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Response-adaptive designs have been extensively studied and used
in clinical trials. However, there is a lack of a comprehensive study of
response-adaptive designs that include covariates, despite their im-
portance in clinical experiments. Because the allocation scheme and
the estimation of parameters are affected by both the responses and
the covariates, covariate-adjusted response-adaptive (CARA) designs
are very complex to formulate. In this paper, we overcome the tech-
nical hurdles and lay out a framework for general CARA designs
for the allocation of subjects to K (> 2) treatments. The asymptotic
properties are studied under certain widely satisfied conditions. The
proposed CARA designs can be applied to generalized linear mod-
els. Two important special cases, the linear model and the logistic
regression model, are considered in detail.

1. Preliminaries.

1.1. Brief history. In most clinical trials, patients accrue sequentially. Response-
adaptive designs provide allocation schemes that assign different treatments to
incoming patients based on the previous observed responses of patients. A ma-
jor objective of response-adaptive designs in clinical trials is to minimize the
number of patients that is assigned to the inferior treatment to a degree that
still generates useful statistical inferences. The ethical and other characteristics
of response-adaptive designs have been extensively discussed by many authors
(e.g., Zelen and Wei (1995)).
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2 L. ZHANG ET AL.

Early important work on response-adaptive designs was carried out by Thomp-
son (1933) and Robbins (1952). Since then, a steady stream of research (Zelen
(1969), Wei and Durham (1978), Eisele and Woodroofe (1995)) in this area has
generated various treatment allocation schemes for clinical trials. Some of the
advantages of using response-adaptive designs have been recently studied by Hu
and Rosenberger (2003) and Rosenberger and Hu (2004).

In many clinical trials, covariate information is available that has a strong
influence on the responses of patients. For instance, the efficacy of a hypertensive
drug is related to a patient’s initial blood pressure and cholesterol level, whereas
the effectiveness of a cancer treatment may depend on whether the patient is a
smoker or a non-smoker.

The following notations and definitions are introduced to describe the ran-
domized treatment allocation schemes. Given a clinical trial with K treatments.
Let X1, X5, ... be the sequence of random treatment assignments. For the m-th
subject, X, = (Xm1,...,Xm k) represents the assignment of treatment such
that if the m-th subject is allocated to treatment k, then all elements in X,,
are 0 except for the k-th component, X,, ;, which is 1. Let V,, ; be the num-
ber of subjects assigned to treatment k£ in the first m assignments and write
N, = (Nmi,-..sNpk). Then N, = >, X;. Suppose that {Y,, 5, k =
1,...,K, m=1,2...} denote the responses such that Y,  is the response of the
m-th subject to treatment k, k = 1,..., K. In practical situations, only Y, ;, with
Xk = 11s observed. Denote Y, = (Y1, ..., Y i) Let X = 0(Xyq,..., X))
and YV, = o(Y1,...,Y,,) be the corresponding sigma fields. A response-adaptive
design is defined by

Um = E(Xm|Xm—1, Yim—1)-

Now, assume that covariate information is available in the clinical study. Let &,,
be the covariate of the m-th subject and Z,, = o(&1,. .., &) be the corresponding
sigma field. In addition, let F,, = 0(Xp, Ym, Zm) be the sigma field of the history.
A general covariate-adjusted response-adaptive (CARA) design is defined by

'lnbm = E(Xm|-7:m717£m) = E(mefmflaymfla Zm)a

the conditional probabilities of assigning treatments 1, ..., K to the mth patient,
conditioning on the entire history including the information of all previous m — 1
assignments, responses, and covariate vectors, plus the information of the current
patient’s covariate vector.

A number of attempts have been made to formulate adaptive designs in the
presence of covariates. For example, Zelen (1974) and Pocock and Simon (1975)
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COVARIATE-ADJUSTED RESPONSE-ADAPTIVE DESIGNS 3

considered balancing covariates by using the idea of the biased coin design (Efron,
1971). Atkinson (1982, 1999, 2002) tackled this problem by employing the D-
optimality criterion with a linear model. The prime concern of these works is to
balance allocations over the covariates with treatment assignment probabilities

¢m = E(Xm|Xm717 Zm)

which differs from the CARA designs. These allocation schemes do not depend
on the outcome of the treatment which is important for adaptive designs that
aim to reduce the number of patients that receive the inferior treatment.

The history to incorporate covariates in response-adaptive designs is short. For
the randomized play-the-winner rule, Bandyopadhyay and Biswas (1999) incorpo-
rated ploytomous covariates with binary responses. Rosenberger, Vidyashankar
and Agarwal (2001) considered a CARA design for binary responses that use a
logistic regression model. Their encouraging simulation study indicates that their
approach, together with the inclusion of the covariates, significantly reduces the
percentage of treatment failures. However, theoretical justifications and asymp-
totic properties have not been given. Further, the applications of their procedure
are limited to two treatments with binary responses.

