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1 Introduction and main results.

Let {X, X,,;n > 1} be a sequence of i.i.d random variables with a common distribution function F,
and set S, = >, Xg, M, = maxy<, |Sk|, n > 1. Also let logz = In(z V ¢), loglog z = log(log z)
and ¢(x) = y/m2x/(8logx). The following is the well known complete convergence first established
by Hsu and Robbins (1947):

i P(]Sn] > en) < oo, €>0

n=1

if and only if EX = 0 and EX? < co. Baum and Katz (1965) extended this result and proved the

following theorem.

Theorem A Let 1 <p <2 andr > p. Then

ZnT*2P(|Sn| >en'/P) < oo, €>0

n=1

if and only if EX =0 and E|X|"™P < oo.

Many authors considered various extensions of the results of Hsu-Robbins and Baum-Katz. Some
of them study the precise asymptotics of the infinite sums as € — 0 (c.f. Heyde (1975), Chen (1978),
Spataru (1999) and Gut and Spataru (2000a)). But, this kind of results do not hold for p = 2.
However, by replacing n'/? by v/nloglog n, Gut and Spitaru (2000Db) established an analogous result
called the precise asymptotics of the law of the iterated logarithm. By replacing n'/? by v/nlogn,

Lai (1974) and Chow and Lai (1975) consider the following result on the law of the logarithm.

Theorem B Suppose that VarX = o and r > 1. Then the following are equivalent:

ZnT_QP(Mn > ey/2nlogn) < oo; forall € >ovr—1;

n=1

oo
an_zpﬂsn\ > ey/2nlogn) < oo, for all € > ov/r — 1;

n=1
an*2p(|gn‘ > ey/2nlogn) < oo, for some € > 0;
n=1

EX =0 and E/X|*/(log|X|)" < oc.

Liang, et al (2003) studied the precise asymptotics of the second infinite serie in Theorem B for
1 < r < 3/2 under the condition E|X|?*" < oo. Zhang (2003) studied all the cases of r > 1 and
obtained the sufficient and necessary condition for such kind of results to hold.

By a small deviation theorem of Mogul’skii (1974) (c.f., Lemma 3.1), it is easy to get the following

results on the other law of the logarithm.



Theorem 1.1 Suppose that EX =0, VarX = 0% and r > 1. Then

oo
> (logn)* P(My < e/nflogn) < oo for all ¢ <o [Ty
n=1
and
= 2
and(logn)aP(Mnﬁe\/m):oo forall e >0 5 0
r—

n=1

The purpose of this paper is to consider the precise asymptotics of the infinite series in Theorem

1.1 for all » > 1. Here is our main result.

Theorem 1.2 Let r > 1 and a > —1 and let a,(€) be a function of € such that

an(e)logn — 7 as n—ooande / 1/vr —1. (1.1)
Assume that
EX =0, EX?=0%*(0<0<o00) and E[|X|*™] <00, forsome 0 < e < 1. (1.2)
Then
6/11}1\11#7[ (r— 1))+t Z n"%(logn)® {Mn <op(n)(e+ an(e))}
= % exp{27(r — 1)>2}\(a + 1). (1.3)

Here, T'() is a gamma function. Conversely, if (1.3) holds for some r > 1, a > —1 and € > 0, then

EX =0 and VarX = o2.
Also, we have a refinement of Theorem 1.1 as

Theorem 1.3 Let v > 1 and a be two real numbers. Suppose that the condition (1.3) is satisfied,

then for any eventually non-decreasing ¢ : [1,00) — (0, 00),

i_o: “(logn)* {M"SO\/W}<OOM =00

according as Z n""2(logn)® exp{—1(n)} < 0o or = oo. (1.4)

n=1

We conjecture that (1.3) is true whenever EX = 0, VarX = 0% > 0 and EX?I{|X| > t} =
o((logt)™!) as t — oo, and (1.4) is true whenever EX = 0, VarX = 02 > 0 and EX2I{|X| > t} =
O((logt)™) as t — oc.

