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Abstract

The exponential inequality of the maximum partial sums is a key to establish the law
of the iterated logarithm of negatively associated random variables. In the one-indexed
random sequence case, such inequalities are established by Shao (2000) by using his
comparison theorem between negatively associated and independent random variables.
In the multi-indexed random field case, the comparison theorem fails. The purpose
of this paper is to establish the Kolmogorov exponential inequality of the maximum
partial sums of a negatively associated random field via a different method. By using
this inequality, the sufficient and necessary condition for the law of the iterated logarithm

of a negatively associated random field to hold is obtained.
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1 Introduction and Results

A finite family of random variables {X;;1 < i < n} is said to be negatively associated if for

every pair of disjoint subsets A and B of {1,2,--- ,n},

Cov{f(Xi;ie€ A),9(X;;5 € B)} <0 (1.1)
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whenever f and g are coordinatewise non-decreasing and the covariance exists. An infinite
family is negatively associated if every finite subfamily is negatively associated. The concept
of the negative association was introduced by Alam and Saxena (1981) and Joag-Dev and
Proschan (1983). As pointed out and proved by Joag-Dev and Proschan (1983), a number
of well-known multivariate distributions possess the NA property. Negative association has
found important and wide applications in multivariate statistical analysis and reliability
theory. Many investigators also discuss applications of NA to probability, stochastic pro-
cesses and statistics. We refer to Joag-Dev and Proschan (1983) for fundamental properties,
Newman (1984) for the central limit theorem, Matula (1992) for the three series theorem,
Su, et al. (1997) for the moment inequality, Roussas (1996) for the Hoeffding inequality,
and Shao (2000) for the Rosenthal-type maximal inequality and the Kolmogorov exponential
inequality. Shao and Su (1999) established the law of the iterated logarithm for negatively

associated random variables with finite variances.

Theorem A Let {X;;i > 1} be a strictly stationary negatively associated sequence with

EX; =0, EX? <00 and 0% := EX} + 2%, E(X1X;) > 0. Let S, = > | X;. Then

. Sn,
lim sup

= .S. 1.2
n—oo (2nloglogn)l/2 7 *s (12)

Here and in the squeal of this paper, logxz = In(z V e)

Let {Xn;n € Nd} be a field of random variables, where d > 2 is a positive integer,
N? denotes the d-dimensional lattice of positive integers. Through this paper, for n =
(1, ,nq) € N4 k = (k1,--- ,kq) € N? and m € N, we denote |n| = ny---ng, |n| =
ny + -+ ng, kn = (kiny, - ,kgng) and km = (kym,--- ,kgm). Also, k < n (resp.
k > n) means k; < n; (vesp. k; > n;), i = 1,2,---,d. Denote by Sn = > o, Xk and

1=(1,---,1) € N% It is known that, if {X,} is a field of i.i.d.r.v.s, then

lim sup [ = (EX?)V/?2 q.s. (1.3)

n—oo (2d|n|loglog|n|)!/2
if and only if EX; = 0 and EX7log? (| X1|)/loglog(|X1]) < oo, where n — oo means

ny — 00, ,ng — 0o. When {Xp;n € N7} is a negatively associated field of random

variables, Zhang (2000), Zhang and Wen (2001a) and Zhang and Wang (1999) established



the central limit theorem, the weak convergence, the law of large numbers and the complete
convergence similar to those for fields of independent random variables. This paper is to
establish the law of the iterated logarithm similar to (1.3) for a negatively associated random

field.

Theorem 1.1 Let d > 2 be a positive integer, and {Xn;n € N} be a strictly stationary

negatively associated field of random variables satisfying
EX;1 =0 and EX7log? (|X1])/loglog(|X1]) < oco. (1.4)
Denote by Y(j — i) = Cov(Xj, X;) and 02 = > jeza Y(3). Then

Sn
y
P (2dn|log log |n])1/2

=0 a.s. (1.5)

The following theorem tells us that the condition (1.4) is necessary for the law of the

iterated logarithm to hold.

