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1 Introduction and main results.

Let {X, Xp;n > 1} be a sequence of i.i.d random variables with common distribution func-

tion F', mean 0 and positive, finite variance o2, and set S,, = > peq Xk, My, = maxy<y, |Sk|,

n > 1. Also let logz = In(z Ve), loglog z = log(log ) and ¢(x) = /72x/(8loglog x). Then

by the so-called Chung’s law of the iterated logarithm (LIL) we have

liminf ¢(n)M, =0 a.s.. (1.1)

n—oo

This result was first proved by Chung (1948) under E|X|?> < oo, and by Jain and Pruitt
(1975) under the sole assumption of a finite second moment. As pointed by Csdki (1978),
the assumption of a finite second moment is also necessary for (1.1) to hold.

As for the usual LIL, Gut and Spataru (2000) proved the following two results on its

precise asymptotics.

Theorem A Suppose that EX = 0, EX? = ¢? and E[X?(loglog|X|)'*%] < oo for some
d >0, and let a,, = O(y/n/(loglogn)Y) for some v > 1/2. Then

1
lim v/e2 — 1 E ~P(|S,] > ev/20%nloglogn + a,) = 1.
n
n=1

e\1

Theorem B Suppose that EX =0 and EX? = 0 < co. Then

0
lim €2 P(|S,| > log1 = o2,
lim ¢ 2 logn (ISn| > ev/nloglogn) = o

The main purpose of this paper is to show similar results on Chung’s LIL under the

minimal conditions by using an extended Feller’'s and Einmahl’s truncation method.
Theorem 1.1 Let a > —1 and b > —1 and let a,(€) be a function of € such that

an(€)loglogn — 7 as n— oo and € / 1/V1 +a. (1.2)
Suppose that EX =0, EX? = 02 < 0o and

EX?I{|X| >t} = o((loglogt)™!) as t — oo. (1.3)



Then

. 1 pi1 = (logn)®(loglogn)®
o 5 I )
= i(2<1+1a>3/2)bﬂf<b+ 1 exp{2(1 +a)*/2r}. (1.4)

Here, T'(+) is a gamma function. Conversely, if (1.4) holds for some a > —1, b > —1 and

0< o< oo, then EX =0, EX? =02 and
lim inf log log tEX2I{|X| >t} = 0. (1.5)

Theorem 1.2 Suppose that EX =0 and EX? = 0% < c0. For b > —1, we have

0 b
: —2(b+1) Z (loglogn) <
El}ngloe nlogn P{Mn - Ué(n)ﬁ}
_ 4 ZOO (=DF

Conversely, if (1.6) holds for some b > —1 and 0 < o < 00, then EX = 0 and EX? = o2.

Theorems 1.1 and 1.2 are also related to the integral test which refines (1.1). The first
one of the results on the integral test for (1.1) is due to Chung (1948) who obtained that
if EX =0, EX? = 0% and E|X | < oo, then for any eventually non-increasing ¢ : [1,00) —

(0, 00),

P(M, < Vo2r2n/8(n) i.0.)=0or =1
according as J(¢) := i mpzn)Qexp(—l/w(n)Q) < 00 Or = 00. (1.7)
Einmahl (1993) proved (1.7) under the minimal condition that
EX2I{|X| >t} = O((loglogt)™!) as t — oc. (1.8)

Our next theorem gives a result on a convergence rate of (1.1) and (1.7).

Theorem 1.3 Let a > —1 and b > —1. Suppose that EX = 0, EX? = 02, and that the

condition (1.8) is satisfied, then for any eventually non-increasing 1 : [1,00) — (0,00),

5 Uogm 0810 ) by /o) < oo or = o

n

n=1

according as Jgp(1)) == Z (logn)° (loglog )" exp(—1/1(n)?) < oo or = 00.(1.9)

n

—_

n=



Conversely, if (1.9) holds for some a > —1, b > —1, 0 < 0 < oo and any eventually

non-increasing 1 (z), then EX = 0, EX? = 02 and
lim inf (log log HEX2I{|X| > t} < oo. (1.10)

By (1.9), we know that the infinite series in (1.4) converges whenever € < 1/4/1 + a, and

diverges whenever € > 1/4/1 + a.

Remark 1.1 Note that the conditions (1.3) and (1.8) is sharp. A sufficient condition for
them s given by

EX?loglog | X| < oo.

However, when a > 0, the sufficient and necessary condition for

[e's]
3 log n)?(log log n)®

n
n=1

to hold is that

EX?(log | X])%(loglog | X|)*~! < .

