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CENTRAL LIMIT THEOREMS OF A RECURSIVE
STOCHASTIC ALGORITHM WITH APPLICATIONS TO
ADAPTIVE DESIGNS

By LI-XiNn ZHANG*

Stochastic approximation algorithms have been the subject of an
enormous body of literature, both theoretical and applied. Recently,
Laruelle and Pages (2013) presented a link between the stochastic
approximation and response-adaptive designs in clinical trials based
on randomized urn models investigated in Bai and Hu (1999, 2005),
and derived the asymptotic normality or central limit theorem for the
normalized procedure using a central limit theorem for the stochastic
approximation algorithm. However, the classical central limit theo-
rem for the stochastic approximation algorithm does not include all
cases of its regression function, creating a gap between the results
of Laruelle and Pages (2013) and those of Bai and Hu (2005) for
randomized urn models. In this paper, we establish new central limit
theorems of the stochastic approximation algorithm under the popu-
lar Lindeberg condition to fill this gap. Moreover, we prove that the
process of the algorithms can be approximated by a Gaussian process
that is a solution of a stochastic differential equation. In our applica-
tion, we investigate a more involved family of urn models and related
adaptive designs in which it is possible to remove the balls from the
urn, and the expectation of the total number of balls updated at each
stage is not necessary a constant. The asymptotic properties are de-
rived under much less stringent assumptions than those in Bai and
Hu (1999, 2005) and Laruelle and Pages (2013).

1. Introduction. Stochastic approximation (SA) algorithms, which
have progressively gained sway thanks to the development of computer sci-
ence and automatic control theory, have been the subject of many studies.
An SA algorithm is also used in clinical trials to solve the dose-finding prob-
lem (see e.g., Cheung (2010) and the citations therein). The basic frame-
works of SA algorithms and their theoretical results can be found in classi-
cal textbooks such as those by Benveniste et al. (1990), Duflo (1996, 1997),
Kushner and Clark (1978) and Kushner and Yin (2003). In this paper, we
consider the following recursive SA algorithm defined on a filtered probabil-

*Research supported by grants from the NSF of China (No. 11225104), the 973 Program
(No. 2015CB352302) and the Fundamental Research Funds for the Central Universities.
AMS 2000 subject classifications: Primary 60F05, 62L.20; secondary 60F15, 60F17

Keywords and phrases: Stochastic approximation algorithms, central limit theorem, urn
model, adaptive design, Gaussian approximation, the ODE method


http://arxiv.org/abs/1602.05708v1
http://www.imstat.org/aap/

9 L-X. ZHANG
ity space (Q, F (Fn)n>0,P)

~ h(6,) | AMyi1+ TR
n-+1 n-+1

(11) 0n+1 - 0n

)

where 6,, is a row vector in R? the regression function h : R¢ — R
is a real vector-valued function, 8y is a finite random vector, My = O,
{AM,,, Z,;n > 1} is a sequence of martingale differences and 7, is a re-
mainder term.

Very recently, Laruelle and Pages (2013) presented a link between this SA
algorithm and the response-adaptive randomization process in clinical tri-
als based on the randomized Generalized Friedman Urn (GFU, also known
as a generalized Pélya urn (GPU) in the literature) models investigated in
Bai and Hu (1999, 2005). They derived the almost sure (a.s.) convergence
and the joint asymptotic normality or Central Limit Theorem (CLT) of the
normalized procedure for both the urn compositions and the assignments by
applying SA theory. Higueras et al. (2003, 2006) also showed that the urn
compositions can be written as an SA algorithm under some extra assump-
tions, including that the total number of balls added to the urn at each stage
is the same. However, they did not consider the procedure of assignments.

The main tool used by Laruelle and Pages (2013) to derive the asymptotic
normality of GPU models is the CLT for an SA algorithm. Various types of
results on the CLT of @,, have been established in the literature under certain
conditions, especially when r,, = 0, and they can thus be found in classical
textbooks such as that by Kushner and Yin (2003, p. 330). For results in
a more general framework, one can refer to Pelletier (1998). Let 8* be an
equilibrium point of {h = 0}. Assume that the function h is differentiable at
0* and that all of the eigenvalues of Dh(0*) =: (ahi(e*)/aej; i,j=1,-- ,d)
have positive real parts. Denote p = Re(Apin), where Apip is the eigenvalue of
Dh(6*) with the lowest real part. In considering the CLT, p > 1/2 is usually
assumed as a basic condition. The following CLT can be found in Duflo
(1997), Benveniste et al. (1990) and Kushner and Yin (2003) (cf. Theorem
A.2 of Laruelle and Pages (2013)) with different groups of conditions.

THEOREM 1.1.  Let 8* be an equilibrium point of {h = 0}. Suppose that
0, — 0" a.s. and assume that for some § > 0,

sup E || AM,11[*T|#,] < +o0 a.s.
(1.2) n>0
E [(AMn+1)tAMn+1‘9n] —T a.s.,

where T is a deterministic symmetric positive semidefinite matriz and for
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an € >0,
(1.3) (n 4+ DE [[Iras1 L0, -0+ )<y ] — 0.

Suppose p := Re(Amin) > 1/2. Then,

(14) Vi(6, —07) % N (0,3),

where

(1.5) > = /Oo (e_(Dh(e*)_I‘i/2)u)tI‘e_(Dh(e*)—Idﬂ)udu’
0

and Iy is a d x d-identity matriz.

In the cases of p = 1/2 and 0 < p < 1/2, partial results have been
established when Dh(6*) is diagonal. For example, Duflo (1997, cf. Theorem

2.2.12) showed that if Dh(6*) = plI4, the CLT holds with rate , /> when

logn

p=1/2, and n”(0,, — 0*) almost surely converges to a random vector when
0 < p < 1/2. Laruelle and Pages (2013) summarized this kind of results to
their Theorem A.2 and applied them to GPU, but they missed the condition
that Dh(0*) is diagonal, thus the results in their Theorems 2.2 (b) and (c)
are not consistent with those in Theorems 2.2 and 3.2 of Bai and Hu (2005).
The main purpose of this paper is to establish the CLT for a general matrix
Dh(6*). We find that in the cases of p = 1/2 and 0 < p < 1/2, the results for
a general matrix Dh(6*) are much more complex than those for a diagonal
matrix.

In the next section, we establish general asymptotic results on the SA
algorithm (1.1) under the popular Lindeberg condition, which is less restric-
tive than (1.2). From these results, we find that the limiting behavior of the
SA algorithm depends on not only the value of the eigenvalue Api, but also
the multiplicity of this eigenvalue. Moreover, n”(0,, — 6*) does not converge
in general when p < 1/2. Further, in Section 3, we prove that the process
of the algorithms can be approximated almost surely by a Gaussian process
when p < 1/2 under a condition a little more stringent than the Lindeberg
condition, and the Gaussian process is a solution of a stochastic differential
equation.

As an application of SA theory, in Section 4, we derive the asymptotic
properties of an important class of response-adaptive designs in clinical trials
based on the randomized GFU. Laruelle and Pages (2013) provided a clever
way to study the asymptotic normality of randomized urn models. Motivated
by their idea, as an application of the new SA theory, in Section 4, we retrieve
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the a.s. convergence and the asymptotic normality of the randomized GFU
models under assumptions much less stringent than those in Bai and Hu
(1999, 2005). We investigate a more involved family of urn models in which
it is possible for the balls of each type to be removed from the urn, and
the expectation of the total number of balls updated at each stage is not
necessarily a constant. The asymptotic property of such urns is stated as
an open problem in Hu and Rosenberger (2006, p. 158), and examples of
models featuring the removal of balls can be found in Hu and Rosenberger
(2006), Janson (2004), Zhang et al. (2011), etc. For this general framework,
the first problem is to show the a.s. convergence. The methods of Bai and
Hu (1999, 2005) and Higueras et al. (2003, 2006) do not work because they
depend heavily on the assumption that the total number of balls or the
expectation of the total number of balls updated at each stage is a constant.
We show that the ordinary differential equation (ODE) method proposed by
Laruelle and Pages (2013) is valid to prove the a.s. convergence, although in
their original proof, such an assumption is also needed. However, the ODE
is no longer a linear equation, as it was in Laruelle and Pages (2013). The
convergence rate of the urn model depends on the second-largest eigenvalue
Asec and the largest eigenvalue A4, of the urn’s limiting generating matrix.
When the ratio Agec/Amar Of these two eigenvalues is large (> 1/2), the
asymptotic property is also an unsolved problem (cf. Hu and Rosenberger,
2006, p. 158). In section 4, a clear answer to this open problem is provided.

Finally, some basic results on the convergence of the recursive algorithm
and multi-dimensional martingales are given in the Appendix.

In the sequel to this paper, the Euclidean norm of a vector @ = (x1,--- ,x4)
is defined to be [|z|| = 4 />_; w?, and the norm of a matrix M is defined to be

|M]| = sup{||eM]|| : ||z|]| =1}. 1 = (1,---,1) denotes the unit row vector
in R%. 2 denotes the transpose of . For a function f(t) : R — R, f(t) de-
notes its derivative, and for a function f(x):R? — R% Df(x) denotes the
matrix of its partial derivatives with the (i, j)-th element being 0f;(x)/0x;.
Further, for two positive sequences {a,} and {b,} and a sequence of vectors
{v,}, we write a, = O(b,) if there is a constant C' such that a, < Cb,,
apn, ~ by if ap /b, — 1, a, = by, if a,, = O(by,) and b, = O(ay,), v, = O(by) if
there is a constant C' such that ||v,| < Cby,, and v, = o(by,) if ||v,]||/bn, — O.

2. Central Limit Theorems. In this section, we consider the central
limit theorem of the SA logarithm (1.1). We first need some assumptions.
The first two are on the differentiability of the function h(-).