Theorem 1.2 Let d > 1 be a positive integer, and {Xn;n € N%} be a negatively associated

field of identically distributed random variables. If

P (lim sup ||

<o0) >0, 1.6
n—oco (2d|n|loglog |n|)/2 oo> (L.6)

then (1.4) holds.

In showing the law of the iterated logarithm, a main step is to establish the exponential
inequalities. In the case of d = 1, such exponential inequalities for negatively associated
random variables is established by Shao (2000) by using a comparison theorem between
negatively associated and independent random variables. However, if d > 2, such comparison
theorem fails for the maximum partial sums (cf., Bulinski and Suquet 2001). In section 2,
we establish a Kolmogorov type exponential inequality of the maximum partial sums of
a negatively associated field via a different method. Theorems 1.1 and 1.2 are proved in

Section 3.

2 Moment inequalities and exponential inequalities

First, we have the following moment inequalities and exponential inequalities for the partial

sums.



Lemma 2.1 Let p > 2 and let {Yk;k < n} be a negatively associated field of random
variables with EYyx = 0 and E|Yk|P < co. Then
p/2
B> vif” < 205p/mp{ (3 82)" + 3 Ay,
i<n i<n i<n
Lemma 2.2 Let {Yy;k < n} be a negatively associated field of random variables with zero

means and finite second moments. Let Ty = ZigkYi and B2 = Zkgn EY2. Then for all

x>0 anda >0,

2

X

Lemma 2.3 Let {Yy; k < n} be a negatively associated field of random variables with EYy =
0 and E|Yx|? < oco. Denote by Ty = > i<k Yi and B2 = > k<n EY2. Then for all z > 0,

P(Ta>xBn) > (1-®(z+1))-6B,> > |EYY))
1<i#j<n

—12B.2 > EWf? (2.2)
k<n

where ®(x) is the distribution of a standard normal variable.

Proofs of Lemmas 2.1- 2.3: In the case of d = 1, Lemma 2.1 is proved by Shao (2000),
and Lemma 2.3 is proved by Shao and Su (1999). Also, (2.1) follows from the following
inequality easily:

X x xra
> 1) < z_Z '
Pt > ) <Plymcic o) e (= (3 +1)}

The later is proved by Su, et al.(1997). Since Lemmas 2.1-2.3 do not involve the partial
order of the index set, so them are valid for d > 2 also. In fact, when d > 2, there is a
one-one map 7 : {k:k <n} — {1,2,---,|n|}. By noting that {Y,-1;:i=1,---,|n|}isa
negatively associated sequence and Z‘lr;ll() = D k<n () Maxk<n Y = maXcn Yo-1(;), the
results follow.

In a same may, one can extend (1.2) of shao (2000) to the case of d > 1.

Lemma 2.4 Let {Yx; k < n} be a negatively associated field and {Y,";k < n} be a field of
independent random variables such that for each k, Yy and Y\’ have the same distribution.

Then
EFO Vi) < EFO W)

k<n k<n



for any convex function f on R, whenever the expectations exist.

It shall be mentioned that it is impossible to find a one-one map 7 : {k : k < n} —
{1,2,---,|n|} such that leili Yi-1(i) = Dk<m Yk for all m < n. So, the inequalities for
maximum partial sums can not be extended directly.

For maximum partial sums, Zhang and Wen (2001a) established two moment inequali-

ties.

Proposition 2.1 (Zhang and Wen 2001a) Let p > 2, and let {Yx;k < n} be a negatively
associated field of random variables with EYy = 0 and E|Yx|P < co. Suppose that {ex; k < n}
is a field of i.i.d.r.v.s with P(exy = +1) = 1/2. Also, suppose that {ex; k < n} is independent
of {Yk;k < n}. Denote by Ty = ZigkYif My, = maxyg<n |Tk|, Ty = EigkYi; Mn =

maxy<n |Tx| and |X||, = (E|X[P)'/?. Then
[Mullp < 5[|Mnllp + [[Mnll1, (2.3)
and there exists a constant A, such that
2
E\Mal” < A {(EIMa])? + (Y EV2)"? + 3" B}, (2.4)
k<n k<n
Proposition 2.2 (Zhang and Wen 2001a) Let {Yi; k < n} be a strictly stationary negatively

associated field of random variables with EYy = 0 and 0 < EY{ < oco. Denote by Ty =

> i<k Yi- Then there exists a constant K, depending only on d, such that

limsup]n\_lEII&alez < KEY{. (2.5)
<n

n—oo

Now, we begin to establish to following Kolmogorov type exponential inequality for

maximum partial sums.

