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Abstract We investigate the local linear M-estimation for regression in a
fixed-design model when the errors are from a strongly mixing random field. We
establish the weak and strong consistency as well as the asymptotic normality of the
local linear M-estimator. The conditions on ρ(·) used in this paper are mild and allow
many important special cases such as the least square estimator and the least absolute
distance estimator.

Keywords Asymptotic normality · Consistency · Fixed-design model · Local linear
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1 Introduction

Spatial statistics has recently received increasing attention. Applications of spatial
statistical models are extremely numerous in many fields, such as econometrics, epi-
demiology, environmental science and image analysis, among others. Many authors
have studied parametric methods for statistical inference in spatial models. However,
one often encounters situations where a particular parametric model can not be adopted
with confidence and thus a nonparametric method is used as an alternative. In the last
two decades, some developments in nonparametric estimation for spatial processes
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have been achieved. Among them, Tran (1990), Carbon et al. (1997), Hallin et al.
(2001, 2004a) and Lee et al. (2004) discussed the problems of density estimation
for spatial processes. Lu and Chen (2004) obtained the weak consistency for kernel
regression estimation. Hallin et al. (2004b) recently established weak consistency and
asymptotic normality for local linear regression estimation.

Let Z2 be the set of integer lattice points in the 2-dimensional Euclidean space. For
n = (n1, n2)

� ∈ Z2, define the rectangle �n as �n := {i = (i1, i2)
� ∈ Z2 : 1 ≤

ik ≤ nk, k = 1, 2}. The notation n → ∞ stands for min1≤k≤2 nk → ∞ and | ni
n j

| ≤ C
for some 0 < C < ∞, 1 ≤ i, j ≤ 2. When n → ∞, all the component of n tend to
infinity at the same rate.

For two integer-valued vectors i, j ∈ Z2, i/j denotes for (i1/j1, i2/j2)�. In this
paper, we are interested in the following fixed design regression model

Yi = m(i/n)+ εi, i ∈ �n, (1.1)

where m(·) is an unknown smooth function and {εi, i ∈ Z2} is a real valued, zero
mean stationary random field. In fact, the results of this paper still hold for general
n = (n1, . . . , nd) and i = (i1, . . . , id), d ≥ 1. However, when d ≥ 3, the problem of
the curse of dimensionality may occur. So we only consider the case d = 2. Hall and
Hart (1990), Bosq (1993) studied model (1.1) for time series case (i.e. n = n ∈ Z).
Machkouri (2005, 2007) considered the model when n = (n, . . . , n)T , n ∈ Z. In
particular, Machkouri (2005) established the asymptotic normality of the Nadaraya–
Watson type estimator by adapting Lindeberg’s method. In Machkouri (2007), the
Nadaraya–Watson type estimator of m(·)was studied and a uniform convergence rate
was obtained by an exponential inequality.

It is well known that regression estimation is an important topic in nonparamet-
ric statistics. It has various applications in econometrics, finance, control systems as
well as other areas. There is a vast of literature on the nonparametric estimation of
regression functions and many nonparametric estimators have been proposed, such as
Nadaraya–Watson type estimators and local polynomial estimators. It is known that
local polynomial smoothers have significant advantages over the Nadaraya–Watson
regression estimators, as they reduce the bias and cope well with the edge effects.
So they have become popular because of their attractive properties. We refer to Fan
and Gijbels (1996) and Fan (1992, 1993) for the details. However, local polynomial
smoothers are not robust. In order to overcome this drawback, Fan and Gijbels (1996)
proposed a local robust technique. And Fan and Jiang (1999) studied local linear M-
estimators with variable bandwidth for independent data and showed that they carry
over the desirable properties of local linear smoothers. Jiang and Mack (2001) studied
robust local polynomial regression for processes satisfying some mixing conditions.
Cai and Ould-Saïd (2003) studied local M-estimators for mixing time series and estab-
lished weak and strong consistency as well as asymptotic normality of the estimators.

The purpose of our paper is to investigate the local linear M-estimator of the regres-
sion function in a fixed design model where the errors are from a stationary and
strongly mixing random field. We adopt the method used in the proof of Theorem 2.2
in Peligrad and Utev (1997) to show the asymptotic normality of the proposed local
linear M-estimator, which is completely different from the method used in Machkouri
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(2005). Furthermore, we obtain strong consistency of the estimator with the help of
an exponential inequality.