ASSUMPTION 2.1.  Let 0* be an equilibrium point of {h = 0}. Assume
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that function h is differentiable at 8* and that all of the eigenvalues of
Dh(0*) have positive real parts.

Under Assumption 2.1, we have that h(6*) =0,
(2.1) h(0) = h(6*) + (0 — 0" )Dh(6*) + o(||6 — 6*||) as 6 — 6,
and Dh(6*) has the following Jordan canonical form

T~ 'Dh(0*)T = diag(Jr,J2,- -, Js),

where
AN 1 0 0
0o XN 1 0
Ji = : . . : :/\tIVt +7Vt7
0O o0 ... N 1
0 O 0 ... N

vt XVt
where I, is a v X vi-identity matrix and Sp(Dh(0%)) = {1, -+, As} is the
set of eigenvalues of Dh(0*). Let p = min{Re(\),\ € Sp(Dh(6%))} and
v =max{y; : Re(\;) = p}.

When we consider the case of p < 1/2; we need a condition a little more
stringent than (2.1).

ASSUMPTION 2.2.  Suppose that Assumption 2.1 is satisfied, h(6*) = 0
and

(2.2) h(0)=h(0")+ (6 —0")Dh(6") + o(||0 — O*HHE) as 6 — 6*
for some € > 0.

We show the CLT under the following conditional Lindeberg’s condition,
which is popular in the study of the CLT for martingales.

ASSUMPTION 2.3. Suppose that the following Lindeberg’s condition is
satisfied:
(2.3)

1 n
= > E[|AM,[PI{|AM,,|| = ev/n}|Fm-1] =0 as. orin Ly, Ve > 0.
n m=1
Further, assume that
1 n
(2.4) — Z E[(AMm)tAMm‘ﬁm_l] —T a.s. orin Ly,
n
m=1

where T' is a symmetric positive semidefinite random matriz.
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In Assumption 2.3, I' is a (= V,, %) measurable random matrix,
which was assumed to be deterministic in Bai and Hu (1999, 2005), Pelletier
(1998) and Laruelle and Pages (2013). Although I is usually deterministic in
practice, we consider the general martingales, as in Hall and Heyde (1980).
Our main results are the following two theorems on the limiting properties
of the sequence {0, } in the cases of 0 < p < 1/2 and p = 1/2.

THEOREM 2.1.  Suppose that 8, — 0* a.s., Assumptions 2.2 and 2.3 are
satisfied, and p = 1/2. Further, for the remainder term r, we assume that

(2.5) Zfrk = o(y/n/logn) a.s.
k=1

(2.6) 1 ”\7%’ = o(y/logn) a.s. orin L;.

Then

(2.7) WW” — 60" 2 N(0,%) (stably),

where

(2.8) 3= nli_)ngom /logn (e—(Dh(O*)—Id/2)u)tre—(Dh(e*)_Idﬂ)udu,

and N (0, f]) denotes a mizing normal distribution with the conditional char-
acteristic function f(t) = exp { — %tZtt} for given 3. Moreover, X satisfies

1 1

(29) (T"'ET);; = (v—1)N220 — 1

tZl Ft;ﬂ?

whenever i = vy + -+ vy, j = v1+ -+ vy and Ay = Ny, Re(Aq) = 1/2,
Vg = U = v, and (T*tET)Z-j = 0 otherwise. Here, x* is the conjugate
vector of a complex vector x and t% is the first column vector of the a-th
block in T = [--- ', - |t -+]. Further, let r4,, be the last row vector

aves '
of the a-th block in T~' = [--- 7! ,’I“fwa, ---". Then, ray, and t}; are

S
respectively the left and right eigenvectors of H with respect to the eigenvalue

Ao, and

= 1 1
Y= ((V — 1)')2 2w —1 Z (r(tu/atal)*r(tlglrb'/b)‘
’ a,b:Aa=Np,Re(Xa)=1/2,va=1rp=vr



CLT OF THE STOCHASTIC ALGORITHM 7

THEOREM 2.2. Suppose that 6, — 0* a.s., Assumption 2.2 is satisfied
with 0 < p < 1/2. Further, assume that

(2.10) Z E[(AMm)tAMMﬁm_l] =0(n) a.s. orin Ly, and

m=1

(2.11) Zrk = o(n'=P=%) a.s. for some 5y > 0.
k=1

Then, there are complex random variables &1, -+ -, € such that

nP

- _A*) — —iIm(Xa)logn -1
(log n),/_l (en 0 ) Z e SaeaT -0 a.s.,

a:Re(Ag)=p,va=v

where 1 = /-1, e, = (0,---,0,0,---,0,1,0,--- ,0) is the vector such that
the v, -th element of its block a is 1 and other elements are zero, and e, T =
Tav, S a right eigenvector of H with respect to the eigenvalue \,.

When p > 1/2, the CLT is classical and can be found in the literature
under various groups of settings. Moreover, the stepsize n+_1 can be more
general. One can refer to Duflo (1997), Benveniste et al. (1990), Kushner
and Yin (2003, cf. Theorem 2.1, Chapter 10), Pelletier (1998), etc. Here, in
considering applications to a general framework of GPU models, we present

the following example under the Lindeberg condition.

THEOREM 2.3.  Suppose that 8, — 0* a.s., Assumptions 2.1 and 2.3 are
satisfied, and p > 1/2. Further, for the remainder term r, we assume that

(2.12) Zrk =o(v/n) a.s. orin L.
k=1

Then,
(2.13) (6, — 0%) B N(0, ) (stably),
where

0

REMARK 2.1.  The condition (2.2) cannot be weakened to (2.1) in Theo-
rems 2.1 and 2.2. The convergence rates in conditions (2.5) or (2.6) cannot
be weakened in Theorem 2.1. For examples see Appendiz C.
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From the proof of Theorems (cf. (2.22) and (2.25)), we have the following
corollary on the rate of the a.s. convergence.

COROLLARY 2.1.  Suppose that 6,, — 0" a.s., Assumption 2.1 is satisfied
with p > 0. Further assume that condition (2.10) in Theorem 2.2 is satisfied,

and 5 Y5 Tk = O(H_%A”M) a.s. for all § > 0. Then,

0, — 6" = o(n_%A’H"S) a.s. for all § > 0.

Now, we give the proof of Theorems 2.1-2.3. Write H = Dh(0%),

(0—6%)t h(0)—h(0*)—(0—6*)H . .
H(0) = H+ Jo=ar 6=+ . if @ # 6%,
H, if 0 = 6.

Then, H(0) — H as 6 — 0* and
h(0) = h(6*) + (60 — 6")H(0).

Let H,y1 = H(0,), II' =I;and forall 0 <m <n—1

1) = (L Emey (g = T (),

m+1 Pl
Then, H, — H a.s. as n — oo. It follows that for all 1 < m < n — 1,
T2 | < Cs(n/m)=P*° as. and |II}|| < Csn=r™ as. by Proposition B.1
(i) in the Appendix. By (1.1),

H, AM 1+ ot
2.16 0,.1—0"=(0, -0 I;— .
(2.16) 1 ( ) ( T 1> n+1
It follows that
" AM, "
2.17 0, — 6" = (6, — 0")II § 4Ly y 5 § SR §
( ) ( 0 ) 0 + P m m T o mom

If we write s, = > | T, then the last term is

n

n—1
Tm n _Sn n n n
L, =S 3 e (LT L )

m=1

s - H
218 _2nqqr Zd — Hmilpn
( ) n n+mzz:18m m(m+1) m+1



CLT OF THE STOCHASTIC ALGORITHM 9

PROOF OF THEOREMS 2.1 AND 2.3. First we consider the case of p = 1/2.
Suppose the conditions in Theorem 2.1 are satisfied. At first, (2.5) or (2.6)
will implies that

(2.19) Z P = 0o(n?0) a.s. V6 > 0.

In fact, it is sufficient to show that (2.6) implies (2.19). Note that

(2.20) g 7wl < V/n E @ =o(y/nlogn) a.s. a.s. orin Lj.
m

Assume that the above inequality holds in the sense of L. Then,

2kt (25+1 1og 2K +1)1/2

ZP( Z 7| > e(2* 1/2+26> < CZ (2F)1/2+2 < 00

It follows that for 28 < n < 2k+1,

2k+1
22:1 7| < > om=1 Il

nl/2425 = " (2k)1/2+25

— 0 a.s.

(2.19) is true.
In contrast, one can verify that condition (2.10) or (B.5) implies that

(2.21) M, = o(n'/**) a.s. for all § > 0.

Recall (2.17), (2.18) and H,, — H a.s. as n — co. We have

n—1

. . M, + s, I,—H,

m= 1

o(nl/2+9) n—l o(m/2+%) n ot

:o(n_p+5) + m(m+1) ‘m

m=1
(2.22)  =o(n~V*) 4.5 V5> 0.

According to condition (2.2), we have

v =16, — 0°)H — (h(on) - h(0*)>
(2.23) =0(||6n — 07)|'+) = o(n"V/?7/1) q.s.



10 L-X. ZHANG

and

H > n AM, 1+ Tog1 + 7

0,.1— 0" =(0, —0(I,—
1 ( )<d n+1 n+1

It follows that

" AM, " Do
* *\ TT m m m Ty
0, —0"=(6y—0") 6’+§1 - H%+§1EH%+E1EH%
m= m= m=

—:(60 — O)IY + & + 1 + 75,

where II7, is defined as in (2.15), and ||[II% || < C(n/m)~'/21log" " (n/m) by
Proposition B.1 (i) in the Appendix. Thus,

n —1/2—¢/4 B
=0 Y T () log !

m=1

n_ -1/2() v—1/2
- o(n”"/*(logn) ) a.s.

