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1 Introduction and main results.

Let {X,X,;n > 1} be a sequence of i.i.d random variables with common distribution function F,
and set S, = >, Xi, M, = maxy<, |Sk|, n > 1. Also let logz = In(z V ¢), loglog z = log(log z)
and ¢(z) = v/2xlogz. The following is the well known complete convergence first established by
Hsu and Robbins (1947):

i P(|Sn] > en) < oo, €>0

if and only if EX = 0 and EX? < co. Baum and Katz (1965) extended this result and proved the

following theorem.

Theorem A Let1 <p<2andr >p. Then

oo

Z "2P(|8,| > en/P) < 00, €>0

if and only if EX =0 and E|X|™ < co.

Many authors considered various extensions of the results of Hsu-Robbins and Baum-Katz. Some
of them study the precise asymptotics of the infinite sums as e — 0 (c.f. Heyde (1975), Chen (1978),
Spataru (1999) and Gut and Spataru (2000a)). But, this kind of results do not hold for p = 2.
However, by replacing n'/? by y/nloglogn, Gut and Spitaru (2000b) established an analogous
result called the precise asymptotics of the law of the iterated logarithm, and Zhang (2001) gave the
sufficient and necessary conditions for such kind of results to hold. By replacing n!/? by v/nlogn,

Lai (1974) and Chow and Lai (1975) consider the following result on the law of the logarithm.

Theorem B Suppose that VarX = o2 and r > 1. Then the following are equivalent:

an 2P(M, > ep(n)) < oo; forall € >ovr—1;

o0

Z "2P(|S,| > ep(n)) < oo, forall € > ovr — 1;

n=1

8

Z "2P(|S,| > ep(n)) < oo, for some € > 0;

EX =0 and E/X[*/(log|X|)" < o0

For r = 1, Gut and Spétaru (2000a) gave the following precise asymptotics.
Theorem C Suppose that EX =0 and EX? = 0% < 0co. Then, for 0 < § <1,

lim €20+2 Zn (logn)° P(|Sn| > e\/nlogn) =

e\0

M(26+2) o20+2
§+1 ’



where p2%+2) is the (28 + 2)-th absolute moment of the standard normal distribution.

The purpose of this paper is to consider the precise asymptotics for all » > 1. We obtain the

sufficient and necessary conditions for such kind of results to hold. Here are our main results.
Theorem 1.1 Let r > 1 and a > —1/2 and let a,(€) be a function of € such that
an(€)logn — 7 as n— oo and € \, Vr — 1. (1.1)

Suppose { fn} is a sequence of non-negative numbers satisfying

Fo=> fi~> (logk)*, n— oc. (1.2)

n

k=1 k=1
Then the following are equivalent:
EX =0, EX?=0%(0<0<o00) and E[|X|*(log|X|)* "] < oc; (1.3)
li 2 (r—1)]et/? "2 Py M, > + an
i [ (=D 302 P{M, > 6(n) e+ 0nl0)
2
= ﬁ exp{—27vr —1}I'(a +1/2), o> 0; (1.4)
w(r —

im [e2 — (r— “+1/2oonT_2 op(n)(e+ an(e
im [ (=D 302 P{1S 2 0+ 0u0)

- \/ﬁ exp{—2rVF—T)T(a+1/2), o> 0; (1.5)

Z nT_anP{Mn > Eg(b(n))} < oo if and only if € > v/r — 1; (1.6)
n=1
> w2 fuP{1Sul = co6(n)) } < o if and only if € > - 1. (1.7)
n=1

Here, T'(+) is a gamma function.
Notice I'(1/2) = /7. Letting f,, = 1 and 7 = 0 yields the following corollary.
Corollary 1.1 Let r > 1 and a,, = o(\/n/logn). Then the following are equivalent:

EX =0, EX?=0%(0<0<o00) and E[|X|*"(log|X|)™"] < oc; (1.8)

= 2
lim e —(r—1 r=2pi M, > +ay = , > 0; 1.9
e\H'rrlfl € (r )ngln { >eop(n) +a } — o (1.9)

N Vr=1’

Also, by Theorem 1.1, in (1.9) and (1.10) the widest a,, is also o(y/n/logn).

