stochastic
processes
and their
applications

ELSEVIER  Stochastic Processes and their Applications 71 (1997) 91-110

On the fractal nature of increments of /#7-valued
Gaussian processes!

Li-Xin Zhang

Department of Mathematics and Information Science, Hangzhou University, Hangzhou 310028,
People’s Republic of China

Received 29 July 1996; received in revised form 28 February 1997

Abstract

We prove that the set of points where exceptional oscillation of #/7-valued Gaussian processes
occur infinitely often is a random fractal, and evaluate its Hausdorfl dimension. Applications
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1. Introduction and results

Let {W(¢); t=0} be a standard Wiener process. The following result about the
Lévy’s moduli of continuity is well known.

Theorem A. We have

\W(t+h)— W)
= .S. 1.1
» (2hlogh—1)l2 I as, (1.1)

lim sup
h—0 0<t<l—

and

|W(t+s)—W()| 1 as (1.2)

lim sup sup ;
h—0 g<r<t-hoss<h  (Zhlogh=1)172

Orey and Taylor (1974) studied the fractal nature of the set

W(+h) — W)
(2hlogh—1)112

B(oc)::{tE[O,l],;in})sup 20(} (0<a<l).
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They showed that for each 0o <1, B(2) is a random fractal. Their main result, stated
in Theorem B below, provides the Hausdorff dimension of this set. Recall (see, e.g.,
Falconer, 1985; Taylor, 1986) that the Hausdorff dimension dim B of a subset B of
[0,1] may be defined by setting

dim B = inf {¢>0; s°-mes B =0}, (1.3)

where for any continuous increasing function ¢:[0,1]— [0,00] with ¢(0)=0, the
¢-measure of B is defined by

¢-mes B = lim (inf {Z (L], BC UI,., \L| <h}) (1.4)

Here, the I; constitute an A-cover of B (i.e., a collection of intervals with lengths not
exceeding A, whose union includes B), we set |/| for the Lebesgue measure of / and
infimum in (1.4) is taken over all A-covers of B.

Theorem B. For any 2 €[0,1] we have almost surely

dimB(e)=1—a?. (1.5)

Recently, it has been shown that a lot of Gaussian processes have moduli of con-
tinuity similar to (1.1) and (1.2). For example, Csorgd and Shao (1993) and Csaki
et al. (1992, 1995) studied the increments of /”-valued Gaussian processes, one of
their results, stated in Theorem C below, provides the moduli of continuity for #7-
valued Gaussian processes. But up to now, to the best of our knowledge, little is
known about the fractal nature of the type (1.5) for any Gaussian processes ex-
cept the Wiener process. Recently, Deheuvels and Mason (1994, 1995) studied the
fractal nature for empirical increments and processes with independent increments.
But their methods are not effective for studying Gaussian processes with dependent
increments.

Let {Y(t); —oo<t<oo}={X(t); ~co<t<oo}X, be a sequence of independent
Gaussian processes with EX;(¢)=0 and stationary increments sz(k):: EX (¢ +h)—
X,(1))?, where, and throughout this paper, (k) is assumed to be a non-decreasing
continuous function for each £>1. Put

0 1/p
a(p.h)= (Zak”(h)) , (1.6)
k=1

o (k)= max a(h), (1.7)

2p :
o(5=,h) if 1<p<2,
&(p,h)= (@ (1.8)
a*(h) if p>2,
pi2 0

2 ,
_ — (p—1)/25—
32 = E[N(0,1)|” = 7= ), P2 xdx p>1. (1.9)
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A function f(x) on (a,b) is called quasi-increasing on (a, b) if there exists a positive
¢ such that

fx)<f(y) foralla<x<y<b.

Theorem C. (I). Assume that 6(p,h)/h" is quasi-increasing on (0, A) for some A>0.
Moreover, suppose that

o(p,h)=o(&(p,h)(logh~)?) as h—0, (1.10)
limsup mex  max EX(h) — X (0)X((J + Dh) — Xk(]h)) (1.11)
h—0" " hmegj<h—) k=1 a(h)

Jfor each ¢>0. Then we have

fm sup sup NV YOl _
h—0 o<i<1 0<s<h 0( P, h)(21og h—1)1/2

a.s. (1.12)

(I1). Assume that o( p,h)/h" is quasi-increasing on (0, A) for some A>0. Moreover,
suppose that

G(p,m)(Jogh~ )% =o(a(p,h)) as h— 0. (1.10")

Then we have

¥ +5) =Y ()| /
lim su su, =1 as. (1.129)
h—0 0<t21 O<s1:<’h dp0( p,h)