If (2.6) is satisfied, then

o o(n™?(logn)*~"?) a.s. or in L.
m

el ny 12,
N =0(1) Y ——= (=) '"log”
2 oG

If (2.5) is satisfied, then we also have

~0(1) En: O(—W/logm)(%)—lﬂ o

2
m
m=1

:O(l)n_1/2 logu—ln Z 0(1)

m=1
=o(n~?(logn)"~/?) a.s.

my/logm

At last, ¢, is a sum of martingale differences. By verifying the Lindeberg
condition and checking the variance, we can show that

NG

D ~
Tog =125 =~ N(0, ) (stably)

via the CLT for martingales (cf. Corollary 3.1 of Hall and Heyde (1980)).
The above convergence is stated in Proposition B.2 in the Appendix. The
proof of Theorem 2.1 is complete.
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Now, we consider the case of p > 1/2. Suppose Assumptions 2.1, 2.3 and
(2.12) are satisfied. It is obvious that the first term of (2.17) is O(1)n=P+% =
o(n~1/2) a.s., and the last term is

Pmon  0(VA) N~ o(VM) iy prs g
Eﬂm: n +Zm(m+1)(g) = o(n”'"?)

m=1 m=1

in probability by (2.12) and (2.18). The middle term of (2.17) is a sum of

weighted martingale differences. Unfortunately, we can not apply the CLT

for martingales directly because {%H%;m =1,--- ,n} is not an array

of martingale differences. We can show that the random weight IT?, can be

replaced by the non-random weight ﬁ;‘l, ie.,

" AM, ~
(2.24) Vn Z mm <1—I?n - H"m> — 0 in probability.
m=1
Now, {%ﬁ%,m =1,--- ,n} is an array of martingale differences. By

verifying the Lindeberg condition and checking the variance, we can show
that

" AM,, ~
Vi Yy =R, B N(0,X) (stably)
m=1

via the CLT for martingales. The above convergence and (2.24) are stated in
Proposition B.2 in the Appendix. Thus, (2.13) is proved. The proof is now
complete. O

PROOF OF THEOREM 2.2. Recall (2.17) and H,, — H a.s. as n — oo.
By (2.11) and (2.21) we have

n—1
M, + s, I,-H,
0, — 0" =6y —0")IIj + ———II, M, + sp) ———1II7
(0 ) 0ot n n+mzz:l( +s )m(m+1) m+1
— n—1 _
= o(n~Pt%) + o(n'/?+072) + o(n' ") i o(m!/219/2) 4 o(m! ") (2)—p+5
n — m(m + 1) m

= o(n™"*) a.s.
It follows that

(2.25) nf=°(0, —6*) = 0 a.s. for all § > 0.
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According to (2.2), we can rewrite (1.1) as

H T,
0n _0*: on_o* I— n+1
i ( )<d n—|—1>+n—|—1’

where v, = o([|0, — 6*[|'T¢) + AM,,1 + rp41. From (2.11), (2.21) and
(2.25), it follows that s% =: S}, 7 = o(n'!=?7%) a.s. for some & > 0. Recall
that H has the Jordan canonical form T-'HT = diag(Jy,--- ,Js), with
J,= A I,,a +J,. Denote (6, —0*)T ==y, = (Yn1, ** Yns), T T =7 =

(T'n 1, Tn s) Sy T :=38, = (Sn 1,7 §n75). Then,
Ja 'Fn—i-la
f— I — ? .
Yn+l,a = Yn,a < Va . 1> + il
Write
~ n J
a
HZ?“ — H <IVa — —> .
j=k+1 J
Then,

7,0 —Re(Xq Va— ~n,a T\ —Re()\q N\ ve—1
I )| < On= 1) logmye I < € ()™ (log )",

1<k <n If Re(\) < 1, then TIgn7s — Ay, n=Je(II*) " — AZ! for
an invertible matrix A,, and HH" Y| = n~Fe(e) (logn)¥=—1. We have

= Thyaton,
Yn,a =Yo,0lly " + Z TGHZ ¢

n—1 ~

Sk, I —J ~
Sty S s 3 et

If Re(A\y) > p, then

lyn.all =0(1)n~ "G (log )"~ + o(n7?)
n—1 P
o(k™P7%) /n\ “Re(Aa) /y . M\va—1
+k:1 k+1 (k) (logk)

=o(n™"7") a.s.
for some 0 < k < Re(\,) — p. If Re(A\,) = p, then

-1
o(k=rP=9) n N\ vy—1
) "(log )"

1 _
—Th L 5%

=0(1)n""(logn)**~! = o(n"?(logn)"~ 1) a.s. when v, < v.

1yn,all =O(1)n~"(logn)"~" + o(n~"~°) +
k
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Finally, consider the y, , with Re()\,) = p and v, = v. Note that

Yn,a (ﬁgﬂ) - = Y0,a n 1 a

.M.

=N

Observe that

Sn,0 (ﬁg’“)_l = o(n~""%)nP(logn)’*t =0 a.s.,

n

— |3 k+1a kl ) 1

2 k+1 ( 0 <CZ —————=kP(logk)"" " < o0 a.s.
It follows that

~ X 3 —J, L
yn,a(ﬂn’a = Yout Z k:—l—l (H]SHCL) a.s.
k=1
Thus,
©° Y fe—
yn,an']a — &g =: Yo,a + Z k‘ 1 (Hk+1 a) A, a.s.

It follows that

Yna = (§a + 0(1))n_‘]“ = (& + 0(1))71_)‘“ exp{—J,, logn}

g—l—l a) 1.

va—l ~TJ )i j
= 3 (60 + o1)n el o)
j=0 I
_ v 1 (logn Va—l _ b
:§a7ua_1n )\a(_l) @ 1%(07 707 1) +O(n p(logn) 1)
. —r(1 Vag—1
—¢, ,,a_m_llm(ka)(—1)"“_1%(0, c+,0,1) + o(n"(log n)*~1),
’ (v — 1!
because (J,,)"s = 0. Denote &, = §a7,,a_1(—1)”“_1(ua myr- Then,
n’ —ilm ogn
Wyn — Z (& Im(Xa)log gaea — 0 a.s.,
8 a:Re(Aa)=p,va=v
P .
(longl)lf—l (on B 0*) o Z e_ljm()\a)lognfae“T_l —0 as.

a:Re(Aa)=p,va=V

The proof is complete.
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3. Gaussian process approximation. Write H = Dh(6*). Suppose
that B(t) is a d-dimensional standard Brownian motion that is independent
of I'. Let G be a solution of the following differential equation

G(t)
ot

dB(t)

(3.26) dG(t) = Hdt + TI‘W, G(1) = G..

It can be verified that

tdB(z)TV/? ja\H -
Git)= | ———F—— (= Gt~ .
(t) /1 " (t) +Git™H >0

When G = 0, for a given I', G(t) is a Gaussian process with the variance-
covariance matrix

logt
(21)  Var{G() = 1 / ® (e (RO T /2y o~ (DO T /2)u gy
0

It is obvious that for a given I', the limit variabilities in (2.14) and (2.8) are,
respectively,

. . t
tli)g tVar{G(t)} and tli)g longtVar{G(t)}
The next theorem shows that 8,, — 8* can be approximated by the Gaussian
process G(t) under certain conditions. From the Gaussian approximation,
we can obtain the law of the iterated logarithm for 6,, —8* and the functional
central limit theorem for the process 6, — 6*.

THEOREM 3.1. Suppose that Assumption 2.2 is satisfied, 68, — 0* a.s.
and
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for some 0 < €y < 1, where I' is a symmetric positive semidefinite matriz
that is F,-measurable for some m. Then, (possibly in an enlarged proba-
bility space with the process {(6,, M,,,r,);n > 1} being redefined without
changing its distribution) there is a d— dimensional standard Brownian mo-
tions B(t) that is independent of T', such that

(3.31) 0, —0* = G(n) +o(n™*") a.s. for some T > 0,
when p > 1/2, and

(3.32) 0,—0"=G(n)+ O(n_l/2 log" 'n) a.s.
when p = 1/2, where G(t) is the solution of equation (3.26).

REMARK 3.1. The proof of Gaussian approrimation is based on the
strong approximation theorems for multivariate martingales. The condition
that T is Z,,-measurable for some m is given by Eberlein (1986), Monrad
and Philipp (1991) and Zhang (2004) to establish the strong approzimation
theorems for multivariate martingales. For general random T, the strong
approximation is unknown. In practice, I' is usually assumed to be deter-
ministic.

PROOF. Note conditions (3.29) and (3.30). By Theorem 1.3 of Zhang
(2004), possibly in an enlarged probability space with the process {(6,,, M,,,,);n >
1} redefined without changing its distribution, there is d—dimensional stan-
dard Brownian motions B(t) independent of I", such that

(3.33) M, = B(n)T'/? + o(n'/* ") a.s. for some 7 > 0.

Let G(t) be the solution of equation (3.26). By some elementary calculation
we can write

n+1 n+1
Gn+1)—G(n)=— / ?d‘fﬂ + / %@)I‘lﬂ
_G) N [B(n +1) — B(n)[TY/? + 6,4
n+1 n+1

with

[e.e]
(3.34) Z d,, being convergent a.s.

m=1
According to (1.1), we have

H >+AMn+1 + [(en - 0*)H — h(en)] + Tpt1
+1 n+1 '

0, 1—0" = (on—a*)(Id—n
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It follows that the sequence {0,, — 8* — G(n)} satisfies

01— 0" —G(n+1)=(0, 0" — G(n))(Id - niIl) + ;’:jll
with
Tt = Tntt — Onp1 + [(On — 0°)H — h(0,)] + A(M, 1 — B(n + 1)I'/?).
According to (2.23),
(3.35) (0, — 0*)H — h(6,) = o(||0, — 6*[|'7) = o(n~/2~/*) a.s.