lim /e —(r—1) ZnT*QP{\SM > eop(n) + an} -1 o> 0. (1.10)
n=1



Remark 1.1 Liang, Zhang and Baek (2003) established (1.10) for 1 < r < 3/2 under the stringent
conditions that E|X|" < oo and a = v/n/(logn)?) for some v > 1/2 by using the method of Gut and

Spdtaru. This method bases on the Berry-Esseen inequality, so does not work for r > 3/2 and M,

The proof of Theorem 1.1 is given in Section 4. Before that, we first verify (1.4) and (1.5)
under the assumption that F' is the normal distribution in Section 2, after which, by using the strong
approximation method, we then show that the probabilities in (1.4) and (1.5) can be replaced by those
for normal random variables in Section 3. Throughout this paper, we let K(a,8,---), C(a,f,--+)
etc denote positive constants which depend on «,3,--- only, whose values can differ in different
places. The notation a,, ~ b, means that a,/b, — 1, and a,, = b, means that C ', <a, <OCb,

for some ¢ > 0 and all n large enough.

2 Normal cases.

In this section, we prove Theorem 1.1 in the case that {X, X,,;n > 1} are normal random variables.
Let {W(t);t > 0} be a standard Wiener process and N a standard normal variable. Our result is as

follows.

Proposition 2.1 Letr > 1 and a > —1/2 and let a,(€) be a function of € satisfying (1.1). And let

{fu} satisfy (1.2). Then

lim [e? — (r—1)]2F1/2 Z nr_2fnP{ sup |[W(s)| > v/2logn(e + an(e))}

eNvVr—1 0<s<1

n=1

= \/% exp{—27vr — 1}T'(a + 1/2) (2.1)

and

5\15%1[62 — (r—1)*t/2 nz:jl annP{\Nl > \/2logn(e + an(e»}

- 7r(r1—1) exp{—2rvr —T)T(a + 1/2). (2.2)

The following lemma will be used in the proofs.

Lemma 2.1 Let {W(t);¢t > 0} be a standard Wiener process. Then for all x > 0,

oo

P( sup [W(s)| 2 z) =1~ > (=D)FP((2k = 1)z < N < (2k + 1))

Ss< k=—o0

= 4%(-1)@(]\1 > (2k +1)z) = Qi(—l)kPﬂN\ > (2k +1)z). (2.3)
k=0 k=0

In particular,

—z2/2

P( sup |W(s)| >x) ~2P(IN| > z) ~

e
0<s<1 V2rx

as r — +o0.



Proof. It is well known. See Billingsley (1968).
Lemma 2.2 Let a,(€) > 0, By(€) > 0 and f(e) > 0 satisfying

ap(€) ~ Br(e) as n— oo and € — ¢

and
f(e)Bn(e) = 0 as e — e, Vn.
Then
lim sup(lim inf) f (¢) Z o, (€) = lim sup(lim inf) f (€) Z Bn(€).
e—€q €—€p el e—€q €—¢€p el

Proof. For any 6 > 1, there exist ny and a neighborhood U of ¢y such that

07 Bn(€) < anle) <0Bn(e), n>ng,ecl.

Then
071> Bale) < D> an(e) <0 Y Bule), €€l

Now, the result follows easily.

Lemma 2.3 Let a, > 0, ¢, > 0, and A, = >;_, ax. Suppose that the sequence {c,} is non-

increasing and Byc, — 0. Then

Z AnCpn = Z An(cn — cng1)-

n=1 n=1

Proof. By the Abel transform, it result follows immediately.

Lemma 2.4 Let a, >0, b, >0, ¢, >0, A, = > p_jar and B, = Y.} bi. Suppose that the

sequence {c,} is non-increasing, and A, < Bp, n > 1. Then

o0 o0 o0 o0
Zakck < Z brer, and Zakck < Z brer + Bj_lcj.
k=1 k=1 k—j k—j

Proof. From the Abel transform, it follows that

n
E aCr =
k=1

NE

Ag(er — ck1) + Ancnta

E
I
—_

NE

n
By (ck — chy1) + Bncnyr = Z br.cx
=1

>
Il
—

and

n n
E agcr, = E Ag(er — cpy1) + Ancng1 — Aj_1cy
k=j k=j

IN

n n
ZBk(Ck — Ck+1) —+ Bncn+1 = Zbkck + Bj_lcj.
k=j k=j

The result follows.