Let S and S′ be two subsets of Z2. The Borel fields B(S) = B(εi, i ∈ S) and
B(S′) = B(εi, i ∈ S′) are the σ−fields generated by εi with i being elements of S
and S′, respectively. Let d(S, S′) be the Euclidean distance between S and S′, i.e.
d(S, S′) = mini∈S j∈S′ ‖i − j‖, where ‖ · ‖ is the Euclidean norm. We assume that
{εi} is stationary and mixing, with spatial mixing coefficient satisfying the following
condition as defined in Tran (1990): there exist a function ϕ(t) ↓ 0 as t → ∞, and a
function φ : N2 → R+ symmetric and nondecreasing in each of its two arguments,
such that

α(B(S),B(S′)) := sup
{|P(AB)− P(A)P(B)|, A ∈ B(S), B ∈ B(S′)

}

≤ φ(Card(S),Card(S′))ϕ(d(S, S′)), (1.2)

where Card(S) is the cardinality of S. In the case φ ≡ 1, the random fields {εi} is
called strongly mixing. In the serial case, many stochastic processes and time series
are known to be strongly mixing. Withers (1981) obtained various conditions for linear
processes to be strongly mixing. Note that autoregressive and more general nonlinear
time series models are strongly mixing with exponential mixing rates under certain
weak assumptions, see Pham and Tran (1985), Pham (1986), Lu (1998) for details.

In this paper, we study the local linear M-estimator of m when {εi, i ∈ Z2} is a
strongly mixing random field, i.e., it satisfies (1.2) with φ ≡ 1. Our paper is organized
as follows. In Sect. 2, we present the local M-estimator and the assumptions. In Sect. 3,
we give our main results. Proofs and technical lemmas are concentrated in Sect. 4.

2 Local linear M-estimator and assumptions

We first present the local linear M-smoother. Let x0 = (x01, x02)
� be a fixed point

in (0, 1)2 and we assume that the regression function m(x) is twice differentiable at
x0, then m(x) can be approximated by a linear function in a neighborhood of x0 as
m(x) ≈ m(x0) + (m′(x0))

�(x − x0), where m′(x0) is the gradient of m(·) at x0. Let
xi = (xi1, xi2)

� = i/n, then the robust-type local linear estimators of m(·) and m′(·)
are defined as (m̂n(x0), m̂′

n(x0)) = (̂a, b̂), where

(̂a, b̂) = arg min
a∈R,b∈R2

∑

i∈�n

ρ
(

Yi − a − b�(xi − x0)
)

K

(
x0 − xi

hn

)
(2.1)

or to satisfy the local estimation equations:

∑

i∈�n

ψ
(

Yi − a − b�(xi − x0)
)

K

(
x0 − xi

hn

)(
1

xi−x0
hn

)
=
(

0
0

)
, (2.2)

where ρ(·) is a given outlier-resistant loss function and ψ(·) is its derivative, 0 =
(0, 0)� ∈ R2, K (·) is a kernel function, and hn is a sequence of positive numbers
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tending to zero. In the rest of the paper, we will write h instead of hn for the sake of
simplicity and denote by C a positive constant whose value may vary from place to
place.

Let m̂n(x0) and m̂′
n(x0) be the solutions of (2.2). They are the M-type estimators of

m(·) and m′(·) at x0. For n ∈ Z2, denote |n| = ∏2
k=1 nk . We now list the assumptions

of our paper.

(A1) m(·) has continuous second partial derivatives in a neighborhood of x0.
(A2) K (·) is a bounded probability density function with bounded support, say

[−1, 1]2. Furthermore, K (·) is Lipschitz continuous, i.e. |K (u) − K (v)| ≤
C‖u − v‖∞, where ‖u − v‖∞ = max1≤k≤2 |uk − vk |.

(A3) ρ(·) is a convex function. Let ψ(·) be any choice of the derivative of ρ(·) and
denote by D the set of discontinuity points of ψ(·), which is the same for all
choices of ψ(·).

(A4) F(D) = 0, where F(·) denotes the common distribution of εi.
(A5) There exists a constant A1 > 0, such that as |z| → 0, E[ψ(ε1+z)] = A1z+o(z).
(A6) 0 < Eψ2(ε0) < ∞,

∑
i∈Z2 |Eψ(ε0)ψ(εi)| < ∞ and

∑
i∈Z2 Eψ(ε0)ψ(εi) >

0. Furthermore, there exists some γ > 0 such that E |ψ(ε0)|2+γ < ∞.
(A7) max{E(ψ(ε1 + z)− ψ(ε1))

2, E |ψ(ε1 + z)− ψ(ε1)|2+γ } ≤ A2(z)
holds for all sufficiently small |z| and A2(·) is continuous at u = 0 with A2(0) =
0.