To compare two treatments, Bandyopadhyay and Biswas (2001) considered a
linear model to utilize covariate information with continuous responses. A limiting
allocation proportion was also derived in their design. However, according to their
proposed scheme, the conditional assignment probabilities are

The above probabilities do not incorporate the covariates of the incoming patient,
which in some cases are crucial. For instance, let the covariate be gender and
there are two treatments, and we assume that male and female patients react
very differently to treatments A and B. Whether the next patient is male or
female should therefore be considered as an important element that affects the
assignment of treatment. Recently, Atkinson (2004) considered adaptive biased-
coin designs for K-treatment based on a linear regression model. Atkinson and
Biswas (2005a and 2005b) proposed adaptive biased-coin designs and Bayesian
adaptive biased-coin designs for clinical trials with normal responses. However,
none of these articles provided asymptotic distribution of the estimators and
allocation proportion. Without the asymptotic properties of the estimators, it
is difficult to assess the validity of the statistical inferences after using CARA
designs.
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4 L. ZHANG ET AL.

Instead of working on specific setups, we seek to derive a general framework
of CARA designs and provide theoretical foundation for using CARA design.
In a CARA design, the assignment of treatment X,,, depends on F,,_1 and the
covariate information (&,,) of the incoming patient. This generates a certain level
of technical complexity. However, it is important to provide a solid foundation
(including asymptotic normality) for CARA designs that can be usefully applied
in many circumstances.

1.2. Main results and organization of the paper. The main objectives are (i)
to propose a general CARA design that can be applied to cases in which K-
treatments (K > 2) are present and to different types of responses (discrete or
continuous), and (ii) to study important asymptotic properties of the CARA de-
sign. These properties provide a solid foundation for both the CARA design and
the statistical inference after using a CARA design. Major mathematical tech-
niques, including martingale theory and Gaussian approximation, are employed
to develop the asymptotic results.

The rest of the paper is organized as follows. In Section 2, we introduce the
general framework of the CARA design. Useful asymptotic results (including
the strong consistency and asymptotic normality) of both the estimators of the
unknown parameters and the allocation proportions are derived. The generalized
linear model represents a broad class of applications and is an important tool
in the analysis of data that involve covariates. In Section 3, the CARA design
is applied to generalized linear models, and two important special cases, the
linear model and the logistic regression model, are considered in detail. Under the
general framework, we are able to propose many new and useful CARA designs.
We then conclude our paper with some observations in Section 4. Technical proofs
are provided in the Appendix.

2. General CARA design.
2.1. General framework. Based on the notation in Section 1, supposing that
a patient with a covariate vector £ is assigned to treatment k£, k =1,..., K, and
the observed response is Yj,. Assume that the responses and the covariate vector
satisfy
E[Yil&] = pr(0k, &), 0 €Ok, k=1,... K,

where pi(-,-), k = 1,..., K, are known functions. Further, 0y, k = 1,..., K,
are unknown parameters, and ®; C R is the parameter space of ). Write
0 = (01,...,05) and ® = O X -+ x Ok. This model is quite general, and
includes the generalized linear models of McCullagh and Nelder (1989) as special
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cases. The discussion of the generalized linear models is undertaken in Section
3. We assume that {(Yp1,...,Y;m k,&m), m = 1,2,...} is a sequence of i.i.d.
random vectors, the distributions of which are the same as that of (Y1,...,Yx, §).

2.2. CARA design. The allocation scheme is as follows. To start, assign mg
subjects to each treatment by using a restricted randomization. Assume that m
(m > K'myg) subjects have been assigned to treatments. Their responses {Yj, j =
1,...,m} and the corresponding covariates {£;, j =1,...,m} are observed. We
let ém = (@n,h e ,é\m,K) be an estimate of @ = (04,...,0k). Here, for each
k=1,...,K, é\mk = é\m,k(Yj,kan : X =1,7 =1,...,m) is the estimator of
0;, that is based on the observed Ny, j-size sample {(Y,§;) : for which X;; =
1,7 =1...,m}. Next, when the (m+1)-th subject is ready for randomization and
the corresponding covariate &,,+1 is recorded, we assign the patient to treatment
k with a probability of

(21) ¢k - P(Xm—i-l,k - 1‘fm75m+1) - 7Tk:(é\’mv€7n-i—1) k= 17 cee 7K7

where F,,, = o(X1,..., Xm, Y1,..., Y, &1, ..., &) is the sigma field of the his-
tory and 7 (+,-), K = 1,..., K are some given functions. Given F,, and &,,+1, the
response Y, 1 of the (m + 1)-th subject is assumed to be independent of its
assignment X, 41. We call the function m(-,-) = (mi(-,),...,7x(-,-)) the allo-
cation function that satisfies 71 + --- + 7 = 1. Let gx(0*) = E[m;(0*,&)]. From
(2.1), it follows that

(2.2) P(Xomirh = 1|Fn) = gk(0), k=1,..., K.