Lemma 2.5 Let a, >0, b, >0, ¢, >0, A, => ) ar, By, = > p_; bi. Suppose that

n
A, ~ B, and E brcp, — 00 asn — oo.
k=1

Further, suppose one of the following conditions is satisfied:
(i) The sequence {c,} is eventually non-increasing;

(ii) The sequence {c,} is eventually non-decreasing, and

Zbkck ~ Bpcpit; (2.4)
k=1

Particularly, if B, is reqularly varying with a positive exponent and c,, is also reqularly varying,

then (2.4) is satisfied.
Then
Z apCr ~ Z bkck‘
k=1 k=1
Proof. We show the result under (ii) only. For any 6 > 1, there exists a ng such that for all n > ny,

¢n is non-decreasing and ' A,, < B,, < §A,,. Then by the Abel transform, for n > ng

> arer = Ag(cr = cip1) + Ancnga

k=1 =1
no n

< ZAk(Ck — Cht1) + Z 0! Bi(ck — ckt1) + 0Bncnta
k=1 k=no+1

no

= Z(Ak — HilBk)(Ck — Ck+1) + ZeilBk(Ck — Ck+1) + 971Bn6n+1 + (9 — 071)Bncn+1

k=1 k=1
= Z(Ak - eilBk)(Ck - Ck+1) + 61 Z brer + (9 - 071)Bncn+1'
k=1 k=1

It follows that

lim sup ket Ok <O 4 (0-60"YK.

n =

n—oo k=1 bi.ci

Letting 6 — 1 yields
Dkt OOk g

lim sup =3
n— o0 k=1 bkck

Similarly,

n
.. —1 agC
lim inf M > 1.
n—oo > 1 bkCk

The proof is completed.

Now, we turn to prove the propositions.



Proof Proposition 2.1: By Lemma 2.1 and the condition (1.1) we have

P{ sup |W(s)| > \/2logn(e +an(e) } ~ 2P{IN| = \/Zlogn(e + an(e)) }

0<s<1
: exp{ — (e + a(e))logn}
~ xp{ — (€ + ay(e n
V2m(e + an(€))yv/2logn P " 8
2 1
~ e Vloan exp { —e?log n} exp { — 2ean(€) log n}
1 { 9 2
~ ——eX —€e“lo n}iex {—27’\/7’71}
Vlogn P & m(r—1) P
asn — oo and € \, v/r — 1. Also, by Lemma 2.5, we have
A, =: an_Q(logn)_lmfn ~ B, =: an_Z(log n)2 12 = n"L(logn)* /2. (2.5)
k=1 k=1

We conclude that

lim [e2 — (r — 1)]*+1/2 Z nT*anP{ sup |W(s)| > v/2logn(e+ an(e))}

eNVvr—1 ne1 0<s<1
= 1 —27y/r — 1
= lim [ — (r—1)]2F1/2 E n" 2 f, ——— exp { —é logn}eXp{ Tvr—1}
V=T — Viogn w(r—1)

( by Lemma 2.2)

= 1 2_(r—1)]¢t28N "4, —€é?1 — —€21 +1
Jim [ (1) g {exp{-logn} — exp{—*log(n + 1)} }

exp{—27vr — 1}
m(r—1)

( by Lemma 2.3)

oo
_ . 2 (. 1yla+l/2 _e2 — —e?
e\hrf}—l[e (r—1)] Z Bn{ exp{—e-logn} — exp{—e*log(n + 1)}}

exp{—27r — 1}

w(r—1)

n=1

( by (2.5) and Lemma 2.2)

= lim [e2 — (r — 1)]%TY/? n"2(logn)*1/? exp{ — logn}
im (6= (=) 3w

exp{—27r — 1}
m(r—1)

n=1

( by Lemma 2.3)
2exp{—27yr —1}

e n+1
= lim [ — (r—1)]2T/2 Z/ "2 (log )*
n=1v"1"