The proofs of Theorems 1.2 and 1.3 are given in Section 4. Before that, we first verify (1.3)
under the assumption that F' is the normal distribution in Section 2, after which, by using the strong

approximation method, we then show that the probability in (1.3) can be replaced by those for



normal random variables in Section 3. Throughout this paper, we let K(«, 3, ), C(«a, 3,---) etc
denote positive constants which depend on «, 3, -+ only, whose values can differ in different places.
The notation a,, ~ b,, means that a, /b, — 1, and a,, ~ b, means that C~'b,, < a,, < Cb,, for some

¢ > 0 and all n large enough.

2 Normal cases.

In this section, we prove Theorem 1.2 in the case that {X, X,,;n > 1} are normal random variables.
Let {W(t);t > 0} be a standard Wiener process and N a standard normal variable. Our result is as

follows.

Proposition 2.1 Letr > 1 and a > —1 and let a,(€) be a function of € satisfying (1.1). Then

lim  [e2— (r—1) a+1zn (log n)? {21;21|W(s)\S\/WQ/(8logn)(e+an(e))}

e/ 1/y/r—1
4
= —exp{27(r — 1)¥*0(a + 1). (2.1)
™

The following lemma will be used in the proofs.

Lemma 2.1 Let {W(t);t > 0} be a standard Wiener process. Then for all x > 0,

= w2 (2k 2
Z 2( exp{ - (2833—; 2, }

k=0

P( sup [W(s)| <z) =
0<s<1

SES

In particular,

2 4 2
*eXp{_7}<P(ong<)1|W( )‘Sx)S;eXP{—@} (2.2)

and
2

4 s
P(Ozggl\W(Sﬂ <z)~ ;exp{ - @} as = — 0.

Proof. It is well known. See Ciesielaki and Taylor (1962).
Lemma 2.2 Let a,(€) > 0, By(€) > 0 and f(e) > 0 satisfying
an(€) ~ Br(e) as n— oo and € — e,

f(€)Bn(e) — 0 as e — €, Vn.

Then

lim sup(lim inf) f Z oy, (€) = lim sup(lim inf) f Z B (e

e—€o €—¢€o e—eo €—€o



Proof. Easy.

Now, we turn to prove the proposition 2.1. By Lemma 2.1 and the Condition (1.1) we have

P{ sup, IW(s)| = V;f*+%@*”i{‘@fi@v}
:i{_el+%;tﬁhm&y}Ni{_hﬁn}wPLi%&ﬂ%n}

4 1
~ f{ - O%n}exp {27’(7" - 1)3/2}
€

™

asn — oo and € /" 1/4/r — 1. We conclude that

lim  [e?—(r—1 ““Zn (logn)® { sup W (s )|2\/7r2/(810gn)(e+an(e))}

e/ 1//r—1 0<s<
logn 4

= lim  [e7? — (r —1)]°"! n""?(logn)®exp { — fexp 2T 1)3/2

6/‘1/\/7’71[ Z { } { ( ) }

( by Lemma 2.2)
logz )

= lim  [e72 — (r—1)]™! / *(logz)*exp { — dx— eXID{QT( 1%/}

6/1/\/m[ Z { J

( by Lemma 2.2)

o loga: 4
= i 2 _(r—1 ‘”‘1/ logz)®exp{ — do— exp{27(r — 1)3/2
efl}mr_l[e (r—1)] i ~?(log p{ ydw— exp{2r(r —1)°%}
o0 4
_ I -2 -1 a+1/ agq -2 1 du= e ) _13/2
Ulm [ -] [ ytesn { <[ - 0 Dy by exp{2r(r - 1))
e 4
= lim / ye¥ = exp{2r(r — 1)%/?} = exp{QT( 1)%2)0(a + 1).
e/ 1/Vr=1Je=2_(r—1) ™

(2.1) is proved.

3 Approximation.

The purpose of this section is to use strong approximation and Feller’s (1945) and Einmahl’s (1989)
truncation methods to show that the probability in (1.3) for M,, can be approximated by those for
Vnsupg< < [W(s)]-

Suppose that EX = 0 and EX? = 02 < co. Without losing of generality, we assume that o = 1.
Let 0 < p < 1/2. Foreachnand 1 <j <n, welet X}, = X,,; I{|X;| < /n/nP}, X} = X}, —E[X] ],
Shj = Shi =221y Xy My = maxy<, [Shy| and B, = Y7 Var(X,). The following

nj? ’I’lj’

proposition is the main result of this section.