Different choices of 7 (-,-) generate different possible classes of useful designs.
For example, we can take 74(0,&) = Rp(6:1€7, ...,0x€"), k = 1,..., K, which
includes a large class of applications. Here, 0 < Ri(z) < 1,k =1,..., K, are real
functions that are defined in R¥ with

K
(2.3) ZRk(z) =1 and R;(2) = Rj(z) whenever z; = z;.
k=1

For simplicity, it is assumed that & and 0y, k£ = 1,..., K have the same di-
mensions, otherwise, slight modifications are necessary (see Example 3.1 for an
illustration). In practice, the functions Ry can be defined as

G(2k)

Rk(z) G(21)++G(ZK)’ k ’ s L3
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6 L. ZHANG ET AL.

where G is a smooth real function that is defined in R and satisfies 0 < G(z) < oc.
An example is that Rg(z) = eT#r /(e 4 ... + T?K) bk =1,... K.

In the two-treatment case, we can let Ry(z1, 22) = G(21 — 22) and Ra(z1, 22) =
G(#2 —z1), where G is real function defined on R satisfying G(0) = 1/2, G(—z) =
1-G(z) and 0 < G(z) < 1 for all z. For the logistic regression model, Rosenberger,
Vidyashankar and Agarwal (2001) suggested using the estimated covariate-adjusted
odds ratio to allocate subjects, which is equivalent to defining Ry(z1,22) =
ek [(e®t + e*2), k = 1,2. For each fixed covariate &, we can also choose 7 (0,&)
according to Baldi Antognini and Giovagnoli (2004) and Hu and Rosenberger
(2003). When 7(6,£) does not depend on &, one can use the allocation scheme
of Bandyopadhyay and Biswas (2001) for the normal linear regression model. We
now introduce some important asymptotic properties.

2.3. Asymptotic properties. Write w(0*,x) = (7r1(0*, x),..., g (0%, m)), g(e*) =
(g1(0*), e ,gK(G*)), v = gr(0) = E[mx(0,8)],k=1,...,K,and v = (vy,...,vE).
We assume that 0 < v < 1, k = 1,..., K. For the allocation function 7 (6*, x)
we assume the following condition.

Condition A We assume that the parameter space Oy, is a bounded domain in
R?, and that the true value ) is an interior point of Oy, k=1,..., K.

1. For each fized x, m(0*, ) > 0 is a continuous function of 0*, k =1,... K.
2. For each k =1,..., K, (0%, &) is differentiable with respect to 6* under
the expectation, and there is a 6 > 0 such that

a1(6%) = (6) + (6" — 0) (T2

where 0gy, /00" = (0g/d07,,...,09/00%,).
Theorem 2.1 Suppose that for k=1,..., K,

T *
T oller - 6] +0),

~ 1<
(2'4> On — O = E Z Xm,khk(ym,kaﬁm)(l + 0(1)) + O(n_1/2> a.s.,

m=1

where hy, are K functions with E[hy (Y, €)|€] = 0. We also assume that E||hy,(Yy, €)||? <
00, k=1,..., K. Then under Condition A, we have fork=1,... K,

(2.5) P(ka = 1) — Ug; P(ka = 1|Fn-1,& = w) — (0, ) a.s.

and

(2.6) %—0200/1(}@#) a.s.; én—0:O<\/10gl$).
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Further, let Vi, = E{Trk(aa5)(hk(Yka£))Th’k(Yka£)}v k=1,..., K,
V = diag(Vl,...,VK), 3 = diag(v) — vlv, Ty = Zle %W(%)T and
> =3 +23,. Then,

2.7)  Va(Nu/n—v) 2 N0,%) and Vn(0, —0) 2 N(0,V).

REMARK 2.1 Condition (2.4) depends on different estimation methods. In the
next section, we show that it is satisfied in many cases.

Theorem 2.1 provides general results on the asymptotic properties of the al-
location proportions Ny, ;/n, k =1,..., K. Sometimes, one may be interested in
the proportions for a given covariate (for discrete &) as discussed in Section 3.
Given a covariate «, the proportion of subjects that is assigned to treatment k is

anzl Xm,kI{Sm = 93} — Nn,k\w
Yommr Hém =2}~ Nu(z)’

where N, | 1s the number of subjects with covariate @ that is randomized to

treatment k, k = 1,..., K, in the n trials, and N, () is the total number of sub-
jects with covariate z. Write N, ;o = (N 1|2 - - -, Np k|e)- The following theorem
establishes the asymptotic results of these proportions.