Proposition 2.3 Let {Yi;k < n} be a negatively associated field of random variables with
EYyx =0 and |Yx| < b a.s for some 0 < b < co. Denote by Ty = Zigk Yi, My = maxyg<n |[Tk|
and B2 = > k<n EY}?. Then for all z >0,

2

P(My — 2EMy > 202) < 2 exp (- i

m). (2.6)



Proof. Let {ex;k < n} is a field of i.id.r.v.s with P(eg = £1) = 1/2. Also, assume
that {ex;k < n} is independent of {Yx;k < n}. Denote by T = Zkgn exYk, Thy =

Zkgn,ekzl Yk and Ty o = Zk§n75k:_1 Y. First, we show that

EeMn < 942 Mnlli pol0ITnl < 9d+1 2] Mnlh H Ee20acYic (2.7)
k<n

By the Lévy inequality, we have
P{Mp, >z} = EyP{M, > 2} < 2°Ey P {|Tu| > 2} < 2%P{|Tu| > 2}, Va >0,
where Ey (-) = E[|ex, k € N9, and E, P, etc are defined similarly. Then

EelOMn S 2dE€10|Tn| .

So, from (2.3) it follows that

EM{
q!

EeM» = 1+EM, +Z
q2

(51| Mallg + [|Ma])?

< L+ |[Mally +Z y

< 14|, mz ClsMn el )’

= 14| My H1+Z E(10M, Z!2||M nfl1)*”

- 1+ZE(10M 2!2\.7\4 nll1)? —E{”Z (10My, +q2!HM nll1)? }

q=1
EeloMn+2||MnH1 < 2402 Mallx Eew'T“‘.

Note that

Eewﬁ, — Eel0Tn,1-10Tn2 < EE(€2OTH’1 4 6720Tn’2)
J— 2 .

For fixed {ex; k < n}, we have by Lemma 2.4 or the definition (1.1),

EY€20TH’1 < H Ey€20yk — H EY620€kYk
Ek:1 Ek:1
S H EY62OEkYk . H EY€20€kYk — H EY€20€kYk,
ex=1 ex=—1 k<n



since Eye20ekYk > By (20aYi) — 1. Tt follows that

E€20Tn’l — EGEY€2OTH’1 S EE( H EY620€kYk)
k<n

— H EGEY€20€kYk — H E€20€kYk.
k<n k<n

Similarly,
Ee20Tn2 < H Ee—20acYic — H E20ekYic
k<n k<n
It follows that
EeloTn < H E 206K Yic
k<n
Similarly,
Ee—loﬁ. < H Ee20cYic
k<n

(2.7) is proved. Now, from (2.7) it follows that for any > 0 and ¢ > 0,
P(Mn . QEMn 2 201:) S 6*20t$*2t||Mn”1 EetM“ S 2d+16720tm H EeQOtEkYk.
k<n

Since

e20teiYe — 1 — 20ty Vi
(exYi)?
< 14 (e* — 1 —20th)b2EYy?

Ee0tactic  — E{l + 20te Yy + (ekYk)Q}

< exp {(e20tb —1—20th)b 2EY{? },
it follows that

P(My — 2EMy > 207) < 29H1e™ 2% exp { (€2 — 1 — 20tb)b~?B2}.
Letting 20t = 1 log(1 + ]%%) yields

2
d+1 xr ,x Bp xb
P(Mp — 2EM, > 20z) < 291 exp {g — (5 + ) log(1+ Fg)}

2d+1 exp { — 12}
2(bx + B2)

IN

3 Proofs of the main results

We need two more lemmas.