Remark 1.2 By using a result of Einmahl (1987) instead of our Lemma 3.5, one can extend

Theorems 1.1-1.83 to multidimensional random variables.

The proofs of Theorems 1.1-1.3 are given in Section 4. Before that, we first verify
(1.4), (1.6) and (1.9) under the assumption that F' is the normal distribution in Section
2, after which, by using the truncation and approximation method, we then show that the
probabilities in (1.4), (1.6) and (1.9) can be replaced by those for normal random variables
in Section 3. Throughout this paper, we let K(a, 3, --), C(a,3,---) etc denote positive
constants which depend on «, 3, - - - only, whose values can differ in different places. a, ~ b,

means that a, /b, — 1.

2 Normal cases.

In this section, we prove Theorems 1.1-1.3 in the case that {X,X,;n > 1} are normal
random variables. Let {IWW(t);¢t > 0} be a standard Wiener process. Our results are as

follows.



Proposition 2.1 Let a > —1 and b > —1 and let a,(€) be a function of € satisfying (1.2).

Then
_ (logn)® (loglogn)
lim b+1
5/'1/\/1+a(\/1 +a ;
P W (s n
0281 | 810g logn cta
4 1 b1 a)3/?
= (T (b + 1) {2 / } 2.1
7T(Q(lJra)g/z) +1) exp (2.1)

Proposition 2.2 For any b > —1, we have

sup |W(s)| < a

2
lim € 7}
0<s<1 8loglogn

o0 b
—ap4+1) \ (loglogn) p
€,/00 nz:l nlogn {
i (="

Fo+1 (2k + 1)26+3°

Proposition 2.3 For any a > —1 and b > —1, we have that

0o a b
Z(logn) (loglogn) P( sup |W(s) (s)] < /72/8¢(n) )) < o0 or =00

— n 0<s<1
n=1

according as Jgp(1)) < 0o or = oo.
The following lemma will be used in the proofs.

Lemma 2.1 Let {W(t);t > 0} be a standard Wiener process. Then for all x > 0,

ds (-1 m2(2k + 1)?
P(Oiligllw s)| < z) —;22 {_T} (2.2)

k=1
and

2
P(oiglg)l (W (s)| < x) ~ %exp{ - %} as x — 0.

Proof. It is well known. See Ciesielski and Taylor (1962).

Now, we turn to prove the propositions.
Proof Proposition 2.1: First, note that the limit in (2.1) does not depend on any finite

terms of the infinite series. Secondly, by Lemma 2.1 and the condition (1.2) we have

w2 4 loglogn
P W (et an(e)} ~ mexp{ - BB
{0251‘ (o)l < 810glogn( cta (6))} Wexp{ (e—l—an(e))Q}
4 o { loglogn }
—= — eX —_
7 &P €2 + 2ean(€) + a2 (e)

4 log1 2
~ —exp{ - ngn}exp{—an( )loglogn}
T € 3
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as n — oo, uniformly in € € (1/y/1+a—0,1/v/1+ a) for some § > 0. So, for any 0 < 0 < 1,

there exist § > 0 and ng such that for all n > ng and € € (1/v/1+a —0,1/v/1+ a),

%exp { — 71°g€1§g”} exp {2(1 + a)3/27 — 6}

P{sup0<s<1|W( )| < \/%(e—i-an(e))}

< Zexp { - nggg”} exp {2(1 +a)3/%1 + 9}7

IA

by the condition (1.2) again. Also,

lim  ( _ )bt i (logn)*(loglog n)b exp{ - loglﬂ
e/1/VI+a \ﬁ — n =
e e
e/1/vTra V1+a o . =

1 & 1
5/1}m\/1+a( Vita ) 1 yoexp { y(€2 a)} 4

. 1 b1 [
= lim (—— — )" (= —1—a / be=v(
5/‘1/\/1+a(\/1+a ) (62 ) e%—l—ay Y
1 b+1/°° b o—y 1 b1
= (—— dy = (—— I'(b+1).
(2(1—|—a)3/2) 0 ye (2(1+a)3/2) (b+1)

(2.1) is now proved.