From (3.28), (3.33), (3.34) and (3.35), it follows that

Z r n'/?77) a.s. for some T > 0.

Recall that T0%, = 37 ) (I — 2) and ||| < Co(%) "log”™" £ by
Proposition B.1(i). Following the lines in (2.17) and (2.18), we conclude that

n—1

* *\TTN n n I,-H "
0n—9 — G( ) (00 — 0 ) 0 + H + Z S mnm+l
1/2— 7' 0 1/2 'r n
—O(1)n""Plog? ! ( Py v—1
O(1)n"*log" "n+ + Z mim T 1 ) og" ' n
=0 (n_(1/2+T)Ap log” 1 n) a.s.
The proof is complete. O

4. Urn models. Urn models have long been considered powerful math-
ematical instruments in many areas, including the physical sciences, bio-
logical sciences, social sciences and engineering (Johnson and Kotz, 1977;
Kotz and Balakrishnan, 1997). The Pélya urn (also known as the Pdlya-
Eggenberger urn) model was originally proposed to model the problem of
contagious diseases (Eggenberger and Pdlya, 1923). Since then, there have
been numerous generalizations and extensions. Among them, the GFU (also
known as the generalized Pdlya urn or GPU in the literature) is the most
popular (see Athreya and Karlin, 1968; Athreya and Ney, 1972; Janson,
2004; etc.). In clinical trial studies, response-adaptive designs for random-
izing treatments to patients aim at detecting ”on-line” which treatment
should be assigned to more patients while retaining enough randomness to
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preserve the basis of treatments. A large family of adaptive designs is based
on the GFU (Wei and Durham, 1978; Wei, 1979; Smythe, 1996; Bai and
Hu, 1999, 2005; Hu and Zhang, 2004; Hu and Rosenberger, 2006; Zhang,
Hu and Cheung, 2006; Zhang et al., 2011; etc.). In this model, the adaptive
approach relies on the cumulative information provided by the responses to
previous patients’ treatments to adjust treatment allocation to the new pa-
tients. The idea of this modeling is that the urn contains balls of d different
types representative of the treatments. At the beginning, the urn contains
Yo = (Yo1, -, Yoq) € R\{0} balls, where Yy, denotes the number of balls
of type k, k = 1,--- ,d. At stage m ( m = 1,2,---), a ball is drawn from
the urn with instant replacement. If the ball is of type k, then the m-th
patient is allocated to treatment k, and additional Dy, ;(m) balls of type g,
q =1,---,d, are added to the urn, where Dy ,(m) may be a function of
another random variable £(m) and also may be a function of urn compo-
sitions and the results of draws from previous stages. The random vector
&(m) is usually the response of the m-th patient. This procedure is repeated
throughout n stages. After n draws and generations, the urn composition is
denoted by the row vector Y,, = (Y,,1,- -+ ,Y,.4), where Y,  is the number
of balls of type k in the urn after the nth draw. This relation can be written
as the following recursive formula:

(41) Yn = Yn—l + XTLDTM

where D,, = (Dk,fl(n))iq:l and X, is the result of the nth draw, distributed
according to the urn composition at the previous stage, i.e., if the nth draw
is a type k ball, then the kth component of X, is 1 and other components
are (0. The matrices D,s are named as the adding rules. The conditional

expectations H,, = (E[Dk7q(n)|§n_1])d 1» for given the history sigma field

k,q=
Fn_1 generated by the urn compositions Y7, --- , Y, _1, the results of draws
X, , X1 and £(1),--- ,€(n—1) of all previous stages, n = 1,2,---, are
named as the generating matrices. When D,,, n =1,2,--- , are independent

and identically distributed, the GFU model is usually said to be homoge-
neous. In such a case, H,, = H are identical and nonrandom and the adding
rule D,, is merely a function of the &(n). In the general heterogeneous cases,
both D,, and H, depend on the entire history of all of the stages.

Write N,, = (Np 1, , Npd), where Ny, is the number of times that a
type k ball is drawn in the first n stages. Also, in an adaptive design based on
this urn model, N, ; is the number of patients being assigned to treatment
k after n assignments. Obviously,

(4.2) N, = ZX"C'
k=1
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Athreya and Karlin (1967, 1968) first considered the asymptotic properties
of the homogeneous GFU model and conjectured that IN,, is asymptotically
normal. Janson (2004) established the functional CLTs of Y;, and NN,, for a
homogenous case in which the numbers of each type of balls were assumed
to be integers. Bai and Hu (2005) established the asymptotic normality for
the non-homogeneous GFU model under the following conditions:

(4.3) H,— H as., H= (Hk,j)dxdy Hk,j >0,

sup E [||Dn||2+€|§5n_1] < 400 a.s. for some € > 0,
n>1
(45) Cov[{Dq,k(n)7Dq,l(n)Hgn—l] — V;Zkl a.s., q, kvl = 17 e d7

> ”Hm B HHOO
(4.6) Z — < ¥ a.s.,
m=1 \/m

(4.7)  nE|H, —EH,|? = 0 a.s.,
(4.8) H,1'= 01" with 1 =(1,---,1) for some o > 0,

and Agee < /2, where Ag. is the second largest real part of the eigenvalues
of H. Higueras et al. (2006) also considered the asymptotic normality of the
urn compositions Y,, under the condition that

(4.9) nE||H, — H||* = 0,

which is weaker than Bai and Hu’s conditions (4.6) and (4.7). However,
Higueras et al. (2006) only considered the case A\sec < /2 and assumed an
extra assumption; namely, that D, 1’ = a1’, which is stricter than (4.8).

Laruelle and Pages (2013) derived the joint asymptotic distribution of the
vector (Y, N,,) and weakened conditions (4.6) and (4.7) to (4.9). Moreover,
the results only held when As.. < /2. In the study of adaptive designs
driven by urn models, A;ec < /2 is a very stringent condition even when
d = 3 (cf. Chapter 4 of Hu and Rosenberger (2006)). The limit properties
for Asec > /2 and for the case that (4.8) is not satisfied are stated as open
problems in Hu and Rosenberger (2006, p. 158). In this section, we derive
the joint asymptotic distribution of (Y;,, N,,) by applying our new results
on the SA algorithm (1.1). We consider both the cases of Agee < a/2 and
Asec > /2. We also remove condition (4.8) and weaken condition (4.4) to
the conditional Lindeberg condition.

Before we state the results, we first need some more notations and as-
sumptions. To include various cases, we allow the numbers of balls to be
non-integers and negative. For example, Dy ;(n) < 0 means that |Dy;(n)|
balls of type [ are removed from the urn when a ball of type of k is drawn.
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We assume that a type of ball with a negative number will never be selected
and so,
+

_ Yn—l,k

‘Yn—i_—l‘
Here, Y, = max{Y}, s, 0} is the positive part of Y,, , Y,,;t = (Ynfl, Y,
Y, | = ZZ:1 Yt and 8 is defined as é, which means that each type of ball
is selected with equal probability when the urn has no balls with a positive
number. In this general framework, the urn allows negative and/or non-
integer numbers of balls, removal and non-homogeneous updating. In con-
sidering the asymptotic properties, we need two assumptions on the adding
rules.

P(Xne = 17n-1)

ASSUMPTION 4.1. Suppose that there is a deterministic matric H =
(Hq,k)g,k with Hyj, > 0 for q # k such that

(4.10) Z |Hy, — H|| = o(n) a.s.
m=1

Further, assume that H has a single largest eigenvalue o > 0 and the cor-
responding left eigenvector v = (v1,---,vq) and right eigenvector u' =
(1, ,uq)" such that Y, vg = Y pvpur = 1 and vy > O0,up > 0, k =
1,---,d.

Without loss of generality, we assume that o = 1 throughout this paper.
Otherwise, we may consider Y, /o, Dy, /o instead.

Assumption 4.1 means that the updating is asymptotically stable and
that on average, a draw will not generate the removal of the undrawn balls
to avoid urn extinction, although balls of any type can be dropped from the
urn at each specific stage.

When H satisfies the conditions in Assumption 4.1, we let Ao, --- , Ag be
the other eigenvalues of H and suppose that H has the following Jordan
canonical form decomposition

(411) dzag (17J27"' 7JS)

with J; = A\ I, + J,,, where v; is the order of the Jordan block J;. Denote
by Asec = max{Re(A2), -, Re(As)} and v = max{v; : Re(\t) = Agec}-
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ASSUMPTION 4.2.  Let Vy(n) =: Cov[{Dgi(n), Dg(n)}-Fn-1], ¢, k,1 =
1,---d, and denote by V,, = (qul(n))il:l. Suppose that
(4.12)

n

1
= E[|Dn|*I{| D = ev/n}| Fm-1] =0 a.s. orin Ly, Ve> 0,
n

m=1
1 n
(4'13) - Z qu — V(’l a.s. or Zn Ll fOT’ all q = 17 P 7d7
n
m=1
where Vg = (un)% =1, ¢ =1,---,d, are d x d symmetric positive semidefi-

nite random matrices.

4.1. Convergence Results. An important step in showing the a.s. conver-
gence of Y,,/n and N,,/n in Bai and Hu (1999, 2005) and Laruelle and Pages

d
(2013) is the convergence of %, which is derived from the observation
that

d
{Z(AYan — E[AYka%l_l]);n > 1}
k=1

is a martingale difference sequence where AY, , =Y, — Y, 1 and

d v+
Z E[AYn k‘f}\n—l] - E[XnDn]-t’yn—l] = n+—1 Hnlt = Q.
k=1 7 ’Yn—1’

The last equality above is due to condition (4.8). When (4.8) is not satisfied,

there is not an easy way to directly show the convergence of % Next,
we modify the ODE method proposed by Laruelle and Pages (2013) to prove
the convergence of Y,, /n and N,, /n. The following theorem is the main result
followed by its proof. Some of the basic tools in the ODE method that we
used in the proof are presented in the Appendix.