2
exp{ — ¢“log x}dm
eNVvr—1

1
Voge 1)

( by Lemma 2.2)

> 1 2 —27yr —1

= lim [e? — (r — 1)]““/2/ "2 (log ) ——— exp{ —e?log :z:}d:z: exp{=27vr — 1}

Ny e Viogz w(r—1)

: R 2exp{—27v/r — 1}

= lim [e2—(r—1 ‘”‘1/2/ a1 2expq —[2—(r—1 d

[ = = DIy e { = 1€ - 0 - Dlyjy == o
. 0 yafl/Qe’ydyzeXp{72T\/T -1}

eNVr—1 e2—(r—1) 7T(’I" — 1)

2 —27vr—1
B e A i
w(r—1)

(2.1) is proved. The proof of (2.2) is the same.



3 Approximation.

The purpose of this section is to use strong approximation and Feller’s (1945) and Einmahl’s (1989)

truncation methods to show that the probability in (1.4) for M,, can be approximated by those for

VN supg< <1 |[W(s)| and the probabilities in (1.5) for S, can be approximated by those for /nN.
Suppose that EX = 0 and EX? = 02 < oo. Without losing of generality, we assume that o = 1

throughout this section. Let p > 1/2. For each n and 1 < j < n, we let
-/
X;zj = X;I{|X;| < v/n/(logn)?}, X = X’;Lj - E[X;zj]v
J J n
—/ -/ — —/ —/
S’I/’L]:ZX;lj7 STL]:ZX’I’LJ7 Mn: k:<a“7)1{|snk:|7 Bn:zvar(Xnk)
i=1 i=1 = k=1

and

X=X I{V/n/(logn)? < |X;| < ¢(n)}y, X, = X, — E[X[],
-1
XM= X;I{| X, > o(n)}, X = X0t — E[X/].

1! —/1

And also define S”., 8" S .. S

— e
njs Onjr Onjs M, and M, similarly.

nj’

The following proposition is the main result of this section.

Proposition 3.1 Letr > 1, a > —1 and 2 > p > p’ > 1/2. Suppose that the condition (1.3) is

satisfied. And let {fn} satisfy (1.2). Then there exist 6 > 0 and a sequence of positive numbers {q, }

such that
P{ sup |[W(s)| > ey/2logn + L,} —qn
0<s<1 B (logn)r
< P{Mn > e(b(n)}
3
< P W(s)| > ev/2logn — — V4 g 3.1
N {Ong;l' (s)l 2 e osn (log n)? } q (3.1)
3
< P{ISu] = eom)}
3
< PJIN|> 21 -
< PNz eV/2logn — ot 4
Vee (Wr—1—=46+vr—146), n>1 (3.2)
and
anﬁfnqn < K(r,a,p,p',9) < oo. (3.3)
n=1

To show this proposition, we need some lemmas.



Lemma 3.1 For any sequence of independent random wvariables {,;n > 1} with mean zero and
finite variance, there exists a sequence of independent normal variables {n,;n > 1} with En, = 0

and En? = E€2 such that, for all Q > 2 and y > 0,

(max@@ Zm|>y) (4Q)% QZE@\Q

whenever E|&|9 < oo, i =1,...,n. Here, A is a universal constant.
Proof. See Sakhaneko (1980,1984, 1985).

Lemma 3.2 Let Q > 2, £1,&9,...,&, be independent random variables with E§, = 0 and E|§k|Q <
00, k=1,...,n. Then for ally > 0,
y? Q,-QN Q
(maX\Z§,| > ?J) < QGXP{ m} +(24Q)~y 1:21 El&|*,

where A is a universal constant as in Lemma 3.1.
Proof. It follows from Lemma 3.1 easily. See also Petrov (1995, Page 78).

Lemma 3.3 Define A, = maxy<n, |§;Lk — Sk|. Letr >1,a> —1 and p > 1/2. Suppose that the
condition (1.8) is satisfied and EX? = 1. Then for any A\ > 0 there exist a constant K = K(r,a, \)

such that
Z n""2f, I, < K < o0, (3.4)

where

Proof. Let 3, = nE[|X|I{|X| > v/n/(logn)P}]. Then |E Z{Zl X1 < Bn, 1 <j<n. Setting

L=1{n: 6 < g/ (oglogn)?),

we have
{A,, > /n/(loglogn) }CU{X #X,;}, neLl.
j=1
So for n € L,

n

< DOP(XG # X0y 0T, = 20(m) ).

