,

and

P{M, = 06(n) (e + an(e) } < P{M, > v/2B, loglogn(e + a},(¢)) },
P{\Sn| > aqb(n)(e—i—an(e))} < P{|Sn| > /2B, loglogn(e%—a;(e))},

It follows that (1.5) and (1.6) are contradictory to (4.1) and (4.2), respectively. The proof is now

completed.
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