Theorem 2.2 Given a covariate x, suppose that P(ﬁ = a:) > 0. Under Condi-
tion A and (2.4), we have

(2.8) Ny kje/No(x) — (0, 2) as. k=1,..., K
and
(2.9) No(@) (Npja/No(2) — w(0,2)) 2 N(0,%,),
where
K
Y= diag(w(8,x))—7(0,z) (8, w)—i—QZ aﬁ(‘?(zljn) Vi ((‘371'6(’3:8))TP(£ =ux).

k=1

3. Generalized linear models.

In this section, the general results of Section 2 are applied to the generalized
linear model (GLM) and its two special cases, the logistic regression model and
the linear model (refer to McCullagh and Nelder (1989) for applications of these
models). Suppose, given &, that the response Y} of a trial of treatment k£ has a
distribution in the exponential family, and takes the form

(3.1) Fie(yrl€, 0r) = exp { (yrpr — ar (i) / dr + br (Y, dr)
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8 L. ZHANG ET AL.

with link function pp = hk(ge,{), where 0, = (Ok1,...,0kq), k = 1,..., K,
are coefficients. Assume that the scale parameter ¢ is fixed, then E[Yy|&] =
ay (), Var(Yi|€) = ay(pk)or and

a1l ,0 1 ' !
= fg(g:‘g ) ﬁ{@/kz — a (1) i (£6)E,

921 ,0 1 " / ! ”
- fgé@g‘g - oo L EOT)P + e — o (m i (€6]) [

Thus, given &, the conditional Fisher information matrix is

2
[3 logfggﬂﬁ 9k)‘£} _ ¢1k

For the observations up to stage m, the likelihood function is

m K K m
HH[ Yjkl€j, 0n)) ¥ H H Y kl&j, Ok)] N0k = HLk (0k)
j=1k=1 k=1j=1

k=1

I.(6:]€) = ay () [hy, (£6)]°€7 €.

with log Ly, (8x) o< 3701 Xju{Yjke — an(pin)} pjn = hi(01&5), k=1,2,... K.
The MLE 8,, = (@1, ..., 0m.k) of @ = (01,...,0k) is that for which 8, max-
imizes L(0) over 8 € ©; X --- x O. Equivalently, émk maximizes Lj over
0 € O, k=1,2,..., K. Rosenberger, Flournoy and Durham (1997) established
a general result for the asymptotic normality of MLEs from a response-driven
design. Rosenberger and Hu (2002) gave the asymptotic normality of the regres-
sion parameters from a generalized linear model that followed a sequential design
with covariate vectors. These two papers neither examined the case of using co-
variates to adjust the design, nor established the asymptotic properties of the
allocation proportions. The next corollary gives results on both the estimators of
the parameters and the allocation proportions.

Corollary 3.1 Define
(3:2) Iy = Ii(0) = E{mp(0,&)1(0x€)}, k=1,..., K.

Under Condition A, if the matrices I, k = 1,2..., K, are nonsingular and the
MLE é\m is unique, then under regularity condition (A.13) in the Appendiz, we
have (2.5), (2.6), and (2.7) with Vi, = I.*, k = 1,..., K. Moreover, if P(€é =
x) > 0 for a given covariate x, then (2.8) and (2.9) hold.
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This result is a corollary of Theorems 2.1 and 2.2. The proof is given in the Ap-
pendix through the verification of Condition (2.4). For both the logistic regression
and the linear regression, condition (A.13) is satisfied.

REMARK 3.1 From Theorem 3.1, it follows that

(3.3) /N (én,k —0y) 5 N(0, v, {E[m4(0,€) I (6,€)]} ), k=1,....K.

It should be noted that the asymptotic variances are different from those of general
linear models with a fized allocation procedure. For the latter, we have

(34) Nk Bos — 6) > N (0 {E L6} 7)), k=1,.... K.

If the allocation functions m1(0,€) do not depend on &, then m(0,€&) = gr(0) =
Vg, and so (3.8) and (3.4) are identical. Our asymptotic variance-covariance ma-
triz of én 1s also different from that in Theorem 2 of Baldi Antognini and Gio-
vagnoli (2004), because the allocation probabilities in their study do not depend
on the covariates.

REMARK 3.2 When the distribution of & and the true value of 6 are known,
the values of v = E[mw(0,&)], 0g/00), = E[0w(0,£)/00k] and I}, in (3.2) can be
obtained by computing the expectations, and then the values of the asymptotic
variance-covariance matrices V., 3 and X, can be obtained. In practice, we can
obtain the estimates as follows.

(a) Estimate I, by Ixy = 25" _ X o Lu(0,kl6m), k= 1,2,...,K; and

then the estimator of V is V,, = dz'ag(I;&, e ,In_}{).

b) Estimate 31 and ﬁ, respectively, by
205,

S} :diag(%) - (Nn)T% and 99 _ 1 Z om (0", &m)

n n 00;

n 00, n =

0*=0,"

—

(c) Define the estimator S ofS by s = S 42 Zszl %Vn,k(%)T.

(d) For a given covariate x, we can estimate . by
Y = dz’ag(ﬂ'(én, x)) — ﬂ(én,w)Tﬂ(én,w)
K o (0*,x) ) > (8#(9*@)
+2) e ( 9 |ge_g, Vo =87

Notice that ¢pI(0|€) does not depend on ¢r. When ¢p is unknown, we can
estimate Iy in the same way after replacing ¢ with its estimate ¢y,.

T #{m<n:€n=x}
—_—

0*=0,
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10 L. ZHANG ET AL.

We now consider two examples, the logistic regression model and the linear
model.