(A8)
∑∞

k=1 k[ϕ(k)] γ
2+γ < ∞, where γ is the same as in (A6) and ϕ(·) is the spatial

mixing coefficient function defined as in (1.2).
(A9) There exist a positive constant β, 2

2+γ < β < 1 and a sequence of qn =
q = (q1, q2), 1 ≤ qk ≤ nk , 1 ≤ k ≤ 2, such that |n|1+βh2/|q| → ∞,
(|q|h2)/(|n|β log |n|) → ∞ and

∑
n1,n2≥1(|n|β/h2)ϕ(min1≤k≤2

nk
2qk
) < ∞.

Remark 2.1 (A1), (A2), (A6) and (A8) are mild conditions and they are common in
literature about robust type local linear estimation under mixing dependence, such
as Jiang and Mack (2001) and Cai and Ould-Saïd (2003). (A9) is imposed to derive
the strong consistency of the local M-estimator and it is also assumed in Cai and
Ould-Saïd (2003). The Lipschitz continuity of K (·) is employed a lot in the context
of nonparametric estimation for fixed design models, see e.g. Machkouri (2007) and
Peng and Yao (2004), among others. By Theorem 17.2.2 in Ibragimov and Linnik
(1971), we know that,

|Cov(ψ(ε0), ψ(εi))| ≤ C [ϕ(‖i‖)]γ /(2+γ ) (E |ψ(ε0)|2+γ )2/(2+γ ).

Therefore,
∑

i∈Z2 |Eψ(ε0)ψ(εi)| < ∞ in (A6) is implied by E |ψ(ε0)|2+γ < ∞ and
(A8).

Remark 2.2 The Conditions (A3), (A4),(A5) and (A7) imposed on ψ(·) are mild and
they hold for some well known estimators such as the least square estimator (LSE),
the least absolute distance estimator (LADE) and the mixed LSE and LADE. (A4)
is imposed to provide unique values for certain functionals of ψ(·) which appear in
the discussion and it automatically holds when ρ(·) is differentiable. Note that in

123



Local linear M-estimation for spatial processes in fixed-design models

Fan and Jiang (1999), ψ(·) was assumed to be differentiable and satisfy

E sup
|z|≤δ

|ψ(ε1 + z)− ψ(ε1)− ψ ′(ε1)z| = o(δ),

(2.3)
E sup

|z|≤δ
|ψ ′(ε1 + z)− ψ ′(ε1)| = o(1).

However, we do not need even the continuity of ψ(·) and we replace their condition
(2.3) by (A5) and (A7). For more details about these conditions we refer to Bai et al.
(1992).

Remark 2.3 By (A9), we know |n|h4 → ∞. As an example, we suppose that ϕ(k) =
O(k−θ ) as k → ∞, where θ > (5+3β)

(1−β) and 2
2+γ < β < 1. Then we choose h =

|n|− 1−β
8 and q = (q, q) with q = |n| β+1

4 . As β > 2
2+γ , θ > (5+3β)

(1−β) >
2(2+γ )
γ

.

So (A8) is satisfied. Besides, |n|1+βh2/q2 = |n| 1+3β
4 → ∞, q2h2/(|n|β log |n|) =

|n| 1−β
4 / log |n| → ∞. When | ni

n j
| ≤ C , i , j = 1, 2,

(|n|β/h2)ϕ

(
min

1≤k≤2

nk

2q

)
= O

(
|n| 3

4β+ 1
4 |n|− (1−β)θ

4

)
= O

(
|n|−( (1−β)θ

4 − 3
4β− 1

4 )
)
.

As 1−β
4 θ − 3

4β − 1
4 > 1,

∑

n1,n2≥1

(|n|β/h2)ϕ

(
min

1≤k≤2

nk

q

)
< ∞.

Therefore, (A9) is also satisfied.

3 Main results

Our first result is about the consistency of the local M-estimator.