Jj=1



Observer that X, = 0 whenever X; # X, ., j < n, so that we have for n large enough and all

1<j<n,
P( X, M, > A(n ))
= P(X; £ X/, m mase (S, v max [S,, — X;] > Ao(n))
= P(X;£X,)P (kmax |Sn,€|vj31]3§xn|snk—x,'u|zm(n))
< P(x; £ %5, )P(3, 2 Ao(n) X, ])
< P(IX1 > vin/(logn)’)P(IT, = Aé(n) — Vn/(logn)")
< P(IXI > vi/(ognp )P (T, = So(n)).

A straightforward application of the inequalities of Ottaviani and Bernstein yields:
_ A — A
P(A, = Som) < 2P(S,I = o)) <n"
for some n = n(A\) > 0.

It follows that

nel
< CZM L=nf P(\X|> (o\gf)p)
o oo NG ViF+l r—1—n
< ;;P((logj)p X < (10g(j+1))p)n /
N VIFT NS et
: ;P<<1ogg>p <15 o) 2
%) \/5 J+1 r—1—-n oo n)?
- C;P<(logj)p <Xl= (log(j + 1))p> ;n o
( by Lemma 2.5)
) Vi Vi+1 r—n a
< j_lp((logj)p < |X| < m)] (log 5)
< CE[IX (log | X[+ < oc,

If n & L, then we have

10



It follows that

Z nT?2f7LI77, S Z nrizin‘f’ﬂ/

nt nit
< 8 ;nr"r’/%”fn(log )G, <8 in’“g/z”fn(logn)QE[le{Xl > vn/(logn)?}]
< 8;7{ 3/2-nf (log n) i_o: [ ‘f)p <|X§<log(§\/ﬂ))p}}
- 82E[|X|1{(1 <|x| < (bg(?%}}gn"‘?’/g‘”fn(lognf
< CiE[XH{(log)p <|Xx|< @}} ;n”)/?"(logn)a“

( by Lemma 2.5)
< ff e[l 2 < 11 < ] o)

< C’E{|X|2(T*77 (log |X|)2p(r71/2fn)+a+2} I
(3.4) is proved.

Lemma 3.4 Letr >1,a > —1 and p > 1/2. Suppose the condition (1.3) is satisfied. Then for any
A > 0 there exist a constant K = K(r,a,p, \) such that

oo

> 0PIl < K < oo,

n=1
where

11, = P(A, 2 v/ (loglogm)?, M, = Ad(n)).

Proof. Obviously,

=/

¢(n)) + P(Mn >

wl >

_ A
II, < P(An > /n/(loglogn)?, M, > .

ol >

o)) +P (T, > So(n)).

Observe that maxy<,, |[ES”;| < nEX?/¢(n) = o(y/n). We have

i “2f,P (72' g n))gcin’“*2fnip(x;"¢o)
n=1

n=1 j=1

Mg

"HP(IX] = ¢(n))

n=1

IN

IN

C’Z "!logn)*P(|X| > ¢(n)) ( by Lemmas 2.5 and 2.4)
KE[|X " (log | X])*~"].

Also, notice that >, _ 1Var(X w) < nE[X2I{/n/(loglogn)? < |X| < ¢(n)}] = o(n). By Lemma

11



3.2 we have for QQ > 2r,

n=1
> A2¢2(n
= Cﬂ;” Qf"eXp{328~()((n))}
40302, e nE XX < 6(m)]
< K+oY s f“ZE|X|QI{¢<;—1><|X|<¢< )]
< K+CZ; [1XI°H{e(j — 1) < |X]| < 6()) Z¢Q fn
< K+C) E[X7H{o( 1) < [X| < 6()}]

Jj—1 rfl
{fo)Q (logn)® +Zlogn (/)Q(j)}

( by using Lemmas 2.5 and 2.4 in the second sum)
- . I i
< K+C) E[XI°H{6( — 1) <|X| < 6(5)}] 50

j=1
< K+ CE[\XFT(log |X|)W] < .