Lemma 3.1 Let d > 2 and let {Yi;k € N} be a negatively associated field of identically

distributed random wvariables with
EY; =0and EY{log? 1(|Y1])/loglog(|Y1]) < oo
Denote by Ty, = Zkgn Yx and My = maxyg<y |Tk|. Then

, M,
11m su
et (2dnlog log |n]) /2

EM
< 20(EYD)'? + 21 = :
N (BY7) P (2d|n|loglog |n|)1/2

(3.1)

Proof. Let 0 < € < 1 be an arbitrary but fixed number. Let b, = ﬁ(EYf)l/?(m/ loglogm)/?,

fi(@) = (=b)) V ( A b)), 9x(7) =z — fi(z). Define

Vi = fc(Yi) — Efic(Yi),  Yie = aie(Yio),

n— Zyka n—?{laX|Tk| fn: Z?k

k<n k<n
First, we show that
T — ETy
(2|n] loglog [n|)1/2

—0 a.s asn— oo. (3.2)

Since

Zkgn E[Yi| < Zkgn E[Yic[I{|Yk| > blk\}

(2/n|loglog [n])'/2 = (2|n|log log [n])'/2
log log |k
_ o Xzl s o8 M) I2EY2T{|Va| > g }

(2|n|loglog |n|)1/2
S ken K[ TPEYRI{|Ya] > b}

<
=C In|1/2
k —-1/2
= 0(1)21‘73”1; —0 as|n| — oo, (3.3)
it is enough to show that
Y
2ken Y —0 a.s. (3.4)

(2/n| loglog [n|)!/2
For n = (ng,---,ng) € N% let I(n) = {k = (ky,--- ,kq): 2% ' <k; <2% —1,i=1,---d}.

(3.4) will be true if we have

Zke[(n) Y,
(2||n|| log ]Qg 2|l )1/2

—0 a.s. (3.5)



and

> kern) Vi
(2”“” log ]og 9ln|| )1/2

-0 a.s. (3.6)

We show (3.5) only since (3.6) can be showed similarly. Let o, := a(m) = (2mloglogm)'/?
and Zy, = (?lj) A ap- Tt is easily seen that Zy, = 0 if Yi < by, Zx = Yi — by if
b < Yi < by + apy and Zx = a if Yo > by + o). Also, {Zy; k € N} is a negatively

associated field of random variables. Obviously,

SPV #Zn) < D PYaZap)<C i(logm)dflp(yl > )
n n m=1

< CEY{log *(|Y1])/loglog(|Y1]) < occ.

Also by (3.3), using the notation 2% = (2™1,... 2") for n = (n1,---,nq) € N¢, one has

that,
| Y ker(n) EZ| - D gecom E[Yic| .
(QHHH loglog 2||nH)1/2 - (2”“” log log 2“11”)1/2

So, (3.5) is equivalent to

Zke[(n) (Zk - EZk)
(@l log log 21n1)1/2

—0 a.s. (3.7)

Let
EYZI{by < [Y1] < 2ap}

Am)= >~

2
o
kel(n) k|



Note that by < ayi if [k| is large enough. From Lemma 2.1, it follows that for [|n| large

enough and any ¢ > 0,

P(| Y (Zu—EZ)| > 621"l 1oglog 2lInl1)1/2)
kel(n)
4
E| Ykerin)(Zx — EZy)|
(2l 1og log 2IInll)2

Cla@) (> EzP)’+ Y Eladl

keI(n) kel (n)

C( (QHHH) { Z EYl I{b|k| < |Y1‘ < Q| + b‘k|})
kel(n)

+ Z EY14I{b‘k| < ’Y1| < k| + b|k‘}}
kel(n)

_|_C(a(2||ﬂ||))*4{( Z a%k‘P(‘Yﬂ > k| + b|k|))2

kel(n)
+ Y apP(Ya] = apg + b|k\)}

kel(n)

C’{A2(n) + Z

kel(n)

IN

IN

IN

IN

EY, I{by < |Yi| < 2a|k|}}
4
Y
+{( X Pz ap)*+ Y PYIl = ap) .
kel(n) keI (n)