If the conditions in (II) of Theorem C are satisfied, then we have

YE+h) =YDl
Y )

2 I 2
> timoup min WORED YRl

0<n<h—? 0p0(p, k)
- 1Yt +5)- YOl o(p,h*)
—2limsup su su; .
o0 0ciz2 ossin: | Opo(pah?)  o(pih)
| Y (nh? + k) — Y (nh?)|| 2o

= hm sup min
—0

1.13
Osngh—? 5p0'(P,h) ( ‘

Similar to the proof of (3.27) of Csbrg6é and Shao (1993), for any 1<8<2 we have
that for # sufficiently small,

2 _ 2
P{ min 1Y (nh* 4+ h) — Y(nh*)||se SZ—H}
0<n<h? op0(p, h)

132522
<2h?+ 1)exp<—(0 1y %0 (p’h)>

86%(p,h)

<4h™? exp(—4log %) =4h* -0 as h—0,
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which together with (1.13) implies that

Y(t —-Y(¢
lim sup inf M(Gd)) Q1% 21 as.
=0 0<i<] dp0(p, h)
Hence, if we define a random set similar to B(x), by

|Y(t+h)—Y(@)|l
op0(p,h)

E(a)= {te[O,l]; %in})sup Za}, 0<a<l,
then E(x)=[0,1] a.s. for any 0<a<1. So, in this case there is nothing for us to
consider on the fractal nature of E(a).

Now, we suppose the conditions in (I) of Theorem C are satisfied and define a
random set similar to B(x), by

G(p,h) (2logh=1)112 ™

The purpose of this paper is to establish the following theorem, in the spirit of
Theorem B, where we prove that E(x) is a random fractal, and evaluate its Hausdorff
dimension. Applications to fractional Brownians and Ornstein—Uhlenbeck processes are
discussed in Section 3.

Theorem 1.1. Assume that (p,h)/h" is quasi-increasing on (0, A) for some A>0.
Moreover, suppose that (1.10) holds and
E(Xi(h) — X (0)(Xe((J + D) — Xk(Jh))

i 1.1
limsup _max, , max (log =1 )—262(h) (115)

for each £>0. Then for any a€[0,1], we have almost surely
dimE(a)=1—a’. (1.16)

Also, for the random set

L . NY(t+h)—Y ()|
B= {reto s imen 2 e

we have the following results.

:oc} 0<a<l (1.17)

Theorem 1.2. Assume that 6(p,h)/h” is quasi-increasing on (0,A) for some A>0.
Moreover, suppose that (1.10) holds and

lim su max ax E(Xi(h) — X (0)(X((j + Dh) — Xe(Jh))
h—»op(log W j<h=! k=1 (logh=1)~ 202(;,)

<0 (1.18)

for some P>0. Then for any «€[0,1], we have almost surely

dim E*(a)=1—0a?. (1.19)
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2. Proof of the results

First, we state three lemmas required in the proof. The first one of these is a version
of Lemma 2.2 of Orey and Taylor (1974).

Lemma 2.1. Suppose ¢:[0,1]—[0,00) is a continuous function with ¢(0)=0. Let
K C[0,1] be such that K=(\, | En, where EyD -+ DEy - for m=1,2,..., and
E, =U221 I with {Iys: 1 <k<M,} being, for each m=1, a collection of disjoint
closed subintervals of [0,1]. Then, if there exist two constants A>0 and d >0 such
that, for every interval I C[0,1] with |I[|<A there is a constant m(I) such that for
all m>m(I),

M) =:#{Iy 1 C I; 1 <k <My} <dd(|I|)Mp, .1
we have ¢-mes(K)>0.

Lemma 2.2. Assume that 6(p,h)/h" is quasi-increasing on (0, A) for some A>0 and
(1.10) holds. Then, for any 0 <oy <ay, there exists 6= 6(ay,0y) such that

P ( sup  ||Y (£ +5)— Y(5)|er >a1&(p,h)(210gh_1)]/2) <h*

ass<t<a+th

for all a=0 and 0<h<.