Theorem 3.1 Suppose that (A1)–(A8) hold and nkh → ∞ for k = 1, 2, then there
exist solutions m̂n(x0) and m̂′

n(x0) to (2.2), such that

(
m̂n(x0)− m(x0)

h(m̂′
n(x0)− m′(x0))

)
P−→ 0. (3.1)

If, in addition, (A9) holds, then

(
m̂n(x0)− m(x0)

h(m̂′
n(x0)− m′(x0))

)
−→ 0 a.s. (3.2)

The next result is about the asymptotic normality of the proposed estimator, from
which the asymptotic bias and variance of the estimator can be derived.
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Theorem 3.2 Suppose that conditions (A1)–(A8) hold and nkh → ∞ for k = 1, 2.
Then, we have

√
|n|h2

[(
m̂n(x0)− m(x0)

h(m̂′
n(x0)− m′(x0))

)
− 1

2
h2U−1M

]

d−→ N

((
0
0

)
, 
(x0)

)
, (3.3)

where

U =
( ∫

K (u)du − ∫ K (u)u�du
− ∫ K (u)udu

∫
K (u)uu�du

)
,

M =
∫

u�m′′(x0)uK (u)
(

1
−u

)
du,


(x0) = A−2
1

⎛

⎝
∑

j∈Z2

Eψ(ε0)ψ(εj)

⎞

⎠U−1VU−1,

and

V =
( ∫

K 2(u)du − ∫ u�K 2(u)du
− ∫ uK 2(u)du

∫
uu�K 2(u)du

)
.

Remark 3.1 Following the proofs in Sect. 4, we can show that the above theorems still
hold for general n = (n1, . . . , nd) and i = (i1, . . . , id), d ≥ 1. However, when d ≥ 3,
the problem of the curse of dimensionality may occur. Hence, we only consider the
special case of d = 2 in this paper.

Since the proofs of Theorems 3.1 and 3.2 are quite technical, we relegate them to
the next section. Next, we shall give some special cases as corollaries of our results.
Some of the following examples have been discussed by other authors.

Example 3.1 Let ρ(z) = z2 and ψ(z) = 2z, which corresponds to least square esti-
mation. Let U,M and V be defined as in Theorem 3.2 and


1(x0) = 1

4

⎛

⎝
∑

j∈Z2

Eε0εj

⎞

⎠U−1VU−1.

Then, under some mild assumptions, we have, by Theorem 3.2,

√
|n|h2

[(
m̂1(x0)− m(x0)

h(m̂′
1(x0)− m′(x0))

)
− 1

2
h2U−1M

]

d−→ N

((
0
0

)
, 
1(x0)

)
, (3.4)
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where m̂1(x0) and m̂′
1(x0) are the least square estimators of m(x0) and m′(x0),

respectively.

Example 3.2 Consider ρp(z) = z(p − I {z ≤ 0}), then ψp(z) = p − I {z ≤ 0}, which
corresponds to quantile regression estimation. Let ui = εi − z p, where z p is the pth
quantile of ε1. If ψ(·) and εi are substituted by ψp(·) and ui, then (A5) and (A7) are
satisfied with A1 = fε(z p) and A2(z) = fε(z p)z, where fε(·) is the density function
of ε. Moreover, if
∑

i∈Z2

∣
∣
∣P
(
ε0 ≤ z p, εi ≤ z p

)− p2
∣
∣
∣ < ∞ and

∑

i∈Z2

(
P
(
ε0 ≤ z p, εi ≤ z p

)− p2
)
>0,

then under conditions (A1), (A2), (A8) and (A9), we have

√
|n|h2

[(
q̂p(x0)− qp(x0)

h(q̂ ′
p(x0)− q ′

p(x0))

)
− 1

2
h2U−1M2

]

d−→ N

((
0
0

)
, 
2(x0)

)
, (3.5)

where


2(x0) = 1

f 2(z p)

⎡

⎣
∑

i∈Z2

(
P
(
ε0 ≤ z p, εi ≤ z p

)− p2
)
⎤

⎦U−1VU−1,

M2 =
∫

u�q ′′
p(x0)uK (u)

(
1

−u

)
du,

q ′′
p(x0) is the matrix of the second derivatives of qp(·) at x0, q̂p(x0) and q̂ ′

p(x0) are
the local linear quantile estimators of qp(·) and q ′

p(·) at x0. When the covariates Xi,
i ∈ �n, are random, Hallin et al. (2005) studied local linear spatial quantile regression
estimation and obtained a Bahadur representation for the estimators of qp(·) and its
derivatives.

4 Proofs

In this section, we will present the detailed proofs of Theorems 3.1 and 3.2. Let
r = (r1, hr�

2 )
�, r0 = (m(x0), hm′(x0)

�)� and define

Ln(r) = 1

|n|h2

∑

i∈�n

ρ

(
Yi − r�

(
1

xi−x0
h

))
K

(
x0 − xi

h

)
,

�n(r) = 1

|n|h2

∑

i∈�n

ψ

(
Yi − r�

(
1

xi−x0
h

))
K

(
x0 − xi

h

)(
1

xi−x0
h

)
,

�n0 = 1

|n|h2

∑

i∈�n

ψ(εi)K

(
x0 − xi

h

)(
1

xi−x0
h

)
.