Obviously,

n = kel kel(n)

Z{ Z)P Vil = o))’ + D P(Yi >a|k\)}

< C) P(Ya| > ap) < CEY log ™ (Y1])/ loglog(|Y1]) < o0

Also,

Y4I{b‘k| < |Y1| < 2a|k|} EY4I{b|n| <71 < 2a|n‘}

2 <y R
n kel(n) |k\ n |n]
i )t VEYEI{|v1| < 200}

a4

IN

m=1

IN

EY:F1{2 Y11 <2
CZlogdeZ P I{20y,1 < V1 oy}

a4
m=1

logm
C EY 1{2 1] <2
ZZ (mloglogm)? 11{20k-1 < 1 ok}

IN

ad logk: )
(kloglog k)EYZI{2ay_, < |Y1] <2
Zkloglogk oglog k)EYT {201 < V1| < 204}

C’EYl2 logd 1(]Y1|)/loglog(\Y1]) < 00

IN

IN

10



and, similarly to (3.8) of Li and Wu (1989) we have

Z A%(n) < oo.

It follows that for arbitrary § > 0,

P Y. (- EZ)] = (2 0glog 2IM1)1/2) < oo,
n kel(n)

which implies (3.7) by the Borel-Cantelli lemma. Thus (3.2) holds.
Now, by applying (2.6) to z = (1 + 2¢)(EY)"/?(2d|n|loglog|n|)*/? and b = 20|y, it

follows that

P(Mn — 2EM,, > 20(1 + 2€)(EY)'/?(2d|n| log log |n|)'/?)

< 2%l exp{—(1 + €)dloglog |n|} < 2%+ (log n|) =+,
For # > 1 and m € N% let Ny, = ([0™],---,[#™4]). It follows that

> P(Mn,, — 2EMn,, > 20(1 + 2¢)(EY?)"/?(2d|Nm|loglog [Npm|)'/?)

< CZ Hme(lJre)d < Czid71i7(1+e)d < 0.
m =1
From the Borel-Cantelli lemma, it follows that

lim su MN““
s (2d| N log log [Nom|) /2

EMn
< 20(1 + 2¢)(EY2)Y/2 + 21i m
< (1+2¢)(EYY) Y + lﬁljélop (2d|Nmyloglog\Nm|)1/2

EN
< 20(1 4 26)(EY?)Y/? + 21i ’ ‘
< 2001+ 2e)(BYD) 7 4 2limsup o og [ 172

Also, from (3.3) it follows that
- EM,
i
n—o0 (2d|n|loglog|n)!/?

= 0. (3.9)

So, by (3.8) and (3.9) we have

lims Mn
im su
) (2d|n|loglog |n|)!/2

i My,
im su max
o) Nin_15n<N o (2d|N_1]|loglog | Ny _1])1/2

IN

IN

EM
0%/2 (20(1 + 2€)(EY2)Y/2 + 21 ,
< (126 (YD) + 2limsup oo s 7

EM,
= 42 <2o(1 + 2¢)(EY)Y2 4 2lim sup

.S. 3.10
n—00 (2d|n]loglog\n|)1/2> a.9 ( )

11



Finally, from (3.2) and (3.10) it follows that (3.1) holds.

Lemma 3.2 Let {Xi;k € N%} be a negatively associated field of bounded random variables

with EXy = 0 for all k € N%. Denote by Sp = Zkgn Xyx. Then for any 6 > 0,

i maXk<eén |Sn+k - Sn|
im sup
n—oo (2d|n|loglog |n|)/2

< 80d(8(1 + 26)1) /% sup(EXE)'/? (3.11)
k

Proof. Assume that |Xy| < b a.s. with 0 < b < co. Denote 3 = supy (EXZ)'/2. Since by

Lemma 2.2, for each n and m

E[ > Xutm|" < Alnf?p?,
k<n

from the Theorem of Méricz (1983) it follows that for each n,

1/2 4012 2
< .
Eﬂ%}‘i(ké Xy )? Eglg)é 2 Xk) C(|n[*p*)'/? = C|n|v?. (3.12)