Proof. For any fixed >0, put ox(p,h) =& supy,, 6(p,h)(logs™ )2, 0<h<1. By
Lemma 2.2 of Csaki et al. (1992), Remark 3.1 and (3.30) of Csorgé and Shao (1993),
there exist C=C(g, A), ho =ho(e, A) and a constant ¢y independent of ¢ such that

P( sup  sup |lY(t+S)—Y(t)llzp>x5(p,h)+(1+8)8005(p,h)(10gh_‘)”2)

0<t<T 0<s<h

gP( sup  sup |1Y(t+s)—Y(t)llzp>x5(P,h)+(1+8)0'*(P,h))

0<t<T 0<s<h

T x2
<C (; + 1) exp(—2(l+8))

for every x=>1, T>0 and 0<hA<h¢. And then the proof is completed immediately.
O

Lemma 2.3. Suppose {&; i=1,...,n} are mean zero Gaussian variables with E£} = 1
and E&E; <P (j#i), where 0SB <1. Then for any £>0, i>0, 0<0<; and all ,
we have

P (Z H{& >t} —npo Zinpo>
i=1

<exp{—0n((A+ 1) po— (1+0)p1)} +2nP(N(0, 1)> /%) (2.2)
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P (npo - Zl{éi >t} Binpo)

i=1

<exp{—0n((1 — ) p — (1 — 2) po)} + 2nP (N(O, > %) (2.3)

where py=P(N(0,1)>1), pi =P(N(0,1)> (¢t — &)/(1 — B)V2) and p, =P(N(0,1)>
(t+e)/(1 = 1)),

Proof. Let {7,n;; i=1,...,n} are independent mean zero Gaussian variables with
E7?=p* and En? =1~ p*. Then E(x + n;)* =E& =1 and E&E <E(t+m)(t+ 1)

=B (i#)).
Define
1) e for 0<x<m,
x)=
e™(x—m+1) for x>m.

It is easy to see that f(x)<e* for x>0, f(x)<ne™ for 0<x<n/2 and f(x) (x=0)
is an increasing convex function. It follows that

i=1

n
g(xl,...,x,,)::f(BZI{x,'>t}) <efZidli>t gL x,) <ne”
and g is a function on R” such that its second derivatives in the sense of distribution
satisfy

df d

d
D;jg=16 a2 dx,-I{x’>t} dle{x">t}/0 (i#£))

By the well-known comparison property (cf. Theorem 3.11 of Ledoux and Talagrand,
1991, p. 74), we have

E9(51,~--afn)<Eg(T+’71,---,7+77n)‘
Choose m = 6(Anpo + npy), we conclude that

P(il{é»t} —npo >/"tnpo) = P(f (021{5i>t}> ?f(m)>
i=1\

i=1
= P(g(&y,....Em)=e™)
= P(g(&1,..., Epm) ety
e 0D ELE &)
e MHDPE T 4y, T )
< e—ﬂ(,l+1)npu{ECBZLII{T+":’>’}1{|-;|ge}
+ ne®Hnop(|¢| > g)}

< e~ HitDmpo pefd il {n>1=e} 4 2, P(1>¢).
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By the fact that {#;; i=1,...,n} are independent, it is easy to see that
Ee’ 2 Hni>t=c}
= e9np1(Ee9(1{m >t-8}-—m))n
<" (1+ py(1 — p))6>)" <efit0imm=py),
Then, we have

P (Z &>t} ~npo> lnpo)

i=1
< 8*9(1*'1)"110392"171(1—101 Y+6np; +2nP(1>¢)
e M@ Dpo—(1+8)p1) 2nP(1>¢),
which implies (2.2) immediately. Note that
n n
P(”PO - Zl{é»r}zanpo) =P(21{5i<t} ~n(1 —po)>znpo) :
i=1 i=1

If we choose m=0(Anp, + n(1 — po)) and define g by

glx1,...,x)=f (921{x,~<t}> s
i=1

we can obtain (2.3) similarly. O

Proof of Theorem 1.1. Using Lemma 2.2 and following the same lines in the proof of
Theorem 2 of Orey and Taylor (1974, p. 180), we can show that dim E(xp) <1 — o2
a.s. easily.

Now, we turn to the proof of the opposite inequality. It is sufficient to show that
for any 0<op <1, we have almost surely

dim E(ap)>1 — . (2.4)

For each fixed 1>a>0y and £>0, we will apply Lemma 2.1 with K chosen as a
suitable subset of E(ag) and ¢(s) =572, where f=1—o?, 0<e< %ﬂ<1. This will
enable us to establish (2.4). The remainder of the proof is devoted to the construction
of K and was inspired by, and accurately is a generalized version of, the arguments
in Section 4 of Orey and Taylor (1974).