Proposition 3.1 Suppose E[|X|**¢] < oo for some 0 < e < 1. Leta > —1, 7> 1 and 0 < p <



€/(4(2 +¢€)). Then there exist 6 > 0 and a sequence of positive numbers {q,} such that

2 5
P{ W(s)| < }f n
02;%' () < e 8logn + (logn)? 4

< P{M, < con)}
w2 5
< P s
- {0281 Wil < 8logn (logn)2} te
1 1
Ve € _y §), n>1 3.1
€ (\/r—l \/T_1+) n (3.1)
and
Z 2(logn)®qn < K(r,a,p,€,6) < co. (3.2)

To show this result, we need some lemmas.

Lemma 3.1 For any x >0 and 0 < § < 1, there exists a positive constant C = C(x,0) such that

(a) C~texp{—1 logn} < P{M;} < z¢(n)} < Cexp{—13logn},

(b) CLexp{—LE logn} < P{M, < z¢(n)} < Cexp{—13logn}.

Proof. This lemma is so-called small deviation theorem. It follows from Theorem 2 of Shao

(1995) by noting that B,, ~ n. (See also Shao 1991).

Lemma 3.2 For any x>0, A> 0 and 0 < § < 1, there exists a positive constant C = C(x,9) such

that

1-96
< < _
P{f]?g;( |Sk + 21| V Jnax ISk + 22| < 2¢(n)} < Cexp { —~logn}

holds uniformly in |z1] < Ap(n), |22] < Ap(n) and 1 < g < n.

Proof. Without losing of generality, we can assume that 0 < ¢ < 88 =1 We follow the lines of the

proof of (17) in Shao (1995). Write x,, = z¢(n). Put M = §~2. For fixed n, define my = 0,
m; = max{j:j < Miz?}, fori<l:=max{i:m;<n-—1}
and myy1 = n. It is easily seen that
(1—6/4)Mz? <m; —m;_1 < (1+5/4)Mz?

and

-1<1

IN
IN

n n
Mzx Mx

S
3L



provided n is sufficiently large. From Lemmas 3 and 1 of Shao (1995) and the Anderson’s inequality,
it follows that, there exists an integer ng such that Vn > ng, V1 < j < I, V]y| < z, + A¢(n),

V]y;| < Ad(n),

P( max  [Sp,_ 4k — Sm;_, +yj+yl < xn)

k<mj—m;_1

< oMy P<0i“31 W () + ( + ) (my — m;_1) 2| < an(m; — mj’l)im)
< e My P( sup |W(s)| < xn(m; — mﬂ'*l)_w)

0<s<1
72 (m; —mj_1) T2 M(1 — 6/4))

< 6_3M—|—46Xp(— )ge_gM—i—élexp(—

- 8x2 8
1 1 m2M(1—5/2) m2M(1—6/2)

< ZeTEM g - - T It Sl SavA

= ¢ +2€Xp( 8 )*eXp( 8 )

where {W(t);t > 0} is a standard Wiener process. Obviously, there exists an ¢ such that m;_; <
g <m;. Let y; =2z if j <i—1, and 2 if j > 4. Then
P \Y < <P <
(riléagc |Sk + 21| qgl}gl;(n [Sk + 22| < x(b(n)) < (jgﬁ);z mjfr&a}scgmj ISk + y;] < xn)

- E{1 Sk +yj| < wn}l Sk +yil < wn}}
P, T 1wl SEM | B ISk sl < o)

IN

E{I S, 4yl <
{ max ., max ISk + il < 2}

XE[I{ max_ [Sk + yj| <} Sk, k < ml_l]}
my

my_1<k<

Tn—Yl—1
— / P( max  |Sg — Sm,_, + v+ ul Sl’n)

—Tn—Yi—1 mi—1<k<my

dP( max max St +yi| <z, S < )
jgl—lJ#in”_1<k§ng| k y]|—- nyPmp_1 Y

exp(f M)P( max max_ |Sk + y;] §$n)

3 J<I=1,j#imj_1 <k<m;
2 _ _
< ...§exp(—7rM(1 6/2)(1 1))

8
w> < Cexp(— (1;25) logn).