Proof Proposition 2.2: Notice that (2.2), and for any m > 1 and all > 0,

— ——
T 2k +1 8x
< P( sup [W(s)| <z)
0<s<1

2m
4 —1)F 2(2k +1)?
< Ay exp{_&}_
T 2k+1 8x2
k=0
It is sufficient to show that for any ¢ > 0,

€ /o0 nlogn €2

Now, the left hand of the above equality equals

b
i e—2(b+1) /°° (loglog ) exp{ B qloglogm}dx
ee

¢ /oo xlogw €2

= lim e 2(+D /OO 3P exp{ — yg}dy
€,/00 1 €2

= limgq (bH)/ ybe Vdy =T(b+ 1)g~ O+,
€,/'00 /€2

. (loglo n loglogn _
lim e~ b+1)z 808 P{*Q7g g }:F(b+1)q (b+1),

(2.3)



The proposition is proved.

Proof Proposition 2.3: It is obvious, since
2 2 4 2
;exp{ - 87T—} < P{Osup W(s)| <z} < ;exp{ — %}, Vo > 0.

x? <s<1

3 Truncation and Approximation.

The purpose of this section is to extend Feller’s and Einmahl’s truncation methods and to
show that the probabilities in (1.4), (1.6) and (1.9) for M,, can be approximated by those
for \/ESUPogsgl (W (s)].

Suppose that EX = 0 and EX? = 02 < co. Without losing of generality, we assume that
o=1. Let 0 <p<1/2. Foreachnand 1 <j<n,welet X, = X,,;I{|X;| <+/n/logln},
M*

n

ij = Xrllj - E[X’;Lj:l’ szj = ‘7?:1X7,1j7 S;kzj = 5:1 X,

i = maxy<p |S;,| and B, =

> p_q Var(X*,). The following two propositions are the main results of this section.

Proposition 3.1 Let a > —1, b > —1 and 0 < p < 1/2. Then there exist 6 > 0 and a

sequence of positive numbers {q,} such that

2 3
P < - -
{ 0221 W) < e 8loglogn  (loglogn)? } !

B
< P{A4ﬁ < - }
< =€ 8loglogn
72 3
< P{ Wi(s)| < } "
< 0221’ () <€ 810g10gn+(10g10g”)2 i
1 1
V € _'5> 5 ’ Zil 3.1
<« (iva AR -

and

. (logn)%(loglogn)?
}:(g )*(loglogn)

n

qn < K(a,b,p,d) < oco. (3.2)

n=1

Proposition 3.2 Ifn is large enough, then

P( sup |[W(s)| <z —3/(log logn)Q) —q < P(My, < z/Bp)
0<s<1

< P( sup [W(s)| <z +3/(loglogn)?) +q, Vx>0, (3.3)
0<s<1



where g}, > 0 satisfies

< K(b,p) < 0. (3.4)
To show this two results, we need some lemmas.

Lemma 3.1 For any x > 0 and 0 < § < 1, there exists a positive constant C' = C(z,0)

such that
(a) C1 exp{—th‘; loglogn} < P{M} < z¢(n)} < C’(—:-Xp{—lz;g‘S loglogn},

(b) C~1 exp{—ll%‘s loglogn} < P{M, < z¢(n)} < Cexp{—lz;flog logn}.

Proof. This lemma is so-called small deviation theorem. It follows from Theorem 2 of

Shao (1995) by noting that B,, ~ n. (See also Shao 1991).

Lemma 3.2 For any z > 0, A > 0 and 0 < § < 1, there exists a positive constant

C = C(x,0) such that

1

-0
5— loglog n}

P{fil§a§|5k + 21|V qréll?gn |Sk + 22| <xd(n)} < Cexp{ — -

holds uniformly in |z1| < A¢(n), |z2| < Ap(n) and 1 < ¢ <n.

Proof. Without losing of generality, we can assume that 0 < § < ﬁ. We follow the

lines of the proof of (17) in Shao (1995). Write z,, = x¢(n). Put M = §~2. For fixed n,

define mg = 0,
m; =max{j:j < Miz?}, fori<I:=max{i:m;<n—1}
and my4q1 = n. It is easily seen that
(1—6/4)Ma? <m; —m;_q < (1+6/4)Ma?2

and

n << n

2 2
Mz? Mz

provided n is sufficiently large. From Lemmas 3 and 1 of Shao (1995) and the Anderson’s

inequality, it follows that, there exists an integer ng such that Vn > ng, V1 < 5 < |,