Let Z denote the collection of intervals [u,v] C [0, 1] such that

IY(v) = Y(w)ller = 206(p,v — u) (2 log(v — u)~")"2, (2.5)
Theorem C tells us that
[¥(8) = ¥(s)llr <26(p, |t — s|) (2 log|t —s|71)""

for all s,t€[0,1] with |t — s| sufficiently small. Hence, there exists 5>0 depending
only on o and « such that, for every sufficiently small 7 = [u,v] C[0,1]

[¥(0) = Y(u)|ler 2 a6(p, 0 — u) (2 log(v — u) ™)' (2.6)
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implies that [t,v]€J for all t€l(b)=[u,u + b(v — u)]. For convenience, we assume
that b is the reciprocal of an integer.

Suppose that p, is the reciprocal of an integer, p,1 <bp, and bp,/pmi1 is an
integer for m=1,2,.... Let d be a positive number such that § < ‘1188' For each m>1,
define 4, =[p,;°], In=[(p}' — 1)/Am] + 1 and

tu(i)=idmpm, i=0,1,....0n—1, 2.7
T = {ltm(D), tw(i) + P); i =0,1,..., 0, — 1}, (2.8)

We proceed with the proof by considering the cases of 1< p<2 and 2< p<oo,
separately.

Case 1. 1< p<2. In this case, for each m>1 and any I = [£,(i), (i) + Pl € Fm
we have

1Y (D)o
#(p. pm) (2l0g pr' )12
_ “Y(tm(i) + Pm) — Y(tm(i))"ﬂ’
&(p, pm) (2log pr Y12
WDy oy X (D) + Pm) = X; (t(D)))
- G(ps pm) (2log pr )12
L ZR10n VO, (tn0) + pm) = X (D))
TP pm )01 6(pm P/ P)) (0= 1P (2 log pry )12

327219 Pm YAP=VC=PXX; (tm(i) + pm) — X (tn(D))) _
(P, pm) (2log pr ' )112 B
where G(p, pm) = (322, G(pm Y7~ P)'2, g=p/(p — 1) and

o0

Y1 =0(p pm) ™" Y G(om )P0 (X, (10} + pm) = X; (tm(3)))- (2.10)
j=1

Y1, 2.9)

We define
FF = {1 € Fp; Vo1 >(21l0g p; )2},
Fr () ={I(b) = [u,u + b(v — w)]; I =[u,v]€F,},
Nu(J)=#{I€FF,1CJI}, Nup=Nu(0,1]),
In()=#{IE€Fn, I CI}, In=1x([0,1]),
po P = P(N(0, 1) > (2 log p,, 1)), (2.11)

where 0<f(m)— f=1—a? as m — oo.
From (2.9), we deduce that for m large enough, I =[u,v]€ %} implies (2.6), and
then [t,v]€ 7 for any t€I(b) € Z, (b).
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The following lemma tells us that N,(J) has similar probability estimates as a
binomial distribution with parameters p = ,0,1,,_‘6 ) and n= In(J).

Lemma 2.4. For any 0<0< %, there exists an integer my such that
P(|Nu(J) — ENn(J)| > AEN,(J))
<2exp{—0() — 20)EN,(J)} + pj, (2.12)

for all J C[0,1], m=my and 7.>0.

Proof. By condition (1.15), we can assume that

max max ECH0m) = K@) O + Dpw) = iiom)) _ 2

An<j<pyt K21 aj(h)

for all m>1, where b, >0 satisfies b,, log p, — 0 as m — oc. It follows that

max EY, ;Y <b?. (2.13)
LIEFm
1]

For m large enough, let

P =P (N(0,1)>a(2log p, 1)),

(m) _ (o — 3b,) (2log p,, ")'7?

py =P (N(0,1)> (1 —b2)7 , (2.14)
m _ (2 +3bn) (2log p, ")

P _P(N(O,1)> =52y

Applying Lemma 2.3 to {Y,;; ICJ} with f=b,, t = a(2logp,’)/* and e=
3b,(2log p;')"/2, we conclude that for any 0<6<1 and 1>0.

P(Nu(J) — ENp(J)| > LEN(J))
<exp{— 0l ())((A+ 1)pi™ — (1 + 0)p{™)}

+exp{—01n(J) (1 — 0)p{™ — (1 = 1) p§"™)}
+21,,(J)P(N(0,1) > 3(2log p; 1)'?). (2.15)
Note that

(m) _ \2
P 2 (a—3by)
log~ Gy ~2 (“ TR

)logp,;1~6ocbmlogp,;1 =o0(l) asm— o0
Po

which implies pgm)w p(()m) as m — oo. Similarly, we have Pgn)NP(()M)

follows that there exists an integer my such that for m=>my,

as m—oo. It

p(m) p(m)
(1+0) < +20), (1- 9)-—%;,—) >(1-26).
y2) Po
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Hence, we deduce from (2.15) that
P(|Nu(J) — ENw(J)| > AEN,(J))
<2exp{—0(A — 20)EN,(J)} + p;, ' 03 = 2 exp{—0(A — 20)EN,(J)} + pp,
for m>my. We have proved Lemma 2.4. [J]

By using Lemma 2.4, with similar proofs to that of Lemmas 4.1 of Orey and Taylor
(1974) we have the following lemma.