82

IN

< Cexp ( —
For n < nyg, it is obvious that

(1-9)

< <1< _ '
P g[Sk 21| V s [k +2] < wo(n)) < 1< Coxp (= =5 logn)

Lemma 2 is proved.

Lemma 3.3 Define A,, = maxg<n |S};, — Sk|. Suppose E[|X|**¢] < oo for some 0 < € < 1. Let
a>-1,7r>1and 0 < p < €/(4(2 +¢€)). Then there exist constants &y = do(r,a,p,e) > 0 and

K = K(r,a,p,€,00) such that Y0 < & < do,

n""?(logn)*I, < K < oo,

n=1



where

1
— > 2 * < - i
P(An = vn/(logn)?, M;; < B Z—= +9))
Proof. It is sufficient to show that
§ 2(log n)? (An > /n/(logn)?, M < “Z’(i?é) < CEX?, (3.3)
r—1—

whenever § > 0 is small enough. Let 5, = nE[|X|I{|X| > /n/nP}]. Then \EZZZI X! < By,
1 < j < n. Setting

L={n: 5 < gV (logn)’},

we have
{A, > /n/(logn)?*} C U{Xj #X,,}, neL.
j=1
So for n € L,
L. = P(An > Vn/(logn)*, My, < \/ﬁ)
- ¢(n)
< DoP(# X0 M < )

Observer that X, = 0 whenever X; # X/ ., j < n, so that by Lemma 3.1(a) we have for n large
enough and all 1 < j <n,
o(n
P, 7 X007 = A0)
r—1—94

o(n)
= (X ;éXn], mjaX |Snk|\/ r<nax ‘ ‘, ﬁ)

$(n)

o * * I R S

— P(X; # X],)P (krgg§1|snk|ngl,3§n|snk Xyl < A2 5)
$(n)

Vr—1-90

P(X| > i /)P (M §%+W/rf)

CP(|X| > v/n/logP n) exp{(—(r —1) + 6 + &) logn}

[|X‘2+e] (r—1)+6+6"—(1/2— p)(2+5)

IN

P(X; # X;,)P(M; < +1X0,1)

IN A

IA

Notice that (1/2—p)(2+4€) > 1+€/4. Choose 0 < §,6" < €/16. Then 64+46'—(1/2—p)(2+€) < —1—¢/8.

So,
o0
Z n"~2(logn)°I’, < CE[|X|**] Z 646 —(1/2_p)(2+€)(1ogn)a < CE[IXP*].
nel —
Note that
Bn CEHX‘Q-&-e](lOg n)2n1/2—(1/2—p)(1+€) 0

Vil (ogn)? =



It follows that there are only finite many ns not in £. So

Z n""2(logn)*I!, < co.
ngL

(3.3) is proved.

Lemma 3.4 Suppose E[| X|*T¢] < oo for some0 < e < 1. Leta> —1,7 > 1 and0 < p < ¢/(4(2+¢)).

Then there exist constants ég = do(r,a,p,€) >0 and K = K(r,a,p,€,) such that V0 < § < dg,
Zn (logn)*II, < K < o0,
where

1

r—

11, = P(A, = v/ (logn)?, M, < 6(n) (<= +1))-

Proof. It is enough to show that

Z 2(logn)® (An > /n/(logn)?, M,, < %) < CE|X|*Te,

whenever ¢ > 0 is small enough. Let 3, and £ be defined as in the proof of Lemma 3.3. Then for

neL,
P(&n > vi/(logn)?, M, < #) < ip(x £ XM %).

and for 1 < j <n,

P(X; # X5 My < W%)

P(n) o(n)
< (X s M \/maxS—X + X <75Mn§7)
< # Xn; -1 | Sk | N Nipre=r
vn ¢(n) é(n)
< P<—<X-<277M.7\/ S — X, X,<7>
B n? 'J'*m =t jrilz?%n‘k it J'*m
¢(n)
- P(M’— vV max |Sy — X+ <7)dPX4< :
/ﬁ<|y<2 int -t j<k§n| b ity < r—1_2¢ (X; <)
Note that M;—1 V maxj<k<n |k — X; Jry| M;_1 Vmax;<k<n—1|Sk +y|. By Lemma 3.2, we have
¢(n)
su P (M_ V' max SfX+ Si)
|y|<2% j=1 Y max 1Sk = X; + Jr—1-3

< Cexp{(=(r—1)+8+8)logn}.