Vly| < zn + Ad(n), V]y;| < Ag(n),

P( max  [Sp; 1k — Smy_; ¥yl < xn)

kémj —mj—1

< e My P( sup W (s) + (yj + y)(m; —mj1) "% < an(m; — mj_1)71/2>
0<s<1
< M p( sup [W(s)| < anlmy —my)?)
0<s<1
_ w2 (m; —m;_ — mM(1-6/4
< €3M+46Xp<— ( 183:%31)>§63M+4exp(—(8/)>
L 1 wO—s w1 52
o1 1 e S e P -
< 26 —|—26Xp( 3 )_eXP( ] )a

where {W(t);t > 0} is a standard Wiener process. Obviously, there exists an ¢ such that

mi—1 < qg<m;. Let y; =z if j <i—1, and 23 if j > ¢. Then

P < <P <
(max|S + 2|V max |S; + 22| < 2d(n) <P max =~ max |5, +y;l < an)

:E{I a a S, | < 1 a S, | < }
{kiglﬁiinwgﬁzgénwl k4_yj’__xn} {ﬂw—1£%£§nJ#i| byl < oo}

< E{I a a S <
< {jg?ilﬁﬁmj,ﬂémj’ k+Ysl < @n}

XE[I{ max [S;+ ] < 2a}|Si.k < mia] |

Tn—Yi—1
= / P( max |Sk—Sml_1+y+yz\§$n)

Tn—Yi—1 myp_1<k<my

dP( max max  |Sg + y;| < xp, S < )
jglfl,jséimjkagmj' k93] < T Sy <Y

T2M(1—6/2)
< -~ 7 | <
< e (- P( g, max IS+ < o)
2 _ _
< ...gexp(—ﬂM(l 2/2)(1 1))
1—8)mn 1-§
< Cexp(—(ga:%> SCexp(—( 2 )loglogn>.

For n < ng, it is obvious that

(1-9)

P(r,ggglswzl\vkrgggnlsﬁmlgm(n))glgcexp(_ - 10g10gn)'

Lemma 2 is proved.

Lemma 3.3 Define A,, = maxy<y, |S%, — Sk|. Leta > —1,b>—1 and 0 <p < 1/2. Then

there exist constants 6y = dg(a,p) > 0 and K = K(a,b,p) such that Y0 < 6 < dy,

. (logn)%(loglogn)?
Z(g)(gg)

n

I, < KEX? < o0,

n=1



where

1
I = P(&n > Vi (loglogn)?, My < 6(n) (== +1) ).
Proof. It is sufficient to show that
— (logn)*(loglogn)® - o(n) 2
P(A, > log1 ME< L) < CEXY, 3.5
> . (A 2 vt/ (toglog n) ) (35)

whenever 0 < §d < 1+aand 0 <d <1—2p. Let 3, = nE[|X|I{|X]| > v/n/log’ n}]. Then

[ES>] X0 < B, 1< j < n. Setting

£={n: fu < gvi/loglogn)*}

we have
{An > vin/(loglogn)®} [ J{X; # X5}, nel.
j=1
So forn € L,
/. 2 * Lﬂ)
- ¢(n)
< P(X; # X, My < ———.
< ; < i 7 Xnj n—m)

Observer that X{U = 0 whenever X; # X{lj, Jj < n, so that by Lemma 3.1(a) we have for n

large enough and all 1 < j < n,

P(Xj # Xy, My < /71QT7;)_ 5)
= P (X, X0 S5l |57 - X1 < <20
= POt 0P 18741V (87— X < 20 )
< P2 2P (< 20 xy)
< P(X| > vir/ log )P (M; < ﬂﬁ(”%é + vt/ log?n)
< CP(|X|> v/n/logPn)exp{(=1 —a+d+ & )loglogn},

10



where 0 < ¢’ <1—2p—4. So,

IN

IN

IN

IN

a b e
y~ Uogn)*(loglogn)’ 1 5§~ p(1x| > v/ log? n)(log )™~ (loglog )’

n

nel n=1
SN P(Vi/loghj < |X| </ +1/1ogP(j + 1)) (logn)* "} (loglog n)®
n=1j=n

j
ZP \//log J<|X|<Vi+1/logP(j+1 Z logn) 5+‘5 Lloglogn)®
n=1

oo

> P(Vi/log"j < |X| < /5 +1/1og"(j + 1)) j(log )"+~ (log log )"
j=1

CE [X2(1og X))+ 201 (log log |X\)b] < CEX2

If n ¢ £, then by Lemma 3.1(a) we have

I < P(M;L“ < \/%> < Cexp{(-1—a+d+d)loglogn}

= C(log n)*lf“*é”/.