Lemma 2.5. Given ¢>0 and t>0, with probability 1 there exists an integer my=
mo(e, T) such that

|N(J) = ENp(J )| <eENp(J) (2.16)

for all J C[0,1] such that |J| =z, and all m=mq(e, ).

Lemma 2.6. Given f'<f=1— &, if 5<%(ﬂ — B, then there exists an absolute
constant ¢ such that with probability 1, there exists my=m\(f') such that

Nu(J )Y < I 1P Ny([0, 17) (2.17)
for all J C[0,1] and m=m,.
Proof. By Lemma 2.5, it is sufficient to show that

N D)<l ¥ ENn([0,11) = el ¥ Ly =5

for m>m;. Note that |J|<p, implies Npu(J) =0, pn<|J| <Apmpn implies Nyp(J)<1
and |J|¥ Inph BOm >cpl? —Bm _, 50, we need only to consider the case of |J| = 4mpm.
It is clearly sufficient to consider only the class 2, of intervals [id,pm,jAmpm], Where
i, j are integers and 0<i<j<(Ampm)~'. We deduce from (2.12) that for m large
enough and all r>4

P(N(J) = rENp(J)) <exp(—3rENa(J)) + pi.
Note that /,, ~ p7 14"~ p~! and [,,(J) = |J |, we have that
P(Nu(J) =l Lupl P, J € D))
C 4 _
<pn’exp (~5lonl” Loy ) + o
< p2exp(—c1p5F TP + p2.

Since, 6 + ' — B(m)— o+ B’ — p <0, it follows that

ST PWn(yZ el Ly P, T € D)< o0,

m=1
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which implies almost surely there exists m; = m;(f’) such that
Nu() <l | Lnp =)

for all J €2,, (m=m). This completes the proof of the lemma immediately. [

We shall now show that there exists a sequence of sets E) D £; D --- fulfilling the
assumptions of Lemma 2.1 and such that K = ﬂ 1 Em C E(ap). Since only a countable
number steps of the construction are needed and each step can be carried out with
probability 1, we can assume that all the steps are carried out in the same probability
1 set. Choose f'=f — %8 and define m; =m,(f’) such that (2.17) is valid for m =m;.
Suppose (&) is a sequence of positive numbers with 3 & <oo. In the first step, we
apply Lemma 2.5 to find an integer Q(1)>m, such that

|Nm — ENy| <e1ENp  (m=Q(1)). (2.18)

And then we will define an increasing sequence Q(1), Q(2),... inductively and define
for k=1

{Ii; 1 <i <My} = {I(b) € Ty I(B) C Ex 1},

Ey=[0,1], Ex= U[k,, (2.19)

M) =#{i;I,; CJ} for JC[0,1], M=M([0,1]),

(k)= BQk)), S(k)=1—y(k), I =Ll =bpou)-

For k=2, suppose that Q(k — 1) has been defined we can define Q(k) large enough
to ensure

(k)= mo(e, 147 %), - O(k) = mo(ex, k1),

O(K)=20(k — 1), pouw)<Pbu-1)

where mq(e, 7) is the integer determined in Lemma 2.5 to invalidate (2.16), and

(2.20)

k—1
hllc/ZE <b H h:?(i)by(i)_ (2.21)

i=1
Then
|Nu(J) — ENp(J)| <ex ENm(J) (2.22)

for all J C [0, 1] satisfying |J|=ht_1 and m=Q(k).
The proof will be completed if the following is true.

k k
Miyi(J) < c (HAQ(i)> WP My <c (Hx‘kgm) W 1P~ My,

i=1 i=1

for all hgsy <|J|<hg, k=1,7>1. (2.23)
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In fact, if (2.23) is true, by noting that

2 Tyttt
POy SPoky S POEPOKk—1) "~ * PO(1)>

and

k k —0
1400 < (HPQ(i)> ,
i=1 i=1

we conclude that

My j()) < b pld TP~ My for all by <|J|<hy, k=1, j21,

which, together with Lemma 2.1 and the fact that p*;Q'(‘,f;s — 0 (k — 00), implies that

sP~2%.mes(K)>0.