Ezxample 3.1. Logistic Regression Model. We consider the case of dichotomous
(i.e., success or failure) responses. Let Y = 1 if a subject being given treatment
k is a success and 0 otherwise, k = 1,..., K. Let px = pr(0x, &) = P(Yx = 1/€)
be the probability of the success of a trial of treatment k& for a given covariate &,
g =1—pg, k=1,..., K. Assume that

(3.5) logit(py) = oy, + 0x€1, k=1,... K.
Without loss of generality, we assume that ap = 0, £k = 1,2,..., K, or alterna-
tively, we can redefine the covariate vector to be (1,&). For each k = 1,..., K,
let pjr = pr(Ok, &). With the observations up to stage m, the MLE 6, of 6,
(k=1,...,K) is that for which 6,, ; maximizes

XY
(3.6) Ly =: 1_[10]/,1'C PR = pjp) Kk A7Yak) over 6y, € ©.

j=1

The logistic regression model is a special case of GLM (3.1) with ¢p = 1, ux =
log(pr/qk), hr(w) = o, br(yr, dx) = 0, and ax(pux) = —log(1l — pg) = log(1 + et*).
Thus, given &, the conditional information matrix is Iy (0x|€) = aj ()€1 € =
prqe€T €. For Theorem 3.1, we have the following corollary.

Corollary 3.2 Suppose that Condition A is satisfied, E||&||* < oo, and the matriz
E¢T€] is nonsingular. We then have (2.5), (2.6), (2.7) with Vi, = I,;' and Ij =
E{m(0,8)prqrnéT€}, k = 1,...,K. Moreover, if P(§ = x) > 0 for a given
covariate x, then (2.8) and (2.9) hold.

Ezxample 3.2. Normal Linear Regression Model. The responses are normally
distributed, that is, Yj|¢ ~ N(ug,o7) with link function py = 0.£7, then the
linear model is a special case of GLM (3.1) with ¢ = 0%, ar(ux) = pi/2 and
hi(z) = x. Thus, we have the following corollary.

Corollary 3.3 Suppose that the conditions in Corollary 3.2 are satisfied. We
then have (2.5), (2.6), (2.7) with Vi, = I,;' and I, = E[m,(0,€)¢7¢]/o2, k =
1,..., K. Moreover, if P(§ = x) > 0 for given x, then (2.8) and (2.9) hold.

REMARK 3.3 Bandyopadhyay and Biswas (2001) considered the normal linear
regression model in which 011 = 1, 021 = p2, 01 = 025 = Bj—1, j = 2,...,d, and
the first component of € is 1. Their proposed allocation probabilities are functions
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of estimates of the unknown parameters that depend only on information of the
previous patients, but not on the covariates of the incoming patient. Theorem 1 of
Bandyopadhyay and Biswas (2001) gives the consistency property of Ny 1/n and

P(Xyn1 = 1). However, their proof is not correct, since the assignments 01, - ,6;
are functions of the previous responses Y1, -+ ,Y;_1 and covariates. In fact, given
the assignments 61,--- ,0;, the responses Y1, -+, Y; are no longer independent

normal variables, which implies that their equation (4) is not valid. Nevertheless,
if we let

£=(1,€), a=EE, I;= Var{€}, v, = @(%) and vo = 1 — vy,

under our theoretical framework, it can be proved that Theorem 1 of Bandyopad-
hyay and Biswas (2001) is correct. Further, it is not difficult to show that

1/v + aIg_laT aIg_laT
aIglaT 1/ve + aIglaT ’

—~ ~ D
\/ﬁ(ﬂnl — M1, Un2 — ,UJ2) — N <(070)’02 <

V(B = 8) % N(0,0° L),

and

20 — 2.\
\/E(an/n—vl)ﬂjv<o,v1v2+ g (cb’(‘“ “2)> )
V102 T

where o is the variance of the errors in the linear model.

REMARK 3.4 Corollary 3.3 can be generalized to general responses. Suppose that
the response Yy of a subject to treatment k, k = 1,..., K, and its covariate &
satisfies the linear regression model

E[Yi|€] = pr(6k,€) = 0,¢", k=1,... K.

For the observations up to stage m, let 8, minimize the error sum of squares

m

S(0k) = > X 1Yk — Ok&])? over 6y € O,
j=1
k=1,...,K. Here, émk is the least-squares estimator (LSE) of 0y. Then Corol-
lary 3.3 remains true with Vi, = nglIy;Cngl, Iy, = E[r(0,€)¢7€] and Iy, =
E{m1(0,€)(Y), — 0,ET)2€T¢} under the condition E||Yi€|> < oo, k= 1,..., K.
This result follows from Theorem 2.1, as condition (2.4) is satisfied with hj =
(Vi — 0rET)ET,, .
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4. Discussion.

This paper makes two major contributions. First, a comprehensive framework
of CARA designs is proposed to serve as a paradigm for treatment allocation
procedures in clinical trials when covariates are available. It is a very general
framework that allows a wide spectrum of applications to very general statistical
models, including generalized linear models as special cases. Second, asymptotic
properties are obtained to provide a statistical basis for inferences after using a
CARA design.