THEOREM 4.1. Suppose that
(414) Z qu - O(n) a.s. orin Ll fO’[” all q= 17 .o 7d7
m=1

and Assumption 4.1 is satisfied with Asee < 1. Then,

Y, Ny,
(4.15) — = wvas. and — — .
n n
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REMARK 4.1. 1t is easily seen that (4.14) is implied by either sup,,, E[||Dm‘|2|fm_1] <
o0 a.s. or sup,, E[|D,,||* < cc.

Proor. To prove this theorem, we note that Y,41 = Y, + X, 11 Dn41
and E[Xp1|Fn] = 32 w1 = Xn — E[X,|Z,_1] and AM,, 5 =
X, (D,, — E[D,|%,-1]). We have

(4.16)
Y.
Yn+1 :Yn + ——H + AMTL—l—LlH + A-2\47L—4-1,2 + Xn+1(Hn+1 - H)

Yo"

Under assumption (4.10), we have > " | X,,(H,, — H) = o(n) a.s. It can
be verified that M, 1 H + M, 2 = o(n) a.s. by assumption (4.14). Thus,

Y, Y0+Z mH+ M, \H + M,5) +ZX (H,, — H)

Yo | -
n—1
Y+
= Z ~—H +o(n) a.s
m=0 |Ym

It follows that

|Zq 1 mq q,k|
Yo |

11msup| o < limsup — Z

<max |H, x| a.s.
n—00 n n—oo N q,k

m=0
and

o Y t Y—I— t
it Y~ e S T

>m1nuk>0 a.s.

Let ©* be the set of limiting values of YTJ as n — 0o. Then,
(4.17)

0> C {0:(91,--- ,Gd):0ut>0,0§9k§m%X|Hq,l|,k‘:1,--- ,d}.
q7

Next, we show that

(4.18) Y," Y, =o0(n)as.

n

Note that |Y,| > cY,fu' > cY,u' — oo a.s. as n — oco. Without loss of
generality, we assume that |Y,;7| > 0 for all n. Then, X1, = 0if Yy, < O0.
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For n and k, let [,, = max{l < n:Y;; > 0} be the largest integer for which
Y; . > 0. Then,

n d
Yn,k :}/En,k + Z ZXm,qu,k(m)

m=Ilp+1 qg=1
n d
=Y,k + Z Z Xim,q[Dgr(m) — Hy .(m)]
m=Ilp+1 qg=1
n d n d
+ Z ZXm,q[Hq,k(m) - Hq,k] + Z Zvaqu,k
m=l,+1 qg=1 m=Ilp+1 qg=1

n d
=Y,k + Z Z XomgHgr +o0(n) > X, 41 6Hp i+ o(n) a.s.
m=l,+1q¢=1

because Hy > 0 if ¢ # k and X, = 0 for m =1, +2,--- ,n. It follows
that liminf,,_ o Y';L'k > 0 a.s., and then (4.18) follows.

. +
Now, write 8,, = Y;j

rn =(AM, 1 H + AM,,5) + X,(H, — H) + (AY," — AY,),

and

n n
Sn=> Tm= (M H+M2)+ > Xn(H,—H)+ (Y, -Y,)
m=1

m=1

— My H — My — (Y;" — Yp).

Then, from (4.16) and (4.18) we conclude that 6,, is bounded with a prob-
ability of one and satisfies the SA algorithm (1.1) with

H n
hw)ze@g—wa wd%;%chw

where 0] = ZZZI |0k|. Tt is obvious that k(@) is a continuous function on
{6 : 6u' > 0}.

By Theorem A.1 (a) and Remark A.1, the set ©> of the limiting values
of 0, is a.s. a compact connected set, stable by the flow of the ordinary
differential equation (ODE):

6 = —h(0).

It is obvious that h(v) = 0. By Theorem A.2, © =: {0 : Ou' > 0} is a region
of attraction of the above ODE for v. Moreover, © is a neighborhood of v.
Further, ©> C © by (4.17). By Theorem A.1 (b), we conclude that

Y, "

— =60, > v a.s.
n
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Accordingly, Y, /n — v as., |V, |/n — |v] =1 as.

Finally,
ar Yn+—1
N, =N, 1 + (X, — E[X,|Z#n1]) + Y
n—1
n—1 Y+
a1 S YRR YARS SE.
m=0 ‘ m ’
It follows that
N, M 1 Y
lim —% = lim —"! ¢ lim —Z”j_i/m:v a.s.
n—soo M n—oco N n—o0 n, Yo |/m
m=0
The proof is complete. O

4.2. Limiting Distribution. We apply Theorems 2.1-2.3 to show the rates
of convergence. First, we show that the random vector (%, %) satisfies
equation (1.1). By (4.16) and (4.19) we have

Y H
Yo=Y+ 77— +AMpy11H + AMp 10+ X1 (Hpy1 — H)
n Y, /n|
and
Y I,
N, =N, + AM, =
n+1 nt n+1,1 + n ]Y,;r/n\
Y, n ¢
n

Write 6, = (0,02 = (Y_J Nuy g+ = (v, v),

n’mn

AM, = (AMn+1,1H + AMn+L2vAMn+171)

and
Thgl = <Xn+1(Hn+1 —H)+A(Y, | - Yn+1)70>-

Then, 6,, satisfies SA algorithm (1.1):

h(0,) AM, 1+ 7,4
n-+1 n-+1

H I
ho)—o (% BT T
0 1,

I

with




24 L-X. ZHANG

For 7,11, by noting that Y, , is positive eventually and thus Y, , = Ynfq
eventually due to Theorem 4.1 and the fact that v, > 0, we have

(4.22) YY" -Y,=0() as.

It follows that

(4.23) S vl = 0Q) 3 | Hy — H| +0(1) as.
m=1

m=1

o

1 y Yr Y, 7 — d Y, 5
For AM,,, write 3, = dzag(#) —nen Mo = Zq:l V1,4 We
have

H'S,H+%,, H'S,
E(AM, 1) 'AM, 1|, = < 1 2 71> '

z:n,lI_I z:n,l

Then, under Assumptions 4.1 and 4.2,
1 n
— > E[(AM,)'AM,,|F 1] = T a.s.orin Ly,
n
m=1

where

d
- Ht21H+22 thl . t .
= < S H SE ¥, = diag(v) —v'v, 39 = ;quq.

Finally, for h(8), it is easily seen that h(0) is twice differentiable at 8* with

Dh(6%) = <Id — (I‘.é — 1‘31)) —(IdI—d 1tv)> .

Obviously, the system of the eigenvalues of both Dh(6*) and I;— (H —1'v)
is{1,1=MAg,--- ,1=X¢}. Thus, p = min{Re(1), Re(1—Xg),--- ,Re(1—X¢)} =
1 — Asee. Further, it can be shown that if A\, # 0, then the largest order of
Jordan blocks of both Dh(0*) and I, — (H — 1'v) with respect to their
eigenvalue 1 — )\, is the same as the largest order of Jordan blocks of H
with respect to its eigenvalue \,. Hence, by applying Theorems 2.3 and 2.1
we have the following central limit theorems for (Y, INy,,).

THEOREM 4.2. Suppose that Assumptions 4.1 and 4.2 are satisfied.
(1) Further, assume that Asee < 1/2 and

n
(4.24) > |[Hp — H| = o(v/n) as. orin L.
m=1
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Then v N
NG (7" —v, - v) B N(0,%) (stably),
where o
> = / (e‘Q“)tI‘e_Q“du
0
and

Q_ H—lt’U—Id/Q Id—lt'v
- 0 —1;/2 )

(ii) Assume that Agee = 1/2 and

~ ||H,, — H]| .
(4.25) Z ———— =o(y/logn) a.s. orin L.
m=1 \/m

Then /i v N
n n n D -~
— | — —v,— — N(0,%) (stabl
s (v S =) B V0. (stany),
where
_ 1 logn
Y = lim 7/ (e_Q“)tI‘e_Q“du.
n—oo (logn)?=1 Jo
REMARK 4.2. It can be verified that (4.6), which is the condition of Bai
and Hu (2005), implies (4.24) and (4.25). (4.24) is also weaker than (4.9),
which is condition (2.11) in Laruelle and Pagés (2013). Further, it can be
verified that either (4.24) or (4.25) implies

n
Z |H,, — H| = o(n'=%) a.s. for some ¢y > 0

m=1

(cf. the proof of (2.19)). Thus, condition (4.10) can be removed from the
theorems.

THEOREM 4.3. Suppose that Assumptions 4.1 and (4.14) are satisfied.
Further, assume that Agee > 1/2 and that

n
(4.26) Z |H,, — H|| = o(n**7%) a.s. for some §y > 0.
m=1
Then, there are random complex variables &s, - - -, & and non-zero linearly
independent left eigenvectors ls, - -+, ls of H with l,H = A\,l, such that
1—Asec
n-" e Np iIm(\)1 /
(427) W 7—’1))— Z 61 m(A) Ogngala(I—l ’U) — 0 a.s.

a:Re(Aa)=Asec,Va=V



26 L-X. ZHANG

and

1_>\sec 1_>\sec
i Yn—v)—(n (&—U)H%Oa.s.