We first give some preliminary lemmas that are useful.
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Lemma 4.1 Under (A1)–(A6) and nkh → ∞ for k = 1, 2, we have

Var(�n0) = 1

|n|h2

⎡

⎣
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎤

⎦V(1 + o(1)). (4.1)

Proof We first calculate Var(|n|h2c��n0) for any c ∈ R3. In view of (A5), we have

E�n0 = (0, 0�)�. Define bi = K ( x0−xi
h )c�

(
1

xi−x0
h

)
. Let {dn} be a sequence of inte-

gers that satisfies dn → ∞ and dn = o(nkh), k = 1, 2. As x0 ∈ (0, 1)2, K ( x0−xi
h ) = 0

for i ∈ {i ∈ �n : for some 1 ≤ k ≤ 2, 1 ≤ ik ≤ dn or nk − dn + 1 ≤ ik ≤ nk} when
n is large enough. As a result,

Var
(
|n|h2c��n0

)

=
nk−dn∑

ik=dn+1
k=1,2

ik+dn∑

jk=ik−dn
k=1,2

bibj Eψ(εi)ψ(εj)+
nk−dn∑

ik=dn+1
k=1,2

∑

| jk−ik |>dn
k=1,2

bibj Eψ(εi)ψ(εj)

=: In1 + In2. (4.2)

In1

=
nk−dn∑

ik=dn+1
k=1,2

ik+dn∑

jk=ik−dn
k=1,2

Eψ(εi)ψ(εj)
[
b2

i − bi(bi − bj)
]

=
nk−dn∑

ik=dn+1
k=1,2

ik+dn∑

jk=ik−dn
k=1,2

b2
i Eψ(εi)ψ(εj)−

nk−dn∑

ik=dn+1
k=1,2

ik+dn∑

jk=ik−dn
k=1,2

bi(bi − bj)Eψ(εi)ψ(εj)

=: In3 + In4. (4.3)

As dn = o(nkh), k = 1, 2, we have

In3 =
nk−dn∑

ik=dn+1
k=1,2

b2
i

dn∑

jk=−dn
k=1,2

Eψ(ε0)ψ(εj)

=

⎡

⎢
⎢
⎣

dn∑

jk=−dn
k=1,2

Eψ(ε0)ψ(εj)

⎤

⎥
⎥
⎦ |n|

∫ (

K 2
(

x0 − x
h

)[
c�
(

1
x−x0

h

)]2
)

dx(1 + o(1))

=

⎡

⎢
⎢
⎣

dn∑

jk=−dn
k=1,2

Eψ(ε0)ψ(εj)

⎤

⎥
⎥
⎦ |n|h2c�Vc(1 + o(1)). (4.4)
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As K (·) is Lipschitz continuous, we have

|bi − bj| ≤ C

h
‖i/n − j/n‖∞ ≤ C

h
max

1≤k≤2

∣
∣
∣
∣
dn

nk

∣
∣
∣
∣ = o(1)

for all dn + 1 ≤ ik ≤ nk − dn, | jk − ik | ≤ dn, k = 1, 2. Therefore, by (A6),

|In4| = o

⎛

⎜
⎜
⎝

nk−dn∑

ik=dn+1
k=1,2

|bi|
dn∑

jk=−dn
k=1,2

∣
∣Eψ(ε0)ψ(εj)

∣
∣

⎞

⎟
⎟
⎠ = o(|n|h2). (4.5)

By (4.3)–(4.5), we have

In1 = |n|h2

⎡

⎣
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎤

⎦ c�Vc(1 + o(1)). (4.6)

As maxi∈�n |bi| ≤ C , by (A6) we have

|In2| ≤ C
nk−dn∑

ik=dn+1
k=1,2

|bi|
∑

| jk |>dn
k=1,2

|Eψ(ε0)ψ(εj)| = o(|n|h2). (4.7)

By (4.2), (4.4) and (4.7), we get

Var
(

c��n0

)
= 1

|n|h2

⎡

⎣
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎤

⎦ c�Vc(1 + o(1)), (4.8)

which implies (4.1). �

Lemma 4.2 Under (A1)–(A8), we have, for small δ,

sup
‖r−r0‖≤δ

∣
∣
∣
∣Ln(r)−Ln(r0)+ (�n(r0))

�(r−r0)− A1

2
(r − r0)

�U(r − r0)

∣
∣
∣
∣ = oP (1).