When covariate information is not being used in the treatment allocation
scheme, an optimal allocation proportion is usually determined with the assis-
tance of some optimality criteria. Jennison and Turnbull (2000) described a gen-
eral procedure to search for an optimal allocation. For CARA designs, the means
to define and obtain an optimal allocation scheme is still unclear. For CARA de-
sign, we can find optimal allocation for each fixed value of the covariate. Theorem
2.2 provides theoretical support for targeting optimal allocation by using CARA
design for each fixed covariate.

For response-adaptive designs without covariates, Hu and Rosenberger (2003)
studied the relationship among the power, the target allocation, and the variabil-
ity of the designs. It is important to study the behavior of the power function
when a CARA design is used in clinical trials. It is not difficult to derive the
power function for binary responses with discrete covariates. For the general co-
variate &, the formulation becomes very different, and it is an interesting topic
for future research.

APPENDIX: PROOFS

The proofs of the theorems are organized as follows. First, we prove the the-
orems for the general CARA design in Section 2. We then derive the results in
Section 3 by the application of the theorems in Section 2.

Proor oF THEOREM 2.1. First, notice that for each & = 1,... K, X111 =

~

X1,k — E[Xm+1.%/Fm] + 91(0p,) and then

n n—1
(A'l) Nn,k = E[Xl,k|f0] + Z(Xm,k - E[Xm,k|~7'—mfl]) + Z gk(om)
m=1 m=1

The second term is a martingale. We then show that the third term can be approx-
imated by another martingale. Write AM,, 1, = Xy 1 — E[ X k| Frn—1], AT =
Xm’khk(ym’k,ﬁm), k=1,...,K. Let M,, = Z%Zl AM,, and T, = ZZ@:I AT,,,
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COVARIATE-ADJUSTED RESPONSE-ADAPTIVE DESIGNS 13

where AM,,, = (AMy,1,- -+, AM,, ) and ATy, = (AT, 1, -+, AT, k). Here,
the symbol A denotes the differencing operand of a sequence {z,}, i.e., Az, =

Zn — Zp—1. Then {(M,,T,)} is a multi-dimensional martingale sequence that
satisfies

(A.2) AMpi| <1, [[ATwkll < [|hk(Yak, &)l

and E||hy Yok, &)|? < oo, k=1,..., K. It follows that

(A.3) IM,]| = O(/7) and [Ty = O(v) in Lo.

Also, according to the law of the iterated logarithm for martingales, we have

(A4) M, = O(\/nloglog n) a.s. and T,, = O(\/nlog logn) a.s..

From (A.4) and (2.4), it follows that

(A.5) é\an:O(\/lOng(ygn) a.s

From (A.1), (A.5), (A.3), and Condition A, it follows that

n—1 K n—1
0 ~
Nog—nvog = M+ 35 (B 9’“) + 3 0(|0m — 6]'+°)
m=1 j=1 m=1
n K
= M+ Z Z W(a“gj)T +o(n’?) a.s..
m=1 j=1
n K
= M+ Zl 21 mj(ggj)T + o(nl/Q) in probability,
m=1j3=

(A6) N,—nv = M, —1—22 ’J1+O )(ag) +o0(n'/?) a.s.

m=1 j=1 80]
(A7) = G, +o(n'?) in probability,
where
n K T ag - n K ag T n 1
— myy (ZJ — s
cumites E 8Tty ms S B £
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14 L. ZHANG ET AL.

The combination of (A.4) and (A.6) yields

Nn—m}:O( nloglogn ZZ mloglogm) :O(\/nloglogn) a.s.

m=1 j=1

(2.5) is obvious by noting (A.5) and the continuity of 7 (-, £). The proof of consis-
tency is thus obtained. Next, we consider the asymptotic normality. Notice that
M,, T,, and G, are all the sum of martingale differences. It is easy to verify
that the Lindberg condition is satisfied by (A.2). To complete the proof it suffices
to derive the variances. First, the conditional variance-covariance matrices of the
martingale difference {AM,,, AT, } satisfy

E[(AM,) T AM,|F,_1] = diag(g(8,-1)) — (9(8n-1)) g(0n—1) — =1 in Ly
E[(AT, )T AT, 4 Fo1] = E[mi(, &) (hi (Y, €)) " P (Vi ©)] |5, — Vi in Ly
E[(AM,, ;)T AT, j|Fn-1] =0 for all i,j and E[(AT, ;)" AT, ;|F,-1] =0

for all i # j. It follows that Var{T,}/n — V and
Var{G,} = iE +o(1 +ZZZZ/\m8—g 0(1)](8—g)T
" L e ml 06 90,
= n(X; +2%3) +o(n) =nXE +o(n).

By the central limit theorem for martingales (Hall and Heyde, 1980), it follows
that \/n(6, — 0) = n~Y/2T, + o(1) 2 N(0, V) and

(A.8) V(N /n —v) =n"2G, +0(1) 2 N(0,%).