Hence, we have proved (2.4) in the case I

Now we show (2.23). It is sufficient to consider the class @, of intervals [iky, |,
Jhe+1] with 0<i<j<hk_+11. By the fact that 1/b and bp,,/pn,+1 are integers, we can
verify that for any k> 1, j>1,

I(b)eff’é(kﬂ.ﬂ)(b), 1(b) C It4j,; imply Ieﬁ*_&kﬂ.“), IChyys (2.24)
and for any J €%y,
interior (Z41;,; NJ)#@ implies L, ;; CJ. (2.25)

From (2.24) and (2.25), it follows that for J €%y,

My,

Misjr (V) = HI(B)E Fgyy 111y 01 IB) C | T (B C T}
i=1

= Z No@+j+1k+j+1)- (2:26)
{is ey, CJ}
(k41
Note that ENpek4j+1) (Tktji) = lQ(k+j+l)(1k+j,i)p1Q(IZ-5_j:JJ ) and
bpo(k+j
Loesj ks i) = QD (1 + B j1.0), (2.27)
AQtetj+1)Pk+j+1)
where

1Ok+j+1,il < 8Agu+j+1)Pok+j+1)/(BPOK+))

—5 —1.3/4
< 8ppurj1)/(BPok+)) <8b lpg/(k+j+1)/pQ(k+j)

—11/4 (k+j+1)/4
< 867 Py SHHETTR,
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from (2.22) and (2.26) we have

1 _ .
Miyjn1(J) = My (J )—Q—l)hk+,hk TR 4+ (1)) (1 + 1)),
(k+j+

(2.28)

where |6(J )| <bC*H+4 |n(J)| <ég4j41. Following the lines of the proof of Theorem
2 of Orey and Taylor (1974, p. 183 and 184), we can verify from (2.21), (2.28),
Lemmas 2.5 and 2.6 that for all j>1, k>1, m>1,

k+j+1 1 , ki
M j = < 11 %) e R D TT OB, (2.29)
i=1 ! i=1

k+j+1 1 k+j
My () <cl P~ ( 11 ())h,, KD [ WOPO,  J e
i=k+1 ‘ i=1

(2.30)
Hence, we have proved (2.23). O
Case 1I: p>2. Take j, such that g, (pm)=0"(pm). In this case, for any I = [t,(i),
tm(i) + pm] € Fm we also have
YDl XD
3(p,pm) (210g pu' )2 41, (pm) (2log o )12

Following the lines of the proof in case I, we conclude that (2.4) remains true in this
case as well.

Proof of Theorem 1.2.

Since E*(a) C E(«), we only need to show that dim E*(«)> 1— «2. We may suppose
P>1. By tightening the argument used in the proof of (2.4), we may show that for
any a€[0,1), ¢-mes E(x)>0 a.s., where ¢(s)=s'"" *(logs~1)*P*4. Since

E@)=E*(@|J E@+1/n),

n=1
and dimE(a + 1/n) =1 — (a + 1/n)? implies ¢-mes E(x + 1/n)=0, we have
¢-mes E*(a) > ¢p-mes E(x) >0 a.s.

which implies dim E*(a)>1 — a? a.s. Hence, we have proved Theorem 1.2. [J

3. Some applications

Using the conclusions of Theorems 1.1 and 1.2, we can obtain some consequences.
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3.1. Gaussian processes with regularly varying variance functions

Suppose {X(¢); t=>0} be a centered Gaussian process with stationary increments
o?(h)=E(X(t + h) — X(¢))>. Assume that o(¢) is increasing and regularly varying at
zero with index 0<7y<1, given in the canonial form

1
a(h)=H exp (/ %dy) , 3.1
h

where e(h)— 0 as h— 0. The Lévy moduli of continuity for this kind of processes
were due to Csaki et al. (1991). Clearly, {Y(¢); ¢t>0} is a fractional Brownian motion
of order y if e(h)=0.

Let p>1, {c,; n=>1} be non-negative numbers. Put

l/p
o«(p)= (Z Cf) ,

k=1

2p :
(575 if 1<p<?2,
p)= { = b (.3)

maxg»ic; if p=2.

Let {Y(¢); =0} ={cxXe(¢); ¢=0}, where X;(-), k=1,2... are independent copies
of X(-). Set 6}(h)=c?EX}(h)=c}c*(h). Define o(p,h) and G(p,h) as in (1.6) and
(1.8), respectively. Clearly, we have

a(p,h)y=c(p)a(h),  &(p,h)=c(plo(h).