(4.9)

Proof Let

Ln(r)− Ln(r0)+ (�n(r0))
�(r − r0)−E

[
Ln(r)− Ln(r0)+ (�n(r0))

� (r − r0)
]

=: 1

|n|h2

∑

i∈�n

(Wni − EWni),
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where

Wni = K

(
x0 − xi

h

)[
ρ

(
Yi − r�

(
1

xi−x0
h

))
− ρ

(
Yi − r�

0

(
1

xi−x0
h

))

+ ψ

(
Yi − r�

0

(
1

xi−x0
h

))
(r − r0)

�
(

1
xi−x0

h

)]
.

As ρ(·) is convex, we have

|Wni| ≤
∣
∣
∣
∣K
(

x0 − xi

h

)
(r − r0)

�
(

1
xi−x0

h

)∣∣
∣
∣

×
∣
∣
∣
∣ψ
(

Yi − r�
(

1
xi−x0

h

))
− ψ

(
Yi − r�

0

(
1

xi−x0
h

))∣∣
∣
∣ . (4.10)

Let zi0 = m(xi)−r�
0

(
1

xi−x0
h

)
and zi1 = m(xi)−r�

(
1

xi−x0
h

)
, then for |xil −x0l | ≤ h,

l = 1, 2,

zi0 = 1

2
(xi − x0)

�m′′(x0)(xi − x0)+ o
(
‖xi − x0‖2

)
= O(h2) (4.11)

and for ‖r − r0‖ ≤ δ,

|zi1| ≤ |zi0| +
∣
∣
∣
∣(r − r0)

�
(

1
xi−x0

h

)∣∣
∣
∣ = O(h2)+ O(δ). (4.12)

Also by (4.10), we have

|Wni|≤
∣
∣
∣
∣K
(

x0−xi

h

)
(r−r0)

�
(

1
xi−x0

h

)∣∣
∣
∣ [|ψ(εi + zi1)−ψ(εi)|+|ψ(εi + zi0)−ψ(εi)|].

Let χni = ψ(εi + zi1)−ψ(εi), then by (4.12) and (A7), we know that for small δ and
large n, Eχ2

n0 and E |χn0|2+γ exist. So by Theorem 17.2.2 in Ibragimov and Linnik
(1971),

∑

i∈Z2

|Cov(χn0, χni)| ≤ Eχ2
n0 +

∑

i �=0

|Cov(χn0, χni)|

≤ Eχ2
n0 + C

∑

i �=0

[ϕ(‖i‖)]γ /(γ+2)
(

E |χn0|2+γ )2/2+γ

≤ Eχ2
n0 + C

(
E |χn0|2+γ )2/2+γ ∞∑

i=1

i[ϕ(i)] γ
2+γ

= O
(

A2(h
2 + δ)

)
,

where A2(·) is the function defined in (A7).
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Similarly, if we letχ ′
ni =ψ(εi+zi0)−ψ(εi), then by (A7),

∑
i∈Z2 |Cov(χ ′

n0, χ
′
ni)|=

O(A2(h2)). We can prove, by taking the same argument as the proof of (4.1), that
Var(

∑
i∈�n

Wni) = o(|n|h2), when δ is sufficiently small and n is sufficiently large.
Therefore

1

|n|h2

∑

i∈�n

(Wni − EWni) = oP

(
(|n|h2)−

1
2

)
= oP (1),

i.e.

Ln(r)− Ln(r0)+ (�n(r0))
�(r − r0)

−E
[

Ln(r)− Ln(r0)+ (�n(r0))
�(r − r0)

]
= oP (1). (4.13)

On the other hand,

E(Ln(r)− Ln(r0)) = 1

|n|h2

∑

i∈�n

E K

(
x0 − xi

h

)
[ρ(εi + zi1)− ρ(εi + zi0)]

= 1

|n|h2

∑

i∈�n

K

(
x0 − xi

h

)(
1

2
A1z2

i1 − 1

2
A1z2

i0

)
(1 + o(1))

= 1

2
A1

1

|n|h2

∑

i∈�n

(

K

(
x0 − xi

h

)[

(r − r0)
�
(

1
xi−x0

h

)

− 2zi0

]

×(r − r0)
�
(

1
xi−x0

h

)

(1 + o(1))

)

. (4.14)

The second equality above holds because for any small u ∈ R,

u

k

k∑

i=1

ψ

(
ε1 + i − 1

k
u

)
≤ ρ(ε1 + u)− ρ(ε1)

=
k∑

i=1

[
ρ

(
ε1 + i

k
u

)
− ρ(ε1 + i − 1

k
u)

]
≤ u

k

k∑

i=1

ψ

(
ε1 + i

k
u

)
.