It follows that

Z (logn)%(log log n)bI;L < CZ (logn)?t9 1 (loglogn)®
ngLl " ngL n
(log )%+~ (log log n)"+2
< 80% 7 Bn
>, (logn)?t9 1 (loglog n)b+2
< 802 nl/2
Y E[IXI{VG 1087 < |X] < i+ 1/10g(j + 1)}
j=n
= 8CYE[IXIH{V/j/log j < |X| < \/j+1/log”(j + 1)}]
j=1
J (log 1)+ =1 (log log )b *2
Z 1/2
n=1
< O E[IXI{V/log”j < |X| < /G +1/log"(j +1)}]
j=1
Vi(log )T (loglog )"+
< CE[XQ(log|X|)5+5’—1+p(1og10g|X|)b+2] < CEX2

(3.5) is proved.

11



Lemma 3.4 Let a > —1, b > —1 and 0 < p < 1/2. Then there exist constants §g =
do(a,p) >0 and K = K(a,b,p) such that Y0 < § < d,

i log? n(loglog n)®

n

I, < KEX? < o,

n=1

where

11, = P(An > /n/(loglog n)2, M, < ¢(n)( 11+ = + 5)).

Proof. It is enough to show that

>, log? n(loglogn)® 9 o(n) 9
> < — ) <
3 . P(Ani\/ﬁ/(loglogn) M, < 1+a—5> < CEX?,

whenever 0 < d < 1+aand 0 < é <1—2p. Let B, and L be defined as in the proof of

n=1

Lemma 3.3. Then for n € L,

P(AnZ\/ﬁ/(loglogn)z,M <\/ﬁ%)§§:P(X # Xpi M, <&)

7j=1
and for 1 < j <n,

P(X; # X1 M <ﬂ>

Vi+ta—46
< <X7'é nj» lemaX|Sk_X+X|_\/%,Mn§\/%)
< P(10\gf <|X;l <2 \/%MJ 1V max |5y — X; +X|<\/1¢+(27)_5)
B /lo§n<yl<2 2n)_ P<MH VB, 1S = X+l < \/%)dp()(j <y).
Note that M;_1 V maxjcg<n |Sk — X; + y 2 M;_1 V maxj<k<n_1|Sk +y|. By Lemma 3.2,
we have

¢(n)
su P (M~_ V max |S; — X; +y| < )
<2 E(m -1 j<k§n‘ k i+l vVi+a—96

=" V1ta—s
< Cexp{(—l — a+(5+5’)loglogn}.

It follows that forn € £L and 1 < j <mn,

6(n)
P # X0 M < o)
< C(logn)_l_“+5+5lp<lo\gr <|Xj| < Zﬁﬁ—(?— 5)

< C(log n)*lf‘”‘HyP(]X] > y/n/logP n)
The remained proof is similar to that of (3.5) with Lemma 3.1(b) instead of Lemma 3.1(a).

12



Lemma 3.5 For any sequence of independent random variables {€,;n > 1} with mean zero
and finite variance, there exists a sequence of independent normal variables {n,;n > 1} with

Enn, =0 and En? = EE€2 such that, for all Q > 2 and y > 0,

(maX\Z& Zm|>y> < (AQ)% QZE\€|Q

whenever E]éi\Q <o00,i=1,...,n. Here, A is a universal constant.
Proof. See Sakhaneko (1980,1984, 1985).
Lemma 3.6 We have that

P( sup |[W(s)| <z —1/(loglogn)?) — p, < P(M;; < z+/By,)
0<s<1

< P( sup |W(s)| <z+1/(loglogn)?) +p,, Va >0, (3.6)
0<s<1

where p, > 0 satisfies

o

Z (logn)?(loglog n)® <

K(a,b,p) < 0. (3.7)

n =
n

Proof. By Lemma 3.5, there exist a universal constant A > 0 and a sequence of standard

Wiener processes {W,,(+)} such that for all @ > 2,

k 1 )
* n > =
P((max |7k — Wl Ba)| > /By /(loglogn)’)

(AQ) (loglogn Q)QiE’ k}Q

IN

IN

cn(mgl\;gm) E[|X|2I{|X| < v/n/log? n}].

On the other hand, by Lemma 1.1.1 of Csoérg6 and Révész (1981),

<\ max |W,(sB,) — n(MBn)\ > %@/(10g10gn)2>

0<s<1

= P(Ioggglan(s) ([ ])|—2\/z(bgl\{>zn)2)

1 /n/(loglogn
< C’nexp{ — (3vn/d §;1 gn))” } < Cnexp{ — %n/(loglogn)‘l}.
Let
= P(|M;/v/By — sup [Wa(sBy)|/v/Bal 2 1/(loglogn)?). (33)

13



Then p,, satisfies (3.6), since {W,,(tB,,)/v/Bn;t > 0} L {W(t);t > 0} for each n. And also,

oglogn)?
Pn < Cn(aglx/g))QE[\X|Ql{|X| < v/n/logP n}] + Cnexp{ - 1—12n/(loglogn)4}.