For fixed n and m < n, let Y = 0 for k < m and Yy = Xi otherwise, and let T = Zigk Y;

for k < m + én, Bgn—i—[én] = Zk§m+[6n] EYkQ. Then for m < n,
By s < (Im+ [6n]| — |m|) 3° < 6d(1 + 6)*m|5*.
So by Proposition 2.3,

P(&%}é |Sm+k — Sm| — 2E max |Smtk — Sm| > 202)

=P( max |Tx|—E max \Tk\ > 20z)

k<m-+[én] k<m+[6
2
< 2d+1 €
2o { - (bm+Bm+[5n])}
2
< 9d+1 — < . .
<2t exp { 2(bx + 8d(1 + 0)4[n|3) } (3.13)

Note that by (3.12) we have

1/2
E o <2E II] <2(E m
man &ax|8m+ k= Sml Hon |Sk| ( k<t om) )

< K(jn+ [onl[p?)"? < K(1+ 6)d/2]n|1/2b.
From (3.13) it follows that for |n| large enough

maxP(max]Sm+k— S| > 20d(1 + 2¢)(26(1 +5)dd252|n|1og10g\n|)1/2)

m<n

< 2¢+1 exp { — (1 + €)dloglog|n]|}.

12



Now, let I, = {p + k : k < [én]}. Then there are at most [(§~! + 1)%] + 1 such I,s whose

union covers {k : k < n}. It follows that

P(max max |Smk — Sm| > (1 + 2€)80d(5(1 + 26)?3?|n|log log |n\)1/2)

m<n k<én

1 d

< — —

< <((5 +1) +1) mgXP(mgﬁlr{r%%)r(l\Sm+k Sm|
> 40d(1 + 2¢) (46(1 + 26)%32|n|log log \n|)1/2>
1 d

<A4(-=+ —

< 4(5 1) m&gu;P(krrSlggiJSm_,_k Stn|

> 20d(1 + 2¢€) (46(1 + 20)?3%|n|log log \nl)1/2)

1
< 4(5 + 1)%24* L exp (— (1 +e)dloglog|nl).

If we choose np = ([#P'],--- ,[6P4]), then the sum of the above probability is finite. And

then by the Borel-Cantelli lemma,

MaXm<n, MaXk<sn, [Sm+k — Sml|

lim sup < 80d(6(1 + 25)d) 1/2ﬁ a.s.,

p—oo (2d‘np| log log ‘np|)1/2

which implies (3.11) easily.

Now, we turn to the
Proof of Theorem 1.1: For b > 0, let gp(x) = (=b) V (z A b) and hy(z) = = — gp(z).
Then gy(x) and hy(x) are both non-decreasing functions of z. Let Xy = g5(Xx) — Egn(Xx),
Xic = hy(Xk) — Ehp(Xi), Su = Yyen Xk and My = maxien [Sk|. And define Sy, M
similarly. Then X = Xy + )?k and, {X;k € N} and {)?k;k € N7} are both strictly
stationary negatively associated fields of random variables with EX} = E)?k = 0 and
| Xk| < 2bas. Let Y(j —i) = Cov(Xj,X;) and 5% = ZjeZdT(j). Then 72 — 02 as

b — o00. Also by Lemma 3.1 and and Proposition 2.2,

, Sl
1
ey (2d|n|loglog |n|)!/2

R EN,
< 20(EXD)Y? + 21 .
< 20(EX7) 77+ 1L sup (2d|n|loglog n|)!/2

< 20(EXZ{|X1| > b)) 50 asb—oo as.

It remains to show that

lim sup £ =32 a.s.
n—oco (2d|n|loglog|n|)!/2

13



So, without loss of generality, we can assume that | Xy | < b a.s. for some 0 < b < co. Also,
we can assume o > 0, for otherwise, we can consider the field {X, + €Zy;n € N?} instead,
where {Zn;n € N%} is a field of i.i.d. standard normal random variables and € > 0 is an

arbitrary number. First we show that

, Sl

1 < .S. 3.14

ey (2d|n|loglog |n|)t/2 — 7 s (3:.14)
Since ES%m/md — 02, we can choose m large enough such that

ES?, < (1+¢)*mio?.