The proof is now complete. [

PROOF OF THEOREM 2.2. First, according to the law of large numbers, we have

(A.9) i;[{ﬁm—w}HP(f—w) a.s
and
LS Xnpllem =t = 3 (Xl {en = @) — EXu kT {En = 2} Fn ]
m=1 m=1
$2 3 T, 2)P (e = 7) — mi(0,2)P(E = @) as.
m=1
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COVARIATE-ADJUSTED RESPONSE-ADAPTIVE DESIGNS 15

and thus (2.8) is proved. We then consider the asymptotic normality. The proof is
similar to that of (A.8). The difference lies in the approximation of the process by
a new 2K dimensional martingale and the calculation of its variance-covariance

matrix. Define (, x(x) := > 0 (X — (0, z))I{&» = x}. Then,

m=1
N, C
n|a n k
N, — =1,..., K.
(@) (5 (g~ 7 O) s
Notice (A.9). It is sufficient to prove
(A.10) V2 (G (@), (@) B N(0,Z,P(€ = 2)).

With the same argument as is used to derive (A.6), we can obtain

n

Cop(x) = Z(Agn,k(m)_E[Agn,k(m”}—nfl])

m=1
+ 3 (7k(B1, ) — T(0, ®))P(€ = 2)
=1

= > (AGnp(@) — E[AGn (@) Frui))
m=1

=

n

DIWIEC x)) P(¢ = @) +o(n'/?) in probability.

j=1m=1
= n,k(a:) (n1/2)'

Similar to the proof of (A.8), to complete the proof it suffices to get the variance of
Go(@) = (Gua(@), . G g (). Lt AT (@) = A () — E[AG ()| Foi].
The variance-covariance matrix of the martingale difference {(AM,(x),AT,)}
then satisfies E[(AM, ()| Fp_1] — m(0, ) (1 — 7(8, 2)) P(€ = ),

E[AM , 1 (2)AM , j(x)| Fpo1] — —7k(0, 2)7;(0, )P (€ = x) Yk # j, and
E[AM,, i (x)AT, j|Fn-1] = 0Vi,jin L;. It follows that

Var{G,(z)} = n[diag(m(8,.z) - m(0,z) m(8,2)P(¢ =)+ o(1)]

n Z ZZ l ;\mmaﬂ (6,x) v, +0(1)](6ﬂég;w)):rp2(£ — )

1=
= nEgP({ =) +o(n).
(A.10) is then proved. O
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16 L. ZHANG ET AL.

PrROOF OF COROLLARY 3.1. By Theorem 2.1, it suffices to verify the condition
(2.4). Notice that 6, is a solution to dlogLy/00; = 0. The application of
Taylor’s theorem yields

O+t(B,,,1,—61)

Olog Ly 5 0% log Ly, / Lt 92 log Ly
Omi = O]\ o — dt
00; oy + (O k){ 801% Oy, - 0 [ 891% O } }
_ Olog Ly, B
(A.11) - 2o )ém,k o,
b
where f(x)| = f(b) — f(a). Notice that
Ui 1 Yo l€:
(A.12) Olog Ly _ ZX%@ og fr(Yjkl|&5, Ok)

80k 80k

and

9% log Ly, _i - 0%log fi(Vkl&). Ok)
T 2 007 |
j=1

We assume that the following regular condition

0% log fr(Vil€, 0;) |2
907

(A13) H()) =: E[sztnlgéH

}—>0asc5—>0.

O

This regularity condition is implied by the simple condition that af, hj are con-
tinuous and £ is bounded. Under (A.13), one can show that

1 0%log Ly, Otz

||z<5Hm 802

< H@)+o0(1) as..

(/8
However,
“ 9% log fi(Y; k&5, Ok) 9%1og fi(Y; k&5, Ok)
j; {Xj”“ 00} ~E[X 00} 7] }

is a martingale. According to the law of large numbers,

9?log L u 9% log fr.(Y; k|&;, Ok)
805% Eo= ZE[X]‘, kaejzk AL ‘7:-71} + o(m)
7=1
(A.14) = —Z{E[wk(z,g)lk(okm)]}z:@fl +o(m) = —mIy + o(m) a.s.
j=1
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The substitution of (A.12) and (A.14) into (A.11) yields

(Yjxl€j, Or)
00y,

m(é\mk — Gk){Ik +o(1)+ O(H(||§mk _ ng))} _ ZXm@log fr
j=1

Thus,

N 1 & 0log fi(Y;r|&;,6k) 1
Al —0,=—Y X, ] I7H(1+0(1) as.
(A15) By — Oy m;_l o 0. P (1+0(1) as

Notice that

dlog fr(Y;k|&5, Ok)
00y,

dlog fi(Y; k&), O

00, )‘53‘} = I (0x[&;).