It follows that

i (logn)® log logn)®

n

n=1

(logn)*(loglog n)b*2@
K1+CZ o8 e ) 11901 X] < v/ low? ]

IN

o0
(loglog n)b*2@ 9
< K1+CZ n(log )R@2" ~EX? < K < 0,

whenever p(Q —2) —a > 1. So, (3.7) is satisfied.

Now, we turn to prove Propositions 3.1 and 3.2.

Proof of Proposition 3.1: Let 0 < d < \/T Observe that, if n is large enough,

2B
P{Mn§6 e }
8loglogn

= Pt <y i = gl
+P{ "= SIZ;ingn’An - (loggn)Q}
= P{MZ S¢ SIZng)ngn * (log\l{JZn)Q}
+P{Mn < ¢(n)(\/11+—a +0),An > (bgl\gn)z}
= P{Oiggl‘w( $)l = 810g120gn (1oglzgn)2}+pn+ljn

foralle € (1/v/14+a—96,1/v/14a+9), where I, and p,, are defined in Lemmas 3.4 and

14



3.6, respectively. Similarly, if n is large enough,

v

Vv

v

Y

>

P{ M,

IN

{ 2B,
‘ 810glogn
{0 <\ Siogiogm 20 < 3
8 log log n’ (log log n)
/ _Vn
{M Se€ 810glogn loglogn A S (loglog n)2}
{M" = B" \/ 810g logn (log logn ]}
" — 2 2 vn
7P{M” < VBnle \/ 8loglogn  (loglogn) 2]’An o (loglogn)2}
P{ 0?}21 W(s) \/ 810g logn (log 10gn }

13
=
IN
A

-

P

1
_ * A,
P{M < ¢ln (\/14—(1+ ), A > (loglogn) }
2 3
< - - n_In
P{02221|W(5)’ =€ 8loglogn (10glogn)2} p

for all e € (1/v/1+a—9,1/v/1+ a~+9), where I, is defined in Lemma 3.3. Choosing 6 > 0

small enough and letting ¢, = p,, + I, + I I, complete the proof by Lemmas 3.3, 3.4 and 3.6.

Proof of Proposition 3.2: Let {I¥,(:)} be a sequence of standard Wiener processes being

defined in the proof of Lemma 3.6, and let p,, be defined in (3.8). And set

di, = P(1M/ /By = sup (Wi(sB,)I/v/B| = 3/(oglogn)?).

Then ¢ satisfies (3.3), and

g, < P(A, > V/n/(loglogn)?) + pn.

By Lemma 3.6,

15



Also, following the lines in the proof of (3.5) we have

(oglogn)®p x> i/(loglogn)?)

WE

— nlogn
log1 (loglog n)"+2
<y oBloBn) b o ii/(ogny? > (loglog )
vy L logn n3logn

oglogn b
o8 01 (x| > vt/ (log )

Mg

S
I
—

+Z 1°gf1°1gogn E[|XI{|X] > v/n/(logn)"}]

CE[XZ(IOg |X1)*~ (log log | X |)"] + CE[X?(log | X])" (log log | X |)*?]

IN

CEX? < 0.

IA

So, ¢ satisfies (3.4).

4 Proofs of the Theorems.

4.1 Proofs of the direct parts.

Without losing of generality, we assume that EX = 0 and EX? = 1.
Proof of the direct part of Theorem 1.1: Let § > 0 small enough and {g,} be such

that (3.1) and (3.2) hold. Then

(L e 5 g loglognt®
e /1)vita V1 +a — n e

by (3.2). Notice that a,(e) — 0. By (3.1), we have that for n large enough,

P{ sup [W(s)| < T b)) - =
02se1 8loglogn " (loglogn)2S — 4"
[ w28,
< -
P{Mn . 810g10gn(6+a"(6))}

<
w2 3
< P 44 R n T3 ns
- {0221’ (o)l < 810glogn( €+ an(e)) + (loglogn)2}+q
1 1
Ve € —-4/2, +9/2).
€€ (s — 02 s 92
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On the other hand, by Proposition 2.1,

lim 1 bHZ (logn)® (loglogn)
e/ 1/v/I+a V1 o

/ 3
-P
{ os<:1§<)1 W) 8 log log n log log n) }
4

= (m)b+lrb+l exp{Q 1+a3/2 }

It follows that

lim  ( ! e)bﬂiaogn)a(lOglOgn)bP{M < _TBn (e—i—an(e))}

e/1/VT+a V1 +a = n 8loglogn
_4 1 b+1 3/2
= G e T+ Dew {2(1+a) T}. (4.1)

Finally, noticing the condition (1.3), we have
0 <n— B, <2nE[X?I{|X| > v/n/log’ n}] = o(n(loglogn)™').