)(logj)“

Finally, by noticing Lemma 3.3, we compete the proof of Lemma 3.4.

Lemma 3.5 Let r > 1 and a > —1. Suppose that the conditions (1.3) and (1.2) is satisfied. Then

for any 1/2 < p' < p we have

P( sup [W(s)| > 2+ 1/(logn)”) - p, < P(A,, > 2v/B,)

0<s<1
< P(oiulil (W (s)| >z —1/(logn)?) + pp, ¥z >0 (3.5)

and

P(IN| >z +1/(logn)?") — p, < P(|S,,| > 2+/B,)

< P(IN| >z —1/(logn)”) +pn, V>0, (3.6)
where p, > 0 satisfies
an_2fnpn < K(r,a,p,p") < oo, (3.7)
n=1

Proof. By Lemma 3.1, there exist a universal constant A > 0 and a sequence of standard Wiener

12



processes {W,,(-)} such that for all @ > 2,
P(maXG’ -W, (EB )| > L /B /(1ogn)p’)
k<n "k Tip T 2V
logn)P \@ e~ _~—/ 0
(a2 (L) S gpx, |

= VB, ) &
(logn)”' @ ,
< On( 5 ) EIXICHIX] < v/ (log )},

On the other hand, by Lemma 1.1.1 of Csorgé and Révész (1981),

P (| o, [Wa(sBa) = Wa(55

- P(max (Wi (s) — Wi

0<s<

< Cnexp{ - (3 f/(l;)gn)p) } < Cnexp{ - %n/(logn)% }
Let
sl Wa(sB,
=Pz, [ - 5 > ) o

Then p,, satisfies (3.5) and (3.6), since {W,,(tB,,)/v/Bn;t > 0} 2 {W(t);t > 0} for each n. And also,

(logn)?
\/ﬁ

pu < On( ) ENXII(X| < via/Oogn)?}] + Crexp { - n/logm)™ ).

It follows that

i n" "2 fupn < K14+ C i nr_l_Q/an(logn)p,QE[|X|QI{\X\ < v/n/(logn)’}]

n=1 n=1

Ki+C Z n“lfQ/an(log n)p,Q
n=1
SExe YLy Yy,
= log(J - 1))

IN

K1+CZ |X|Q1{rv_1))p<|){\§ \[ Z{n”Q/angn)pQ}f

_ Vi1
(log(j — 1))P

IN

j=1

K+ CZ E |X|QI{

j=1

{Z{nr 1= Q/Z(logn)pQ}(logn +Z logn)®;"~1=9/2(log 5) pQ}

n=j n=1

n=j

IA

( by using Lemmas 2.5 and 2.4 in the second sum)

Ky + C; E| |X|QI{\/T))p <|X| < (bﬁ)p 35792 (log j)P @t

IN

IN

K1 + CE[|X[*"(log | X )P ~P)Q+2rp+a] < | < o,

whenever (p' —p)Q + 2rp+a < —1. So, (3.7) is satisfied.

13



Now, we turn to prove Proposition 3.1. Let 0 < ¢ < %\/r — 1. Recall 0 = 1, ¢(n) = v/2nlogn

and notice that

o
IN

n— B, < nEnE[X2I{|X| > v/n/(logn)”]

nE[| X% (log | X )27 - o(n("=Y/2) = n . o(n"=1/2) = - o((log n)%). (3.9)

Then if n is large enough,

P{M, > eo(n) |
= Pl z o020 < i)+ {an > o8>
< P{I, = eo(n) - (IOQ)Q }+P{a, > \/?gb(n),An - (bﬁ)z}
< P, 2 VB [o/2logn - 2]} 10,
< P{ S W (s)| > ey/2logn — (10g2n)2 - (logln)P' } +pn+ 11,
= P{o?igl [W(s)| 2 ev/2logn - ﬁ} +pu 11,

for all e € (v/r —1 —§,v/r — 1+ 4), where I, is defined in Lemmas 3.4 with A = \/r — 1/4 and p,

is defined in 3.5. Also, if n is large enough,

(logn)?
- P{M; = cotn) (lo\g/Z)T " (1022)2}
> P{I, = co(n) (lo‘g/Z)Q} —p{i, > Y " Lom), A, > (10§Z>2}
> P{I, 2 VB [ev/2logn + 2n>2]} {2 o, A > (lo\g/i)Q}
> P{ s (W) 2 ey/2logn + 3n)p,} w1

for all € € (v/1+a — 6,1+ a+ J), where I, is defined in Lemma 3.3 with A = /1 + a/4.