By taking expectation and letting k → ∞, we know, by (A5), that

E[ρ(ε1 + u)− ρ(ε1)] = 1

2
A1u2(1 + o(1)).
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Furthermore,

E(�n(r0))
�(r − r0) = 1

|n|h2

∑

i∈�n

K

(
x0 − xi

h

)
E[ψ(εi + zi0)](r − r0)

�
(

1
xi−x0

h

)

= A1

|n|h2

∑

i∈�n

K

(
x0 − xi

h

)
zi0(r − r0)

�
(

1
xi−x0

h

)
(1 + o(1)).

(4.15)

By (4.14) and (4.15), we know that

E
[

Ln(r)− Ln(r0)+ (�n(r0))
� (r − r0)

]

= A1

2

1

|n|h2

∑

i∈�n

K

(
x0 − xi

h

)[
(r − r0)

�
(

1
xi−x0

h

)]2

(1 + o(1))

= A1

2
(r − r0)

�U(r − r0)(1 + o(1)). (4.16)

Combining this with (4.13), we know

∣
∣
∣
∣Ln(r)− Ln(r0)+ (�n(r0))

�(r − r0)− 1

2
A1(r − r0)

�U(r − r0)

∣
∣
∣
∣ = oP (1).

As Ln(r) − Ln(r0) + (�n(r0))
�(r − r0) is convex in r and (r − r0)

�U(r − r0) is
continuous and convex in r, by Theorem 10.8 in Rockafellar (1970), we obtain (4.9).

�


Lemma 4.3 Under (A1)–(A8), the following asymptotic property holds

�n(r0) = OP

(
(|n|h2)−1/2

)
. (4.17)

Proof By the definition of �n(r0) and zi0, we have

�n(r0) = 1

|n|h2

∑

i∈�n

[ψ(εi + zi0)− ψ(εi)]K
(

x0 − xi

h

)(
1

xi−x0
h

)

+ 1

|n|h2

∑

i∈�n

ψ(εi)K

(
x0 − xi

h

)(
1

xi−x0
h

)

= 1

|n|h2

∑

i∈�n

χ ′
ni K

(
x0 − xi

h

)(
1

xi−x0
h

)
+�n0. (4.18)
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By proof similar to that of 1
|n|h2

∑
i∈�n

(Wni − EWni) = oP (1) above, we get

Var

⎛

⎝ 1

|n|h2

∑

i∈�n

χ ′
ni K

(
x0 − xi

h

)(
1

xi−x0
h

)
⎞

⎠ = o

(
1

|n|h2

)
. (4.19)

Combing this with (4.1) and (4.18), we know that (4.17) holds. �

Proof of Theorem 3.1 We first prove the weak consistency of the local linear
M-estimator. By Lemma 4.2 and Lemma 4.3, we have, for any ‖r − r0‖ ≤ δ,

Ln(r)− Ln(r0)− A1

2
(r − r0)

�U(r − r0) = oP (1).

As U is positive definite, let λ0 > 0 be the smallest eigenvalue of U, then for ‖r − r0‖
= δ,

(r − r0)
�U(r − r0) >

1

2
λ0(r − r0)

�(r − r0) = 1

2
λ0δ

2.

Therefore, as n → ∞,

P

(
inf‖r−r0‖=δ

Ln(r)− Ln(r0) >
1

4
A1λ0δ

2 > 0

)
−→ 1. (4.20)

Hence, Ln(r) has a local minimum in the interior of the sphere {r : ‖r − r0‖ = δ}.
So there exists a solution to Eq. (2.2). Let r̂ =

(
m̂n(x0)

hm̂′
n(x0)

)
be the closest solution to

r0 =
(

m(x0)

hm′(x0)

)
, then

P
{
(m̂n(x0)− m(x0))

2 + h2
[(

m̂′
n(x0)− m′(x0)

)� (
m̂′

n(x0)− m′(x0)
)]
< δ2

}
→ 1,

which, in turn, implies (3.1).
Next, we will prove (3.2). From the proof of (3.1), we know that in order to prove

(3.2), it suffices for us to show

sup
‖r−r0‖≤δ

∣
∣
∣
∣Ln(r)− Ln(r0)+ (�n(r0))

�(r − r0)− 1

2
A1(r − r0)

�U(r − r0)

∣
∣
∣
∣

= o(1) a.s.

and

�n(r0) = o(1) a.s.