4.28 S
(428) logn)»=1% n

(logn)»~1% n

PrROOF. We apply Theorem 2.2 to prove this theorem. Assume that T is
a matrix such that

T_l[Id - (H - 1tv)]T - diag(L (1 - )‘Q)II/2 +7V27 T (1 - )\S)Il/s +7I/5)'

By (4.21), we have

+
Y Yy () L AMyp  H o+ AMyg5 + ri)

n+l n n+1 n—+1

where hi(80)) = I, — W—I{)\ is twice-differentiable with Dhi(v) = I —

(H — 1'v). Condition (2.10) is satisfied by assumption (4.14), and (2.11) is
satisfied by (4.23) and assumption (4.26). Thus, by Theorem 2.2, there are
complex random variables &9, - -+, & such that

1-A +
n sec Yn -

iIm(Xa)1 -1
(logn)*~1\ n v) - Z elfmallogne o 71— 0 a.s.

a:Re(Aa)=Asec,Va=V

From (4.20) and the above convergence, we have

N, — nv
n—1 n—1
Y, m Y.
=M, +m§::1 (W —'v)(Y—WJLr — 1)(Id —1'v) +m§::1 (W —'v)(Id — 1)
n—1
1 v—1
=0(y/nloglogn) + Z (0(1)%)2
m=1
= (logm)v—1 -
P e 2 [P e T o) (T~ ')
m=1 a:Re(Aa)=MAsec,Va=V
=n*eee(logn)” ! [0(1) + > mOaloeny\ e e, TN (I — 1t’0)} a.s.

a:Re(Aa)=Asec,Va=V

Write I, = A\, le,T'(I — u'v) if \, # 0 and I, = e, T~ (I — u'v) if
Ao = 0. Note that e, T~ ' is a left eigenvector of H — 1’v with respect
to the eigenvalue \,. We conclude that I,H = \;'e,T~'(H — u'v) =
MNle,T7HH — 1Uv)(I — u'v) = N\l if \y # 0 and I, H = e, T (H —
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1'v)(I — u'v) = 0 if A\, = 0. Further, I,(I — 1'v) = \;'¢,e, T~ (I — 1'v)
and 1,(I —1v)H = \'e,T7{(H — 1'v) = e, T~! when \, # 0. (4.27)
is proved, and (4.28) is also proved by noting (4.22). Finally, the linear
independence of ls,---, s is due to the linear independence of the system
{v(=eT™1),exT71, - e, T} O

REMARK 4.3.  When Asee > 1/2, Bai and Hu (2005) showed that Y, —
nv = O(n)‘sec log¥~* n) wn probability. Now, by Theorem 4.3, Y, — nv =
O(n)‘“c log¥ ! n) a.s. and N, —nv = O(n)‘sec log¥~! n) a.s. Further, if
all eigenvalues with Re(A\) = Asee and vy = v are real, then both (Y, —
nw)/(n*se log" 1 n) and (N, — nv)/(n*log" "' n) a.s. converge toward a
finite random vector.

APPENDIX A: ODE METHODS FOR THE RECURSIVE ALGORITHM

THEOREM A.1. (Kushner-Clark) Consider the following recursive pro-
cedure

0n+1 =0, — 'Vn—l—lh(on) + Yn+1Tn+1, (RP)

where h is a continuous function and {v,} is a positive sequence that tends
toward zero, such that > o2 | v, diverges.
(a) We suppose that sequence {0,,} is bounded, and for all T > 0,

J
Z Ve+1Tk+1

k=n

(A1) Jim > =0,

ji<m(n,T)

where m(n,T) = inf{k : k > n,yp41+ - +v41 > T}. Then, set O of the
limiting values of 0, is a compact connected set, made stable by the flow of
the ordinary differential equation:

ODE), =6 = —h(0). (ODE1)

(b) Further, let © be a region of attraction for 6*, where 0 is a zero of
h, i.e., the following properties are satisfied:
(i) For any solution of (ODE1), if 8(0) € ©, then 0(s) € O for all s > 0;
(ii) if @ is a solution of (ODE1) for which 6(0) € ©, then
0(s) — 0" as s — +oc;

(iii) given € > 0, there exists § > 0 such that 8(0) € © and ||@(0) — 0*|| < ¢
imply [|0(s) — 0*|| < € for all s > 0.
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Suppose that © is a neighborhood of 8*. We assume the framework of part
(a). If the sequence {0, } returns infinitely often to a compact subset of O,
then it tends toward 6*.

This is called the Kushner-Clark theorem and can be found in the book
by Duflo (1997, p. 318). A similar theorem is obtained by Ljung (1977).
Variants and improvements have been proposed in classical textbooks by
scholars such as Duflo (1996, 1997), Kushner and Clark (1978) and Kushner
and Yin (2003), and in some papers (see e.g., Fort and Page, 1996).

REMARK A.1. If~, = % and %Ezzl rr — 0, then (A.1) is satisfied.
In fact, let s, =Y ) _, ri. Then, for j < m(n,T), we have fo:nﬂ % <T
and

J

Thil _ 3k1+sj+1_3n
k:nk—i-l k:n+1k+1k j+1 n+1
It follows that

Lo Jsmll "o 1 sl

max MY < sup —— Z — +2sup —

j<m(n,T) k=n kE+1 m>n M k=n+1 k m>n
<(T'+2) supM — 0 a.s. asn — oo.
m>n

THEOREM A.2. Let H be a matrixz satisfying Assumption 4.1. Suppose
that u® > 0 and v > 0 are, respectively, the right and left eigenvectors of H
with respect to the largest eigenvalue 1 with v1® =1 and vu® = 1. Consider
the ordinary differential equation

6 = —0<Id - %) 0(0) = 6o, (ODE?2)

where |6| = Zzzl |0k|. Then, © = {0 : Ou' > 0} is a region of attraction
for v.

PrOOF. We need to verify (i)-(ili) in Theorem A.1(b). Suppose that
0(0) = 6y € ©. By (ODE2), we have

. 1
t_ _pgat(1_
(A.2) Ou’ = —0u (1 W),and
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. . . H
(A.3) 0L, —u'v) = —0(I; —u v)(Id _ @),

where H = H — u'v. Note that the eigenvalues of H are 0,2, -, A¢. Let

1
f(s) = / ———du.
o [0(u)]
Then, from (A.2) and (A.3), it follows that for all s >0

(A.4) 0(s)u’ = Ggu' exp{—(s — f(s))}, and

(A.5) O(s)(Ig—u'v) = Bo(Is—u'v) exp{—(s— f(s))} exp{—f(s)(Ls— H)}.

Note that |6y + 6| < max; ;|H, ;| by (ODE2). Tt follows that |64(s)| <
max; j |H; j| + |0 |, which means that 6(s) is bounded. Hence,

0<f(s)—>f(+oo):/oooﬁdu:+oo as s — 4oo.

Note that 6(s)u' is bounded and Gyu® > 0. By (A.4), it follows that 0 <
f(s) < oo for all s > 0. Hence, 8(s)u® > 0 for all s > 0 by (A.4) again.
Thus, (i) is proved.

By (A.4) and (A.5),

— 00
0(s)ut v) = (0011,t

(A.6) ( —'u)exp{—f(s)(Id—ﬁ)}—)O as s — 00,

because all eigenvalues —1, Ay — 1,--- , Ay — 1 of —(I; — H) have negative
real parts. Note that v > 0 and @(s)u' > 0. By (A.6), 6(s) > 0 and so
10(s)| = Zgzl 0s(s) for an s that is large enough. Hence, from (A.6), it
follows that e‘g)‘?“t — 1 as s — oo. Write ¢(s) = % — 1. Then, by (A.2),
we have

Ou' = —(Ou' —1) +¢(s) and c(s) >0 as s — +oo.
It follows that
O(s)u' —1 = (Bpu’ — 1)e™5 + 6_8/ c(u)edu — 0 as s — +o0,
0
which, together with (A.6), implies that

0(s) = vu'6(s) +o(l) - v as s — 0.
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Thus, (ii) is proved.
For (iii), we denote the solution of (ODE2) with the initial value 6y € ©
by 6(6o.5). By (A.6),

6(6o, 5) /6 .
6?(T0;~:)fut v_(go,Zt_U>eXP{_f(S)(Id—H)}

=(6y —v)(Id - ZO—Zg) eXp{ — f(s)(Ig — H)}, § < 00.

Because all of the eigenvalues of —(I; — H) have negative real parts, there
exists a constant co > 0 such that ||exp{—z(I; — H)}|| < co for all z > 0.
It follows that

0(0073)
(A?) ilzlgHW_UH SC”OQ—’U” — 0 as 0()-)’0.

Write ¢(6y,s) = %ﬁ(’gi)&t — 1. Then, ¢(6p,s) — 0 uniformly in s > 0 as

0y — v by (A.7). Note that

0(0g,s)u’ —1 = (Bgu' —1)e™* + e_s/ c(6g,u)e" du.
0

It follows that

(A.8) sup |0(0g, s)u’ — 1| < [@pu’ — 1| 4 sup |c(By, 5)|.
520 5>0
Hence,
0(90 S)
—v = tf_ 2\ t_
0(6y,s) —v =0(0y, s)u (9(00,s)ut v) + (0(6p, s)u’ — 1)v

— 0 uniformly in s > 0 as 8y — v
by (A.7) and (A.8). Thus, (iii) is proved. O

APPENDIX B: BASIC RESULTS FOR MATRICES AND
MARTINGALES

ProposITION B.1. Let {H,} be a sequence of real matrices and H =
* - n n H,; rn n
Dh(6*). Write II}, = [[7_,, 1 (Is — TJ) and II5, = [15_,, 11 (Is — %) for
all1 <m <n-—1. Then,

(i) I < Co(Z) Flog" ™t & < Cg(%)_pﬂS for all § > 0;
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(ii) If H, — H as n — oo, then for all § > 0, |[TI7|| < Cs(Z)~ P and

mnr, — I, = 0(1)(2)_”6 asn > m — oo;
m

(i) If X272, lH’ Hi| (log 7)" =1 < oo, then ||| < C (L) "log" ' L, and
" — - -1 )
H”m—l'[”m—o(l)(%) log” - asn > m — oco;
. ~ -H - .
(v) | mae TG = ()7 = 0(1) () o™ i as > m oo,

Here, for a positive number a, a is defined as o™ = eH 1080 = ZJ o 71 L (loga) H.