Let I, ={k:1 <k <m,i=1,--,d} and Yic = > 5c; Xk 1)mti- Then EY;? = ES] .

For 6 > 1, let Ny = [0¥] =: ([6*1],--- , [0%¢]). From (2.1), it follows that
2
T
P(|Snym| > 2) = P Vi > 2) <2 - .
(1Sivan] = 2) = P( 3 Vil 2 2) < 200 { = g Freon )

i<Ny

Let 2 = (1 + ¢)(EY)Y2(2d|Ny| log log [Ny |) /2. Tt follows that
> P(ISNum| = (1 + e)(EYT)"/?(2d|Ni| log log [Ni|)'/?)

k
< CZexp{ — (1 + ¢e)dloglog \Nk\} < Cz HkH*(”e)d
. Kk

[e.e]
=1

IN

From the Borel-Cantelli lemma, it follows that

I | SNy
im sup
koo (2d|Nygm|loglog |Nym|)1/2

= L lim sup [Ny |
m2 oo (2d|Ny|log log [Ny|)1/2

< mPEYH2P< (1 +e)o as.

So, from Lemma 3.2 it follows that

lim sup [Snl
n—oo (2d|n|loglog |n|)!/2

S,
< limsup max [l
koo Nkm<n<Nyiim (2d|Nym|loglog |Nym|)!/2

< 1' ’SNkm‘
< limsup
k—oo (2d|Ngm|loglog |[Nym|)t/2

. |Sn - SNkm|
+ lim sup max
k—o00 Nyxm<n<Nygiim (2d|Nkm| IOg lOg |Nkm|)1/2

(1+ €)o +80d((6 — 1)(1 +2(0 — 1)) 2 (EXA)? as.

IN
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Letting # — 1 and € — 0 completes the proof of (3.14).

Next we show that for any € > 0,

lim sup Sn (1-9¢)o a.s. (3.15)

>
n—oco (2d|n|loglog|n|)t/2 ~

For k € N, let my, = [2k1+6], DL = [k*22k1+6], Ny, = (my+pr)k?. For k € N? and an integer ¢,
let my = (mkp e 7mkd)7 Pk = (pk17 T 7pkd)a Nk = (Nkla te 7de) and k? = (k% T 7kgl)

We first show the following equality
> " P(Sny. > (1 — Te)o(2d|Ny | log log [Ny |)*/?) = oo. (3.16)
k

Set [ =Iik) ={(i—1)(mkx +px)+1<m< (i-1)(mg + px) + my}, Ax = U1§i§k4 I;
and By = {m : m < N }\Ax. Then CardAy = |k|[*|jmy| ~ |Nk| and CardBy = |Ny| —
CardAyx = o(|Ny|). Let

Vi1 = ZXj

JeL
and
Sk, = Z Vi1 = Z Xy Sk2= Z Aj-
1<i<k4 JEAK j€BK
Clearly,
SNy, = Sk,1 + Sk2
and

> EX}]/|Ny| < EX{CardBy/|Ny| — 0, k — oo.
JE€Bx

From (2.1), it follows that for any € > 0

> P(ISk2l > eo(2d|Ny | log log [Ny |)'/?)

k
- 226 { €2022d|Ny| log log |Ny| }
o
= T2 2{beo (24N loglog [Ni) V2 + 35 5, EXP)

< Czexp{ — 3dloglog |Nk|} < 0.
k
Thus in order to prove (3.16) is enough to show that

> P(Sk1 > (1 - 66)0(2d|Ny| loglog [Ny [)'/?) = oc. (3.17)
k

15



Let BE = D 1<icke EUi2,1- It is easily seen that
By ~ |k[*|mi|o? ~ [N|o®.
From Lemma 2.3, it follows that

P(Sk.1 > (1 — 6¢)o(2d|Ny|log log [Ny [)!/?)