Similarly, if n is large enough,

P{\N|Ze 2logn + -1,

3 } _
(log n)p/ pn

IN

P{ISul = eo(n)}
P{\N| > ey/2logn — @} + o+ 11,

IN

holds for all € € (v/1+ a—6,v/1 + a+4). Letting ¢, = pp, + I, + I I, completes the proof by Lemmas
3.3, 3.4 and 3.5.
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4 Proofs of the Theorem.

Obviously, (1.4)== (1.6) and (1.5) = (1.7). It remains for us to show (1.3) = (1.4) and (1.5),
and (1.6) or (1.7) = (1.3).

First, we show that (1.4) and (1.5) hold under (1.3). Without losing of generality, we assume
that EX = 0 and EX? = 1. Let 6 > 0 small enough and {g,} be such that (3.1), (3.2) and (3.3)
hold. Then

lim [e2—(r—1 a+1/2 nr—anqn =0,
RINCRRIEy

n=1

by (3.3). Notice that a,(e) — 0. By (3.1) and (3.2), we have that for n large enough,

3

P{ 021;21 [W(s)| > v/2logn(e+ an(€)) + W} —qn
< P{M, > o(n)(e +an())}
< P{ Ozu;g)l (W (s)| = v/2logn(e+ an(e)) (log )7 } + gn,

3

P{INT = Valogn(e + an() + g} —ao
< P{ISul 2 6(n)(e + an(e)) }
< P{|N\ > \/2logn(e+ an(e)) — Tog )" } + qn,

Vee (WVr—1—=46/2,vr—1+0§/2).

On the other hand, by Proposition 2.1,

- 3
1i 2 (p—1)]2t1/2 r=2f P W(s)| > /2logn(e+ an(€)) £ ———
i [ == 0] 3R] s (W) 2 V2 Tog (e + an(@) £

n=1

= 7r(f1) exp{—27Vr — 1}['(a + 1/2)

and
3
. 2 _ _ a+1/2 r—2 _
6\hr?il[e (r—1)] E n fnP{|N\ > /2logn(e+ an(e)) £ (logn)P'}

n=1

- 7T(:1) exp{—2rvr —T)T(a + 1/2).

(1.4) and (1.5) are now proved.

Now, we show (1.7) = (1.3). The proof of (1.6) = (1.3) is the same. First, we show that
EX? < co. Let {)~(,)~(7,,;n > 1} be the symmetrization of {X, X,,;;n > 1}, and let S, = Sory Xp.
Then by (1.7),

w21 P {1 > 2000}
n=1
< ZinT_gfnP{|Sn\ > ea¢(n))} <oo forall e>+r—1.
n=1
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For M > 0, define Y = Y(M) = XI{|X| < M} and Y, = Y,(M) = X,,I{|X,| < M}. Observing
that XI{|X| < M} — XI{|X| > M} 2 X and XI{|X| < M} — XI{|X| > M}+ X = 2V, we obtain

that

3

S 2P| zn: Vil = 2e00(n) }
k=1

n=1

<2 Zn’"_zfnP{|§n| > 260(;5(11)} <oo forall e>vr—1. (4.1)
n=1

However, since Y is a bounded random variable which satisfies the condition (1.3), by the direct part

of the theorem we have

ZnPanP{\ ZYM > eV EY2¢>(n)} =00 forall e<+r—1. (4.2)
n=1 k=1

Putting (4.1) and (4.2) together yields \/ EX2I{|X| < M} = VEYZ < 20. Then, letting M — oo
yields EX? < oo.

EX = 0 is obvious when EX? < oo, for otherwise we have
P{|S.| > ecp(n)} — 1, Ve>0,
which implies that
o0
an72fnp{|5‘n| >eop(n)} =00, Ve>0,r>1 and a> —1.