It follows that for n € £ and 1 < j <n,

(% # X, f%)

IN

Dot p (VT g M)
Cn P( o <|XJ\_2m)

< Cp r-D++p <|X|>f/np>

The remained proof is similar to that of (3.3) with Lemma 3.1(b) instead of Lemma 3.1(a).



Lemma 3.5 For any sequence of independent random variables {,;n > 1} with mean zero and
finite variance, there exists a sequence of independent normal variables {n,;n > 1} with En, = 0

and En? = E€2 such that, for all Q > 2 and y > 0,
(max|2@ Zm >y) < (4Q)% QZEMQ
whenever E|§Z-|Q <oo,i=1,...,n. Here, A is a universal constant.
Proof. See Sakhaneko (1980,1984, 1985).
Lemma 3.6 We have that

P( sup [W(s)| <2 —1/(logn)?) —p, < P(M;; < 2\/B,,)

0<s<1
< P( sup |[W(s)| <z+1/(logn)?) +p,, V>0, (3.4)
0<s<1
where p, > 0 satisfies
o0
Z 2(logn)p, < K(r,a,p) < (3.5)

Proof. By Lemma 3.5, there exist a universal constant A > 0 and a sequence of standard Wiener

processes {W,(-)} such that for all Q > 2,
P(rl?gax|52k - Wn(ﬁBn” > 1@/(logn)2)
< on( Y e xier( x| < vy,

< (4Q)° (log” ) ZE| N

On the other hand, by Lemma 1.1.1 of Csorgé and Révész (1981),

P(\ ax, W, (sB,) — Wn(%Bn” > %@/(IOg”)z>

[ns] 1_vn
= P(\Orgggl\Wn( s) = Wa(= =) 2 \/7(logn) )
(l\/ﬁ/(logn) )?

< Cnexp{ - %} < C’nexp{ - En/(logn)‘l}.
Let
pu = P(M:/v/By — sup [Wa(sBu)|/V/Bu| 2 1/(1ogn)’). (3.6)
Then p, satisfies (3.4), since {W,,(tB,,)/v/Bn;t > 0} 2 {W(t);t > 0} for each n. And also,
(logn)?\ @ 1
Pn < Cn( N ) E[|X|91{|X| < n/nP}] + Cnexp{ - ﬁn/(logn)‘*}.

It follows that

Z ?(logn) pn<Kl+Can 1792 (log n)*FE[|X|VI{| X| < v/n/n"}]

n=1

< K+ CZ n’~1mQ2HA/27P)R (1g ) 2@t < Ky 4 C Z n"17PQ(logn )29t < K < oo,

n=1 n=1

10



whenever @ is large enough such that p@Q —r > 0. So, (3.5) is satisfied.

Now, we turn to prove Proposition 3.1. Observe that, 0 < 1 — B,,/n = o((logn)~2). If n is large

enough, then

P{M, < co(n)}
= P{M, < eo(n), A, < (log\/Z)z} +P{M, < ed(n), A, > (1o\£)2}
< Pl ;12052 + 2(10\g/i)2} +P{M, < ¢(n)(\/7i—1 +0), An > (lo\g/i)Q}
< P{ o VO <[+ g} e+

for all e € (1/v/r—1—46,1/v/r =1+ 9), where I, and p, are defined in Lemmas 3.4 and 3.6,

respectively. Similarly, if n is large enough, then

P{Ma < c(n)} 2 P{M, < oln), A, < <lo§z>2}
> P{M; < eo(n) - (log)z’A" = (1o\g/i)2}
> p{u; < @[6\@_ (log2n)2]}
et < - s Yy
> P{Oiggl (W(s)| < e sfézn - (loggn)Q}
P {1 < o) (= +0). A > <1og>2}
> P{oiggl W (s)| < 817;;” (log5n)2} T

forall e € (1/v/r —1—46,1/y/r — 1+ 0), where I,, is defined in Lemma 3.3. Choosing § > 0 small

enough and letting ¢, = p,, + I, + 11, complete the proof by Lemmas 3.3, 3.4 and 3.6.