> {1—®(1+ (1 5¢)(2dloglog [Nk )/?)} — Jie1 — Jico

where
Tt =OM)INK| ™ > [E(wiavsa)l,
1<ij<k?*
T2 = O(L)|Ny| 732 3~ Eluy|?.
1<i<k4
Obviously,

Z {1—®(1+ (1 —5¢)(2dloglog [Ny |)'/?) }

> CZ 10g ’Nk|)f(lf4e)d > CZ ||k||7(172e)d = o0,
k k

and by Lemma 2.1,

Y k2 <Gy ZrNki 372k |* (e [3/%(20)% + [ |(20) <CZ|k\ 2
k

Also,

Jei = O(1)Ng| ™ > |Cov(Xi, X;)|

1<i#Aj<Ny,j—i>px

- 01) Y [Cov(X1.Xp1) =01) Y [Cov(Xy, Xjua)l,

Pk <j<Ny Ny 1<j<Ng
since pg, = o(Ny,) for i = 1,--- ,d. It follows that
> T =0(1)> |Cov(X1, Xji1)| < oo
k J
Hence (3.17) is proved.
Now, let Cx = {m: Nx_; <m < Ng}, Dx = {m: m < Ny }\Cx and

=3 X5 V=) X

jeck jEDk
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Then Sn, = Uk + Vi, CardCx ~ |Ng| and CardDy = o(|Ng|). From (2.1), it follows that
for any 6 > 0,

> P(IVil = d0(2d/Ny | loglog [Ny [)!/?) < 0. (3.18)
Kk
By the Borel-Cantelli lemma, we conclude that

. V|
1 =0 a.s. 3.19
SUD  Ng| Tog log [N&[ )12 0 % (3.19)
From (3.16) and (3.18), it follows that
> P(Uk > (1 - 5¢)0(2d|Ny| log log [Ny [)'/?) = oo. (3.20)

k
Note that {Uy;k € N%} is a negatively associated filed. Tt follows that for any =,y and i # j,

P(U; > z,U; > y) < P(U; > 2)P(U; > y).
Hence, by the generalized Borel-Cantelli lemma, (3.20) yields

lim sup Uk (1 =>5€)0 a.s. (3.21)

>
koo (2d|Ng|loglog |Ny|)1/2 —

From (3.19) and (3.21), it follows that (3.15) holds.

Proof of Theorem 1.2: From (1.6), it follows that there exists a constant 0 < C' < oo

such that
P | lim sup || <C)>0
n—oo (2d|n|loglog |n|)!/2 '
Then
P ( limsup Xl <2C| >0 (3.22)
n—oo (2d|n|loglog |n|)!/2 ' '
Let

Ap = {|Xa| > 2C(2d|n|loglog |n|)'/?},
Al = {X; > 20(2dn|loglog |n|)"/?},
Ay = {X; > 2C(2d|n|loglog [n|)*/?}.

Note that {I{A{};n € N?} and {I{A;};n € N%} are both negatively associated fields. It

follows that for any m and n,

val 3 4l Y P,

m<k<m-+n m<k<m-+n
Var{ 3 I{A;}}g S Py
m<k<m-+n m<k<m-+n

17



It follows that

Var{ 3 I{Ak}}§2 S P,

m<k<m-+n m<k<m-+n

Hence from Lemma A.6 of Zhang and Wen (2001b), it follows that for any m

(1=P(UJ 4)" >_ Pl) < 2P(|J Aw). (3.23)

k>m k>m k>m

Since (3.22) implies P(An, i.o.) < 1, we conclude that for some m,

P(lJ A =8<L
k>m
Then from (3.23), it follows that
D P(Ay) < 127% < o0.
= (1-52%)

So,
3" P(1X1] > 20(2d|k| log log [k[)'/?) < o,

k>m

which implies

EXZlog? (| X1|)/loglog(|X1]) < oo. (3.24)

Finally, from (3.24) and the law of the large numbers (c.f. Zhang and Wang 1999), it follows

that
. Sn — |II|EX1
hm R E—

—0 a.s.
n n|

which together with (1.6) yields EX37 = 0. And then (1.4) holds.
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