E|

€] =0 and Var{

Hence, Condition (2.4) is valid. By Theorem 2.1, the proof is complete. [
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APPENDIX B: Additional PROOFS

Proof of the existence and consistency of the solution of (A.11): It suffices to show
that, for any § > 0 small enough, with probability one for m large enough we have

log Lk(O;;) < log Lk(ek), if HGZ — GkH = 4. (B.l)

The application of Taylor’s theorem yields

1 « 1
— log Li(0r) — — log Ly (8x)
m m

. 1 Olog Ly, « 1 8%log Ly « T
Ok k)m 00y ok+( k k)m 007 ok( k k)
. 1 1 82 IOng 9k+t(6276k) . T
+ (0 - Ok){m /0 [ 003 o, }dt}wk — 0k

So with probability one for m large enough,
1 log Lu(67) — L 10g L (61)
m g Lk (Ug m g Lk\Uk
* 1 = * T
< — (0 — 01@){% Zl {E[m(z, &) 11(0k[€)] }’2257].71 }(ek —6)
=

+ 165 — 01l H (16} — 81 ])) +o(1)
<— [0t —0u*  min  {y{E[mi(z, L0416 }y" } + 167 — 0l H (|67 — i) +0(1)

lyll=1,z€0y

< —¢o8% + 6 H(6) + o(1) < 0 uniformly in 0} with |0 — Ox|| =&

when ¢ is small enough. (B.1) is proved. 0O

Proof of Corollary 3.2: Notice

9°log fi(Yil€, Ok)

T
062 = —prqr€ €

is bounded by ||€]|? and is continuous in @y, It follows that the regularity condition (A.13) is
satisfied due to the domained convergence theorem. On the other hand, it is obviously that

9% log Ly,

o = = D X kpr(01, €,)ak (01, €,)€7 €
j=1

is a negatively definite matrix, and so log L (65) is a strictly concave function of ;. It follows
that the MLE is unique. Corollary 3.2 now follows from Corollary 3.1. O

Proof of Remark 3.4: It is obviously that Si(0%) is strictly convex function of 8y. It follows
that the LSE 6,, i, exists and is unique. On the hand, it is easily seen that 0.,  is the solution
of the normal equation as

(B — Bk)%[; X;n€] &) = % ; Xj(Yig — Okl )E;. (B.2)
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20 L. ZHANG ET AL.

Also, {X; k€] €, —E[X; k€] &5|F;-1]} and {X; 1 (Y;,e—0k€] )€;} are both sequences of martingale
differences. It follows from the law of large numbers for martingales that,

L Z XirEl s = S BT &1 F 1] + o(1)

(B.3) %Z (Elm(z, &) 5])| +o(1) a.s.
j=1

and .
%ng,( Gk~ 0kED)E — 0 as.

It follows that
[ { min
lyll=1,zc0

S( ZX,IC€] E] )T

y (Elms (2, €7 ])y" — o<1>}

:% ZXj’k( ok 0’“57 )53( mik T ek) = 0(1)||§m,k — 0| as.

j=1

Hence N
O — 0, a.s. (B.4)

Now, by (B.3) and (B.4),
1 m
RZXJJCg]T&J :ng +0(1) a.s.,
j=1

which, together with (B.2), implies that

o N X (Vi — 0TV I

O — 0 = - ZX k(Yik — 0:€5)E I (1+0(1)) as.
Notice E[(Yjx — 0x&])€;]€,] = 0. (2.4) is satisfied with hy, = (Yy — 0,87 )€1 ;.

Proof of Remark 3.3: Now, the model is
Yy = Xjum + Xjone + BE] +¢5.
Let m
S(pis s, B7) =D (V; = Xjapui — Xjoms — B7°€)%.
j=1

Wirte 1, = (X1, X;.2,€) and @ = (u1, pi2, 3). With the same argument of proving Corollary
3.4, we have that the LSE ,, exists and is unique, and further, satisfies the equation:

1 <& r 1 &
)[m;m%} —mj;%n]‘
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Write B
ﬂ.l(mTuz)
1(6) = 0
771(”1;“2 )aT

0_ 7T1(“17:~“2)a
MTM) WQ(uiTug)a
mo (72 )a” E¢T¢

Notice the assignment probability at stage j depends only on the estimator é\j,l and does
depend on the covariate &;. It follows that vy = m (X742), vy = ma(“742), E[e;n;|F;-1] =0,

T

Var[e;n;| Fj-1] = o°E[n] n;| Fj—1] = 0*1(8;-1)

and

1,1,
—> 0=
J=1

So, similar to (B.4),

-~

% > 165 + (1),

0,, — 0 a.s.

Further
~ 1 &
Om —0=— eI (1+0(1) as., (B.5)
j=1
where I = I(0) and
1/v1—|—aIf1aT al='a” —alz?!
) — aI{flaT 1/vz+aI§ilaT —al?
o1, T 71T -
I5 a Ig a IE
It follows that
~ 1 & B D 1
VMmO, —0) = —=> eI +op(1) = N(O,T7).
vm =

From (B.5), it follows that

1 & 1 &
HUm1 — [bm2 <nv1 ;51 4,1 - jz:;ej J,2> (I+o0(1)) as

The remainder of the proof is similar to that of Theorem 2.1.
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