4 Proof of the Theorems.

Proof of Theorem 1.2: Suppose (1.2) hold. Without losing of generality, we assume that EX =0
and EX? = 1. Let § > 0, p > 0 small enough and {g, } be such that (3.1) and (3.2) hold. Then

lim  [e72 — (r —1)]**! n""2(logn)%q, =0,
6/1/\/7”71[ Z

11



by (3.2). Notice that a,(e) — 0. By (3.1), we have that for n large enough,

P

sup [W(s) W(e+an(6))+@} o

{0<s<1
< P{M < é(n e+an())}

{ s W) < VP EIoBm) e+ 0u(0) = s | + 4
Vee (1/vVr—1=46/2,1/v/r—1+4/2).

< P

On the other hand, by Proposition 2.1,
)
lim [e72 — (r — 1)) n""?(logn)® {su W(s)| < v/72/(8logn)(e + a,(€)) £ ———
| §j gn)'P{ sup IW(s) < /72 Elogn)(e+an(0) + gt |

= %exp{27(r — 1)3/2}F(a +1).

(1.3) is now proved.
Conversely, suppose (1.3) hold. From Esseen (1968) (see also Petrov 1995, Page 74 (2.70) ) it is
easy to see that for all m > 1,
WM i)
P(Sl < 2vim) < K ([ aF(@) ",
—2y/m

where F(z) is the distribution function of the symmetrized X, and K is an absolute constant. So, if

EX? = oo, then for any M > 2 we can choose mg > 9 large enough such that
P(|Sm| < 2v/m) < e 2™ m > mo. (4.1)
For € > 0, we let m = [¢?n/logn], and N = [n/m], then for all n > m3 and € > 1,

P(M, < e(n/logn)"/?) < P(|Skm — Spe—1ym| < 2vVm,k=1,...,N)

< e2MN <exp{ - Mlofn}~

By this inequality, for any r, a > —1 and 0 < €; < €3 < oo there exists a constant C = C(r, a, €1, €3)
for which

sup Zn (logn)*P{M,, < e(n/logn)'/?} < C < oo,

e€(e1,€2) 4,

which implies that

6/111/%[6*2— r—1 “HZn (log n)*P{M, < ¢(n)(e+an(e))} = 0.

This contradictory to (1.3). If EX? < oo and EX = p # 0, then (4.1) also hold since |S,,|/v/m — oo
a.s. as m — 0o. So, we conclude EX? < oo and EX = 0. At last, under EX2 < oo and EX =0,

VarX = o? is obvious according (1.3) and Theorem 1.1.

12



Proof of Theorem 1.3: Let § > 0, p > 0 small enough and {g,} be such that (3.1) and (3.2)

hold. By a standard argument (see Feller (1945)), we can assume that

1 ) [ m2n 1 )
(ﬁ - §)¢(”) < 80(n) < (m + §)¢<”)

(= 5) P town < i) < (

Let € = \/m2n/(8%(n)/¢(n). By (3.1), it follows that

That is
1 6)—1/2
Vr—1 2

P{ sup [W(s)| < /22 /(86(n)) +5/(logn)* } — a.

0<s<1
P{M, < 20/ (B0() |

P{ sup [W(s) < Va2/(80(n) - 5/(logn)? } + gu.
0<s<1

IN

IN

Notice
2

8(y/72/(8¢(n)) £ 5/(logn)?)”

According to (2.2), it follows that

= p(n)(1+ o —

logn

) = (n) +o(1).

crexp{=(n)} — g, < P{M, < V/72n/5(n) | < coexp{=v(n)} + an.

By (3.2), Theorem 1.3 is now proved.
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