PROOF. (i) can be found in Hu and Zhang (2004). For (ii), assume ||TI7 || <
05(%)—/)4-5. We show that there is a mg such that

(B.1) [ise H<2c( )

for all ms < m < n. Note that

n—1

T, =TI, + 3 (I — T Iy
k=m
H - Hj 1 ~
(B.2) =11y, + Z I, ———— k1 k1
It follows that
| H — Hp || N\ —pts
m | < —pt+d II | k+1 P
x| < O +Z|| LI ()

We prove (B.1) by the induction. We assume that (B.1) holds for all ms <
n <N —1and ms <m <n. Then, for n = N and msg < m <n,

H — Hy 4| ny—p+s k+1,,-5
m" | < —p+4 9 p+25” k+1 ToN—p P
g, | <Cs( +§: Cs e (1) ()
noos
N\ —p+6 2614p( v\ —p+26 KO||H — Hy11]|
<Cs(—=)"" Cczltr(— E
< 5(m) + 05 (m) . nd(k + 1)
=mg
Note that
—~ K| H — Hyppl 5 -
B. .S. > .
(B.3) E W 1) E /<;+1 —>0 a.s. as n > mg — 00

k=ms k=ms
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We can choose an mg large enough that

K| H — Hy ||
201+ +1
Cs2' 7P E 1) < Cs a.s.

Hence, we have
p+6 ﬁ —p+20 2 —p+20
I <Cs(2) 4 4 0p(2) 70 < a0y ()

for ms < m < n. Thus, (B.1) is proved, and by (B.2) we have

n—1
< Z 205(%)_[)4_25 0(1) C5(L)_p+5

HHm — 1 E+1 k41
—pt2s oK N\ —pt26
< Z PhE1) o(l)(m) a.s.

as n > m — oo. The proof of (ii) is complete.
The proof of (iii) is similar if we note that

H-H IH = Hill ;0 p o
HZH’“ i 0 +1H<ZHH e Ooy) e

>3

and

H - H,
Z I T fHH (logkz)”_1 — 0 asn>m — 0.

For (iv), write (747)% =1, — L where H; = H + 2. From (i), it
follows that

~ n H. _
i, (7 =1 - [ (=) =o()() " loe”!
j=m+1

E

The proof is completed by noting that ~ max || (%)_H — I =0(%).

z€[m—c,m+c]

O
PROPOSITION B.2. Suppose that Assumption 2.3 is satisfied, i.e.,
(B.4)
1 n
— Y E[|AM,|PH{||AM,,|| > ey/n}|Fm-1] =0 a.s. orin Ly, Ye>0
n
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1 n
(B.5) and — Z E[(AMm)tAMm‘fm_l] — T a.s. orin Ly,
n m=1
where T' is a symmetric positive semidefinite random matriz.
Write H = Dh(6*), TI%, = [T/_,,.1 (Is — &) and T2 =TT}y (1o —
%) and

Cn = z_:l A]Tfmﬁ%

(i) If p > 1/2 and H,, — H a.s., then

AM,,
m

(B.6) vn Z I}, — ¢, — 0 in probability,
m=1
VG, 5 N(0,3) (stably),

where -
> _ / (e - Ta/2yip o= (H-Ta/Dugy,
0

(i) If p=1/2, then

NG

D ~
Tognyr—172%n — N0, ) (stably),

where

logn
> = lim ;_/ ¢ (e_(H_Id/z)u)tI‘e—(H—Id/Q)udu
n—o00 (logn)2V 1 0

satisfies (2.9), i.e.,

*t o 1 1 * t
(B.7) (T ET)U - ((V _ 1)])2 2 — 1talrtbl’

whenever i = vi+-+Vq, j =1+ -+ and Ag = Ap, Re(Ag) = 1/2,
Vg =y =V and (T*tilT)ij = 0 otherwise. Here, x* is the conjugate
vector of a complex vector x and tt, is the first column vector of the
a-th block in T = [--- &, .,  ---]. Further, let 7q,, be the last
row vector of the a-th block in T~ = [--- vl -~ vk, -] Then,
Tay, and t', are respectively the left and right eigenvectors of H with

respect to the eigenvalue Ay, and

S 1 1
2= (v—=1)1NH220v—-1 Z (rttw(;tfll)*r(tltal"“bun)'
' a,b:Xa=Ap,Re(Xa)=1/2,va=vp=v
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ProOOF. Without loss of generality, we assume that (B.4) and (B.5) hold
in L. We have that

n n—1

AM,, M I,— Hy
E I Hn E M,, Nl y
L= m m +m ‘ m(m+1) ™Y
n n—1

AM,, ~ M, ~ I,-H ~

7, =2 M,—— " " .

mZ:l m " on "+mz_:1 "m(m 1) ™

When p > 1/2, we choose ¢ > 0 such that p —§ > 1/2. By Proposition B.1
(ii) it follows that

AM,, _
(I, — TI7) ‘
_H Z Id_H)( mal — NZerl) _(Hm+l_H)HZ%+l]“
a1
1 J—
1M o "
szl m2 Oa-s'(l)( ) g —Oas mEZ: m) g
n—1
—op(1)n=r*o Z m~B/27p10) = o (n1/2),
m=1

Thus, (B.6) is proved.

Now, write ¢y m = AM’”H" cand b, = /nifp > 1/2, b, = v/n/(logn)"~1/?
if p =1/2. Then, {Cmma =1,---,n} is an array of martingale differences.
By Corollary 3.1 of Hall and Heyde (1980, p. 58), it is sufficient to show that

n

(B.8) 02 3" E [Il¢amlPH{ballCuimll = €} Fm-1] 50, and
m=1
(B.9) 02 3" E [(Com) Cnim| Fn1] B B (resp. ).
m=1

We first verify (B.9). Write

Sn=> E[(AM,,) AM,,|Fp_1] —nT.

m=1
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Then,
= t o . T\t r TN
E [(Cn,m) Cn,m‘c/m—l] - Z(Hm) an
m=1 m=1
SRS
m
m=1
n—1
Sn n tSm T n t Sm n
=2 +mz::1 [(Hm) 2 - (IT5,41) (m+ 12 m+1:|
n—1
Sn - t 1 1 1
= n S (— 11
n2 +m:1 |:( m+1) (m2 (m_|_1) ) m+1:|
“ " tSm i~ = tSmN"
(B.10) + Z(Hm) ) [H m+1] + { - m—i—l} 2 meL
m=1 m=1

Note by Proposition B.1(i) that ||TI” || < C(Z) " (logn/m)’~t and |TI7, —
oy | = Hm+1 :Ln—i-lH < CL(2)"(logn/m)"~1. Each of the terms in
(B.10) does not exceed

IS I

IS ||1 ny

n o,
p(loga)% K

m=1
n—1 ;41 —Ht T /n —-H

=20 G) w6)
Z::l m y y* \y Y
n—1

23 (1) ()72 (10g )Y

[ (2) " E () e

Hiupe=Hugu gy 4+ o(1) = 2 + o(1) (resp.f] +0(1)).
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Thus, (B.9) is proved.
To verify (B.8), we first note that (B.4) is equivalent to
(B.11)

1
= > E[|IAM,[PT{|AM,,|| > e/m}|Fm-1] = 0 a.s. orin Ly Ve > 0.
n

In contrast,

bl < €2 UMl (217200 1o Tyt IRl

Vi vm o m N

Let Sp = Y"1 E [JAM, |PI{|AM,,|| > ey/m/C}|Zm_1] and

dm = \/—%(%)1/2_p(10g %)(V_l). It follows that

b2 3 E [1CnmlPballGnmll > €} Fmi]
m=1

< 37 E | AMAPHIAM, | > e/ Fn 1]
m=1
) Sal | 5
_chn <—+Zs (&2, m+1)) ( Z )
:(Jf (0(1) + Z 0(1)d2m) = o(1).
m=1

Thus, (B.8) is verified.
Finally, we verify (B.7) in the case of p = 1/2. Note that

T~ (H-Li/2)urp _ ~(J—14/2)u

:diag(e(l/2—)\1)ue—71u7 o 6(1/2—A5)ue_75u) 7

~ logn
T*tET = lim ﬁ/ [6_(J_Id/2)u] *tT*tI‘T [6_(J_Id/2)u] du
ogn

n—oo
and
Va—1 (_u)’/a_l .
T = 3w — ot G @)
vg—1
Vg— —u)
=0(1)u 2Jr((y)fl)!(l,o,--- ,0)'(0,-++,0,1)

Vaq Vaq
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as u — +oo. Hence,

uu—l
e (J=I3/2)u _ O(l)uu 2 + (_1)1/ 1 Z 6(1/2 Aa)u (V — 1)!1.-;6(1
a:Re(Ag)=p,va=v
as u — 400, where e, = (0,---,0,0,---,0,1,0,--- ,0) is the vector such
that the v,-th element of its block a is 1 and other elements are zero, and
fa=1(0,---,0,1,0,---,0,0,---,0) is the vector such that the first element
of its block a is 1 and other elements are zero. It is easily seen that

logn logn
[ ey ey = [ g,
0 0

0(1), if Re(Aa) + Re(\y) >
= { O((logn)’*h), if Re(\y) = Re(\y) = 1/2 Ao 7# b,
Qoeml T if Re(Ag) = Re(N) = 1/2, 0 = b