Assume
o
0<) el <oo. 3.5)
k=1

As consequences of Theorems 1.1 and 1.2, we have the following results.

Theorem 3.1. Let p>1, {Y(t); =0} ={cxXi(t); t=0}2, be defined as above. If
for any £>0 there exists a constant C, such that —h'*¢'(h)<C, for all h€[0,1],
then for any a €0, 1], we have almost surely

. ”Y(t +h) — Y ()|l o
3 5p0'(h)(210gh—1)|/2 20(} =1 — g2

dim {tE[O, 1] (3.6)

If there exists a constant C such that —he'(h)<C(loge/h)C for all h€([0,1), then for
any o€[0,1], we have almost surely

WYe+m-YOle 1, 2
* &o(h)(2logh—1)12 ‘“} =1-a

dim {te[O,l] (3.7)

Particularly, we have the following corollary.
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Corollary 3.1. Let p=1, {&(¢),&(2); t=0,k=1} be independent fractional Brown-
ian motions of order 7, 0<y<1. Define {Y(t); t>0} = {cé(2); t=0}32,. Assume
that (3.5) is satisfied. Then for any «€[0,1], we have almost surely

dim E(x) =dim E*(a) =1 — «?,

where

E(a)= {tG[O,l]; 1Y@ +h) = YOl Za}’

& (2logh—1)172

1Y@ +h) - YOl _ }
— =ap.
éph?(2log h—1)1/2

E*(a)= {te[O, 17;

Proof of Theorem 3.1. To show (3.6) and (3.7), we need only to verify (1.15) and
(1.18), respectively. Let

1
L(x)=exp (2/ ﬁ}}:)dy) .

Then
(0?()) =27 2L(x){p(2y — 1) + (1 — 4p)e(x) + 26%(x) — x€'(x)}.

It is easy to see that |e(x)|<C for some C>0 and all x€[0,1], and also for any
8>0 there is a constant Cs such that L(jx)/L(x)<C;sj® for all x, jx€[0,1]. Suppose
—x'*%/(x)< Cs. Then

2¢ ; 70,2
o Z’JEB ~ <ep .
Note that
E(X(h) — X(0O)X((J + Dh) — X(jh))
a?(h)
X ((j + Dh) + 6*((J — Dh) — 26°(jh) _ (6X(E)"'H
N 202(h) T 202(h)

for every 1>h>0, j>6 and some (j — 2)h< < jh, we conclude that
EX(h) - X(O))X((J + 1)h) — X(jh))
o(h)
(' CED _  ay-ars ( g)—" Ip—248p—5
SCW)——SCJY j <csj h™°,

which implies (1.15) immediately.
Suppose —x&'(x) < C(log £)°, then

20 Wy 2 < C
(O' (.lx)) X <céj27—2+5/2 (logjix) gcéjz"/"z"'a (logg) .

a?(x)
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We also conclude that

EX(h) — X(O)X((j + Dh) - X(GR) _

27246 —1¢
a2(h) aJ (logh™")

which implies (1.18) immediately. [

3.2. {P-valued fractional Ornstein-Uhlenbeck processes and the infinite series
of fractional Ornstein—Uhlenbeck processes

Let {Y(#); t=20}={Xi(¢); ¢=>0}2, be a sequence of independent
fractional Ornstein—Uhlenbeck processes of orders f; with coefficients y; and A4, where
0<ﬁk<19'yk201 Ak>0’ i'e'a

V2 p 205t
Yk k(e“)
{Xi(t); t=0} and {(/l—k) "emm—; 120}

have the same distribution, where {&(¢); >0} is a fractional Brownian motion of
order ;. It is easily seen that EX;(¢)=0,

EXi(t) Xa(s) = ;Tk(ezmk(r—s) 4 ikl | |hrli=s) _ ghuls—0) ey
k

for all ¢, s=>0, and

o7 (h) = E(X(t + h) — Xe(1))?

_ %’g{(e}.kh _ oMy _ (eBilih _ o~ Pideh )21
k

Clearly, {Xi(#)} is the usual Ornstein—Uhlenbeck processes if Bk:% for all k>1.
The Lévy moduli of continuity for the infinite series of Ornstein—Uhlenbeck processes
were due to Csaki et al. (1991). Similar quantities for /P-valued fractional Ornstein—
Uhlenbeck processes were studied by Csorgé and Shao (1993) in the case that all
Xi(-) have the same order 7, ie, fr=y for all £=1. In this section, as conse-
quences of Theorems 1.1 and 1.2, we have the following results about the fractal

nature.
Let p>1. Define o(p, k) and 6(p,h) as in (1.6) and (1.8), respectively.