Let a},(€) = \/n/Bp(e + an(€)) — e. Then

P{ n)(e+ ay(e ))} —P{M Ugliign(e—i-a;(e))},

(n— B, )loglogn
VBa(/n+VBy)
asn — oo and € /" 1/y/1+ a. Now, (1.4) follows from (4.1).

and,

a, (¢)loglogn = € —ap(€)loglogn — 7

Proof of the direct part of Theorem 1.2: Noticing B,, ~ n and Proposition 3.2, for
any 0 < 6 < 1 we have for n large enough and all € > 103,

T2

P w <(1-946 P —
{0?;121| ()] < Je 810glogn} n

2
0<s<1 8loglogn

M < 1+5 By }
"= 8loglogn
sup |W (s 1/ +3 (loglogn }—I—*
W(s)| < (1+9)e
02221' ) + \/ 810g logn n-
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-

IN
<
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INA
o)
—~ = — /—"\ —
S
IN
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So, by Propositions 2.2 and 3.2,
_5 2(b+1) b (
(1=9) 77 1 kzo 2k + 1)2b+3

ad 2
= lim ¢ 20D Z MP{ sup |[W(s)| < (1—9)e 777}

€,/00 = nlogn 0<s<1 8loglogn
= (loglogn)®
< hmlnfe 2(b+1) g \O8 108N {Mn§¢(n)e}
= nlogn

8

IN

(log1
lim sup ¢ 2+ Z oglogn {Mn < gb(n)e}
e /oo <~ mnlogn

. = (loglogn)® 72
< 1 201) 5 (loglogn)” W(s)| < (1+8)eq | —-
- 6>I10106 ; nlogn {Oilsll<)1| () < (1+0)e 8loglogn}
4 - (-1F
_ (e trg G
(1+9) —T(+1) (2k 1 1)5+3

k=0
Letting § — 0 completes the proof.

Proof of the direct part of Theorem 1.3: Choose § > 0 small enough and {g,} for

(3.1) and (3.2) to hold. By a standard argument (see Feller 1945), we can assume that

1 ( 1 +§)
Vioglogn ‘v/1+a 27

1 1 )
\/loglogn(\/l Ta 5) S ¥(n) <

Then for n large enough,

P{ sup |W(s)| < v/a2/8[6(n) - 5/(oglogn)?] } - an

0<s<1
< P{OiLSIEIIW s)| < V/72/8¢(n) — 3/(loglogn) }—qn
< P{M, < /7B, /8¢(n) |

< P{oilsl%'W s)| < v/72/8¢(n) + 3/(loglogn) }+qn
< P{Oiggl (W (s)] < v/72/8[(n) + 5/(loglog n)?] } + an.

Notice that Ja (1/(n)+5/(loglog n)?) < oo if and only if Ju(1(n)) < oo. So, by Propositions

2.3 and 3.1 we have

5 log P 0oglo8m v () < oo or = oo

n=1

according as Ju;(1)) < 0o or = oo. (4.2)

Finally, if condition (1.8) is satisfied, then
0<n-—B,=0(n/loglogn),

18



which implies that

Vih(n) = v/Buth(n)y/T+ O(1/log log n).

Notice that Jup(¥(n)y/1 £ O(1/loglogn)) < oo if and only if Jap(¥(n)) < co. (1.9) follows

from (4.2).

4.2 Proofs of the converse parts.

Now, we turn to prove the converse parts of Theorem 1.1-1.3. The proof is organized as
follows. First, we show that EX? = oo is impossible. Secondly, we show that EX # 0 is
impossible if EX? < oo. Thirdly, we show that EX? # o2 is impossible if EX = 0 and
EX? < oo. At last, we show (1.5) and (1.10).

From Esseen (1968) (see also Petrov 1995) it is easy to see that for all m > 1,

2y/m

P(|Sm| < 2vm) < K(/ dﬁ(:c))_l/2,

,2\/5

where F (z) is the distribution function of the symmetrized X, and K is an absolute constant.