It follows that

/logn [e—(J—Id/Q)“] *tT*tIxT [e—(J—Id/Q)u] du
0

oo n 2v—1 . . .
:((V _11)!)2 (1 2gu z - Z(fﬁea)tT* T (fyep) + O((log n)? 2)
1 (log n)2~1 _— . -
(=12 2w—1 Y (FiT"'TTf})(efes) + O((logn)* %)
1 (logn)?—1 -
:((1/—1) 2w —1 Zt 1Tty (ehey) + O((logn) ),

where the summation is taken over all a,b with Re(\,) = 1/2, A, = Ay and
Vg = 1 = v. So (B.7) is verified. The proof of (ii) is now complete. O

APPENDIX C: SOME EXAMPLES

In this section, we give several examples for the cases p = 1/2 and p < 1/2.
The first example tells us that the elements of 8,, may have different conver-
gence rates if Ay is a multiple eigenvalue and the order of a corresponding
Jordan block of Dh(0*) exceeds one. The second shows that when Ay, is a
complex eigenvalue it is possible that there is no a,, for which a,, (8, —6*) has
no zero limit. The third and the last show that the condition (2.2) cannot
be weakened to (2.1) in Theorems 2.1 and 2.2, and the convergence rates in
conditions (2.5) or (2.6) cannot be weakened in Theorem 2.1.
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ExampPLE C.1. Let 6p1 = 6p2 =0 and

€n+1
n+1’

(_en,l + )\911,2)7

0 =01 — ——0
n+1,1 n,1 nt1 n1t

1

9n+1,2 :en,2 - m

where €, are i.i.d. standard normal random wvariables, 0 < X\ < 1. That is

1

A =1 1
(Ont1,1,0n41.2) = (On1,0n2) — n—H(en,l,an) <0 3 ) + n—H(€n+170)-

A -1
h(0) =6 <0 \ ) :
r, =0, AM, = (€,,0) and p = \.
However, if X =1/2, then (6,1,6,2) — (0,0) a.s.,

It is obvious that

(C.1) " 0,. B3 N0,1) and

g0 B N0, 1):
logn

(logn) ™
and if 0 < A < 1/2, then there is a normal random variable & Z 0 such that
A

(C.2) nMpq1 — € a.s. and n—Hng — £ a.s.
' logn ™

PRrROOF. Let

A
m = ] (1——.), 1<k<n—1, II" =

j=k+1

Then .

A € €

On1 = (1 - —> On11+— == HZ%
n
k=1
and
n n k—1 n—1 n
9]@_171 1 kej 6]' 1
k=1 k=1 j=1 7=1 k=j+1

are normal random variables with mean zeros. Note that
"1 n I
— =log—+o(l), II"~ (= as n > j — 0o
=j
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and

1

- = log? +O0(1), I} ~ (%)A for all n > j.

x>

k=
Suppose A = 1/2. Then

N1y 1= 1  logn
Vm"(en,l):Zﬁ( ) N2 T
k=1 k=1
n—1 1 n 1 n
Var(fns) => (007 > mf ~ =Y Z(log -)?
=1 k=j+1 j=1
1 /™1 n (logn)
~= | =(log—)%d
n /1 a:( ©8 x) 3n
(C.1) is proved. Further, it is easily seen that
S P(has] 2 ) < Var(0,) exp{- gty <

since ank is a normal random varlable with mean zero. So 6, — 0 a.s. by
the Borel-Cantelli lemma, k = 1, 2.
Now, suppose 0 < A < 1/2. Then

[e.9]
Z(Hé)_l% is a.s. convergent
k=1
because - -
_1€k 1
> Var{(11f) 15} <0y 3oy < 0.
k=1 k=1
Similarly,
00 j—ll
Z 7]2 Z is a.s. convergent.
k=1 k=1
It follows that
n)—1 _ - k\—1€k - ky—1 €k
(I5)  On1 = (I15) ?%Z(Ho) 7 4
k=1 k=1
and
1 1 i g 1 1 e 1< 1
n—e =1 k—\ NS AN _]HJ_
logn( 0) ™2 logn 32::1 j( 0) lognz_:1 j( 0) ;k‘—)\
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Note that n*II§ — o and S50 (IT§) ~* % is a normal random variable. (C.2)
is proved. O

The next gives an example that there is no a,, for which a, (68, — 6*) has
no zero limit when p < 1/2 and Ap;, is a complex number.

ExampLE C.2. Write 6,, = (0,,1,012), €, = (€n1,€n2). Suppose that
00 - (07 0);

A 1 -1 1
0,11=0,— n—+19" <1 1 ) + n—+16"+1’

where €1, €n2,n > 1 are i.i.d. standard normal random variables, X > 0.
It is easily seen that r, = 0, AM,, = €,,

h(6) = 6 G _11> , Dh(0) =\ G _11> :

The eigenvalues of Dh(0) are A(1£1), and p = X\. However, when A\ < 1/2,
0, — 0 a.s., and there is no a, for which a,0, has no zero limit.

()

Yn = OnT_l, 8, = €,T1. Then

_ 1 1 1 1 -1 1 (141 0
1+ _ 1
=) G ) ()

PROOF. Let

€ &) I G
Yn+1,1 = Yn,1 ntl Yn,1 nt 1’ Yn,1 = Yn,2-
Write .
A1 +1)
m— ] (1- 20,
j=k+1 J

Then |[II}| ~ n=*, n*AFIIR — ¢4 # 0,
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So

_ N O — k1
1" 1 1 = LN .,

where the finiteness of the summation is due the fact that

Sk =1
E C —_— < OQ.
L] =L

It follows that

(1+z _) — )
Yna — E=:0o Z ka

where & = & 4 i&s is a complex normal random variable with mean zero and

E|d1.1/2
2
6 = ol Y- phat £

It follows that
1 .
nA_(en,l - Z'0n,2) = nAyn,l = gn—)\z + 0(1)

V2
= [&1 cos(Alogn) + &osin(Alogn)] + i [€o cos(Alogn) — & sin(Alogn)] 4+ o(1) a.s.

Hence
)\ o .
1 0n1 = V2[€1 cos(Alogn) + & sin(Alogn)] + o(1) a.s.,
n*0n0 = V2 [ sin(Aogn) — & cos(Alogn)] +o(1) a.s.
The proof is complete. 0

The next example shows the SA algorithm may have different rates of
convergence though the derivative Dh(0*) of the regression function h(-) is
the same.

ExampLE C.3. Let 6y = 6_62,

0n
R _
0n+1 - 971 n+1 0 (1 f(x))da;,
where 0 < p < 1/2, and f is a continuous function on [0,1] with f(0) = 0.
Then it is easily seen that h(0) = ,ofoe(l — f(x))dz, Dh(0) = p(1 — f(0)),
Dh(0) = p and AM,+1 = rp+1 = 0. However,
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(1) if f(x) =0, then

n’0,, — co > 0;

(ii) Zf f(fl?) = m, then

P
n’" %, - 0Ve>0 and LHn—)+oqu>O.
(log n)7
PRrROOF. Let .
n P
H — 1 - = .
=11 ( J)

J=k+1
Then IIff ~ n~Pc,. If f(x) =0, then
0, = ng() ~ n"’cPQO.
(i) is proved. Now suppose f(z) = —loglog(ll/(m/\Go))' Note f(x) > 0. We have
0, > (1 - B) Op—1>--->1I56 > en™"”.
n
On the other hand,

SRV P AP

7=1
because 0 < f(x) < 1/2. It follows that
1 o1
£(6,) = T
loglogn ~ (loglogn)?logn
Write 6,11 = fo x)dz /0. Then 0,1 = (1 — p(lgij_”l“)) 0,, and
1 1

Ot = J0n) ~ =5 o Tog 176, 1og 176,

It follows that
1 N O(1)
loglog(n+1)  (loglog(n +1))2log(n+ 1)

5n+1 =

Hence

p - o(1)
=00 ex £ —————f ot Y - . .
’ p{ EZ:J Z.Jloglogj ;J(loglogj)zlogj
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where ¢, and C), are convergent sequences of real numbers. It follows that

n” exp _ plogn. 0, — ¢ > 0.
log log n

(ii) is proved. O

The last example shows that when p = 1/2, the rate of convergence
(1.3) of the remainder r,, is not sufficient for investigating the asymptotic
normality and conditions (2.5) or (2.6) cannot be weakened.

ExampLE C.4. Let 6y =0 and

1 9 En+1 T T+l

971 :Hn_i n
i 2(n +1) n+1

)

where €, are i.i.d. standard normal random variables, r,, are real numbers.
Then

(0, — E0,) B N(0,1).

(C.3) 0, — E0, — 0 a.s.,
logn

However, if r, =0, then

E0,=0 and so 0, — 0a.s., LH,L 2, N(0,1);
\/ logn

. _ 1
if rp, = TrTogTogn’ then

logn [ n P
(04) Een ~ m and so 971 —0 a.s., @Hn — +00;

; _ 1
Zf Tn = W, then

Vlogn n %
(C.5) EO,, ~ 2 NG and so 6, — 0a.s., @Hn = N(2,1).

Obviously, in each case r,, satisfies (1.3).

PRrROOF. Let
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Then

n n
€k Tk
0, — EO, = k§_1nz—k , E6, = k}_lng—k .

It follows that

n n

1 k1 logn
_ n\2
k=1 k=1
By noting that 6,, is a normal random variable, (C.3) is proved. It is obvious
that E9n =0if Tn = 0. If Tn = m, then

N RY 1 1 ¢ 1 logn
E6,, ~ )= ~ :
;(n) Vkkloglog k \/ﬁg::lk‘loglogk: Vnloglogn

1
If rp, N then
E0 i(é)m_l B o S SNP4I
"t VkkyIogk Vi & kylogk N
(C.4) is proved. O
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