Now, by (1.7) and the Lévy inequality we obtain that for some € > 0,

oo

S0 fuP{max| X > 3eco(n)}

n=1

n" 2fnP{maX|Xk| > 2eap(n) + 2VnEX?2}

\/\
31 M8

< CZ 7"_2]"71P{I]£1<ax|S;.ﬂ| > ecp(n) + VnEX?}

n=1
< O3 W fuP{ISu] 2 cod(n)} < oo for e > vr— 1.
n=1

Observe that
EX?

> <
P{rlglgngk\ 2 3eop(n)} < 705 ogn 0

We conclude that

Zn“lfnPﬂX\ > 3eop(n)} < C’an 2fnP{maLx|Xk| > 3eop(n)} < oo.

n=1 n=1

Notice Y, k"' fe ~ > p_, n""*(logk)® by Lemma 2.5, and P{|X| > 3ec¢(n)} is non-increasing

in n. From Lemma 2.4 it follows that

Z Llogn)*P{|X| > 3ecp(n)} < Can anP{maX|Xk| > 3eop(n)} < oo,

n=1
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which implies

E[|X[*" (log | X])*"] < oc.

Finally, by (1.7) itself and (1.3) = (1.7), EX? = 02 is obvious. The proof is now completed.

5 An analog of multidimensional case

Let {X, Xpy;n € Nd} be a field of i.i.d. random variables, where d > 2 is a positive integer, N¢ denotes
the d-dimensional lattice of positive integers. For n = (ny,--- ,n4) € N¢ we denote |n| = ny - --ng.
Also, the notation k < n means that k; < n,;, i =1,2,--- ,d. Denote by S, = >, .., Xx. We have

the following asymptotic result.
Theorem 5.1 Let r > 1 and a+d > 1/2. And let an(€) be a function of € such that

ajnj(€)logn| — 7 as n — oo and € \, Vr — 1. (5.3)
Then the following statements are equivalent:

EX =0, EX?=0%(0<0<o0) and E[|X|* (log |X])*T417"] < oo; (5.4)

im [¢2 — (r —1)]*td-1/2 n|""%(log |n|)® ol > oo(In|) (e + ap (e

im (6 (= D2 D g ) P{ ] > ) e+ o (€)}
1

:(d_1)!mexp{—2n/r—l}f‘(a+d—1/2), o> 0;

Z In|""?(log |n|)“P{|Sn| > ea¢(|n|)} < oo if and only if € > vr — 1.
Proof. Notice that
>~ Inf 2 (tog n))*P{|Sal = za(n)) } = > fun""2(10gn)*P{|S,| = 26(n)},

where f, = Card{k: |k| =n}. For f, we have

. 1
mX::lfm = Card{k : |k|] <n} ~ =

By Lemma 2.5, it follows that

Z fm(logm)® ~ (d—l o Z(logm)“+d_1.

=1

The conclusion of the theorem follows from Theorem 1.1 immediately.

Taking a = 0 and 7 = 0 in Theorem 5.1 yields the following corollary.
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Corollary 5.1 Letr > 1 and ajy)(€) = o(y/|n[/log|n|). Then

lim_ [~ (= D23 0l 2P{ 1Sl > cod([n) + ajn

eN\WTr—1
(d—3/2)(d—5/2)---(1/2)
d- D)/ —1)

holds if and only if EX =0, EX? = 0% and E[|X|*"(log|X])417"] < 0.

For multidimensional case, since we haven’t found a suitable approximation of the kind of Lemma

3.1, we haven’t established an analogous result for My, = maxm<n [Sm|. But we conjecture it is true.
Conjecture Letr > 1 and a+d > 1/2. Suppose conditions (5.8) and (5.4) are satisfied. Then

im [e2 — (r — 1)]etd-1/2 n|""2(log |n|)® n > od(|n|)(e+ ajy (€
Jim_[¢f — (r—1) znjl "2 (10g [n])* P{ My, > o(In])(e + ani(€)) }
2d
= (d_1>!\/mexp{—27\/r—1}F(a+d—1/2).
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