So, if EX? = oo, then for any M > 2 we can choose mg > 9 large enough such that
P(|Sm] < 2v/m) < e M m > my,.
For € > 0, we let m = [¢?n/loglogn], and N = [n/m)], then for all n > m? and € > 1,

P(M, < e(n/loglogn)'/?) < P(|Skm — S—1yml < 2vm,k=1,...,N)

loglogn
}.

< e_QMNgexp{—M 3
€

(4.3)

By this inequality, for any a, b and 0 < €; < €2 < oo there exists a constant C' = C(a, b, €1, €2)
for which

>, (logn)*(log logn)
sup 3 U WOBIBM by < /10510 m)112) < € < o,

e€(e1,€2) 1 n

which implies that (1.4) and (1.9) can not hold. Also, by (4.3) and (2.3), for any b > —1 we

have

 (loglogn)"
lim sup ¢ 2+ Z MP(M,L < €(n/loglog n)1/2)

¢ Soo = n logn
oo
L loglogn)? loglogn
<1 2+1) 5~ (loglogn)” — M
- e}Ifoe nz:l nlogn exp { €2 }

=M P (b+1) =0 as M — oo,
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which implies that (1.6) can not hold.

If EX? < 00 and EX = p # 0, then

P < ") < P15, < ") < p(js, —nul > ") <

2 p

It follows that

o0 a b 2 2
Z (logn)?(loglogn) P(M, < M) < 4EX Z 1 < 8EX ‘
n=1 n 2 K

It follows that for any € > 0,

(o] a 1 b
> (logn)" (log log n) P(M, < e(n/loglogn)"/?)

n
n=1

a b
yo losn)tlloglogn)p /o n/l0glogn)/2)
n
n<(2e/Iu)?

a b
+ Z (log n)*(log log n) P(M, Se(n/loglogn)lﬂ)
n
n>(2¢/|pl)?
s~ Comnloglogn)’y  _nlul g~ (ogn)
n 2
n>(2¢/|ul)? n<(2¢/|p|)?

2 la|+]b]+1
SEé( —|—4<lo <2e)4> Rald
L

IN

IN

g
]

which implies none of (1.4), (1.6) and (1.9) can hold.

IN

Y

Suppose that EX = 0 and EX? < oo, and that (1.4), (1.6) and (1.9) hold for some
positive constant o. By the direct part of Theorem 1.2, (1.6) shall hold with EX? taking
the place of 0. This is obvious a contradiction if EX? # o2. Notice that (4.1) and (4.3)
hold whenever EX = 0 and EX? < co. However, if EX? # o2, then (4.1) and (4.2) are
contradictory to (1.4) and (1.9) respectively, since B,, ~ nEX?2.

Finally, we show (1.5) and (1.10). Suppose that (1.5) fails. Without losing of generality,
we can assume that o 2E[X2I{|X| > /n/(logn)P}] > 10/ loglogn for some 19 > 0 and all

n > 1. Then no? — B, > nE[X?I{|X| > /n/(logn)P}] > no’m/loglogn. Let a,(e) =

V/1+ 70/loglog n(e + an(€)) — €. Then
ay, (€)loglogn — 7+ 70/ (2V1 + a),
and

2B,

P{ My < 06(n) (e + an(e) } = P{M, < STonlonn €
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It follows that (1.4) is contradictory to (4.1).
Now, suppose that (1.5) fails. Let d,, = (loglogn)E[X2I{|X| > /n/(logn)?}]/o?. Then
d,,/loglogn is non-increasing in n and d,, — 00. So, one can find a non-decreasing sequence

{bn} of positive numbers for which e < b, — oo,

i ! < oo and Z dn =0
n(log n)(loglogn)b, “— n(logn)(loglogn)b, -

n=1
Define
¥(n) =1//(1 +a)loglogn + (1 + b)logloglogn + log b,
and
(n) =1(n)//1—dy/(2loglogn).
Then
- 1
Ja =
() ;::1 n(logn)(loglogn)b, =0
and
~ 2. (logn)®(loglogn)® 1 —d,/(2loglogn)
Jab(¢) - nz::l n exp { ¢2 (TL) }
2. (logn)®(loglogn)® 1 1+a
> [ I
- = n exp{ ¥2(n) } exp{ 2 d"}
o0 dn
> = 0.
- an:l n(logn)(loglogn)b, >
However,

1/1

2452p, 2
P{M, < /2" um) | = P{M, < Brin ,/”” >P{M, <

since no? — B,, > no?d,. It follows that (1.9) is contradictory to (4.2). The proof is now

completed.
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