Theorem 3.2. Assume that 6(p,h)/h" is quasi-increasing on (0,A) for some A>0.
Suppose that 0 <y <Po<1 for all k=1. If

1/2
a(p,h)zo(&(p,h)(log%) ) as h— 0, (3.8)

then for any a€[0,1], we have almost surely

dimE(ax) =dimE*(a¢) =1 — o?,
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where

E(a)= {tE[O,l]‘ 1Y+ h) —Y(@)ller >a},

" 6(p,h)(2logh=1)/2 7
(3.9)

E*((X): {16[0,1] ||Y(t+h)_ Y(t)”ﬂ’ _ }

T 6(ph)(2logh~)12

Theorem 3.3. Suppose that {X(t)= 3,2, X(t); t=0} is the infinite series of
(X))o, and 0< B <Po <1 for all k=1. Assume that 6(2,h)/h" is quasi-increasing
on (0, A) for some A>0. Then, for any a€[0,1], we have almost surely

dim E(¢) =dim E*(a) =1 — a?,

where

E(o) = {tE[O,l]; Xt +h)—X(0)| S }’

o2, (2logh-1)12 =%
(3.10)

E*(a):{tE[O,l]; X +hm)—X@)| _ }

o(2,h)(2logh—1)12
Proof of Theorem 3.2. We need only to verify (1—.18), For any fixed 0<y<fo <1, let
fE)=frx)=(c" —e )7 — (& —e 7). (3.11)
It is easy to see that
1) = 29{(e" — e )" +e7F) — (¥ —e )™ + &™)}
>0 for all x>0, (3.12)
1) = 25{(2y — 1)(EF — e 2" +e7F)?
+(eF — e 7F)2 — 29 — 2y}
<0 for all x>0 if 0<y<%, (3.13)
f(x) < 1672y — 1)(e* — e ¥y

< 16(ex _ e—x)2y—2

=: g(x)=:g(y,x) for all x>0 if y>1. (3.14)
Hence, in any case we have

f(x)<g(x)=g(y,x) for all x>0. (3.1
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We also have

f’(x):2'y {(e" —x)Z}’e_j_e_x _(eyx_ -yx)ze_—j—e—yx}

er —e™* e~
ef+e ¥ € 7%
<2 ef —e~* 2y e 2
y{( Vo (e ) —ex_e_x}
e—x
=27f(x )

which implies

S (x)

——~—— |3 decreasing.
& e s decreasing

So, we have that for x>1,
fO) 2 f()=e"{(1 —e?)" — (1 —e7¥)%}
> (1—e ) (1 —e 2y =¢4 >0,
and for 0<x<1,

1 1 .

S(x)=

Now we estimate

g(jx)x*
fx)

Since (e”* — e )= j(e* — e~*) for all x>0, we have that for 0<x<1,

. 3 —ir\N2y—2 2
g(jx)x* el —e™ x 2y-2.
f(x) SEy er —e~* er—e* SChJT

and for x> 1,

. ix — 2y—-2 2

g(]-x)xz . 2 _ X —e ¥ X
() <cp,g(Jx)x” =cg, X — g—X (e¥ — e ¥~

2
2 x -
gcﬂojzz 2(ex — —x)2 28 \Cﬂu] 2=
So, we conclude that for all x>0,
2 N2
GPIX” o o2, (3.16)
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Now we verify (1.18). Define f;(x)= f(B,x). We have that
EXi(h) — Xi(0)(Xe((J + D) — X (jR))

of(h)
_ NG+ Dah) + ((J = DAeh) — 2/ (Arh)
2 fi(Aih)
_ R Aih)?
= 2 AGeh) (3.17)

for every h>0, j>6, k=1 and some (j — 1)A;A<E(j + 1)Ah. Note from (3.15)
that

$ () <g(Bi, ) <g(B, (J — DAxh),
we deduce from (3.16) that

E(Xi(h) — X0 X ((J + D) — Xe(jh))
o2 (h)

<12 cg(j — 12 g, j#72,

(3.18)
which implies (1.18) immediately. [

Proof of Theorem 3.3. From (3.18), we deduce that for every j =6, h>0,

E(X(h) = X(0))X((J + Dh) = X(jh))

WK

E(Xi(h) — X (0)(Xe((J + DR) — Xi(jR))

.
i

M8

<

~

op(h) - cp P2 =cp, P20 (2, h),

.
Il

which implies (1.18). Hence we have proved Theorem 3.3. O
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