We only derive the second assertion, noting that the proof of the first one is similar.
From (4.18), we know that it’s enough to show
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1

|n|h2

∑

i∈�n

χ ′
ni K

(
x0 − xi

h

)(
1

xi−x0
h

)
= o(1) a.s. (4.21)

and

�n0 = o(1) a.s. (4.22)

We only prove (4.22). Let ψ1(εi) = ψ(εi)I (|ψ(εi)| ≤ |n|β) and ψ̄(εi) = ψ(εi) −
ψ1(εi), where β is defined in (A8). Define

T (1)n3 =
∑

i∈�n

ψ1(εi)K

(
x0 − xi

h

)(
1

xi−x0
h

)

and

T (2)n3 =
∑

i∈�n

ψ̄(εi)K

(
x0 − xi

h

)(
1

xi−x0
h

)
.

Then,

�n0 = T (1)n3 + T (2)n3 . (4.23)

By (A6) and Markov inequality, we know that for |xil − x0l | ≤ h, l = 1, 2, and
arbitrary c ∈ R3, c �= 0,

P
(∣∣
∣c�T (2)n3

∣
∣
∣
/
(|n|h2) �= 0

)
≤
∑

i∈�n

P
(|ψ(εi)| > |n|β) ≤ C |n|1−β(2+γ ).

Hence, by β > 2
2+γ ,

∑

n1,n2≥1

P
(∣∣
∣c�T (2)n3

∣
∣
∣
/
(|n|h2) �= 0

)
≤ C

∑

n1,n2≥1

|n|1−β(2+γ ) < ∞.

So

T (2)n3 = o
(
|n|h2

)
a.s. (4.24)

Let ηi = 1
h2 [ψ1(εi) − Eψ1(εi)]K

( x0−xi
h

)
c�
(

1
xi−x0

h

)
= 1

h2 bi[ψ1(εi) − Eψ1(εi)],
where bi is defined in Lemma 4.1, then maxi∈�n |ηi| ≤ C |n|βh−2 =: Kn. By applying
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Lemma A in the Appendix to ηi, we have, for any ε > 0,

P

(
1

h2

∣
∣
∣c� (T (1)n3 − ET (1)n3

)∣∣
∣ ≥ |n|ε

)

= P

⎛

⎝

∣
∣
∣
∣
∣
∣

∑

i∈�n

ηi

∣
∣
∣
∣
∣
∣
≥ |n|ε

⎞

⎠

≤ 22
{

2 exp

(
− ε2|q|

23v2(q)

)
+ 4Kn

ε
ϕ

([
min

k=1,2
pk

])}
, (4.25)

where q is defined in (A9) and

v2(|q|) = 27(|q|/|n|)2 max
i,j

E

⎛

⎝
∑

k∈Ai,j

ηk

⎞

⎠

2

+ Knε

with Ai,j = ∏2
k=1 ((ik + 2 jk)pk, (ik + 2 jk + 1)pk] and ik = 0, 1, jk = 0, . . . , qk−1,

k = 1, 2. As maxk∈Z2 |bk| ≤ C and
∑

k∈Z2 |Cov(ψ1(ε0), ψ1(εk))| < ∞, we have

max
i,j

E

⎛

⎝
∑

k∈Ai,j

ηk

⎞

⎠

2

≤ (C/h4)max
i,j

E

⎛

⎝
∑

k∈Ai,j

[ψ1(εk)− Eψ1(εk)]

⎞

⎠

2

= (C/h4)E

⎛

⎝
∑

k∈A0,0

[ψ1(εk)− Eψ1(εk)]
⎞

⎠

2

≤ C |p|/h4.

Hence,

v2(|q|) ≤ C |p||q|2/(|n|2h4)+ Knε ≤ C |q|/(|n|h4)+ Knε ≤ C Kn.

The last inequality above holds because |n|1+βh2/|q| → ∞. By (4.25), we get

P

(
1

h2

∣
∣
∣c� (T (1)n3 −ET (1)n3

)∣∣
∣≥|n|ε

)
≤ C {exp(−C |q|/Kn)}+C Knϕ

(
min

1≤k≤2
pk

)
.

(4.26)

By (|q|h2)/(|n|β log |n|) → ∞ and
∑

n1,n2≥1(|n|β/h2)ϕ(min1≤k≤2
nk
qk
) < ∞, we

know that

|q|/(Kn log |n|) → ∞ and
∑

n1,n2≥1

Knϕ

(
min

1≤k≤2
pk

)
< ∞.
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These combined with (4.26) result in

∑

n1,n2≥1

P

(
1

h2

∣
∣
∣c� (T (1)n3 − ET (1)n3

)∣∣
∣ ≥ |n|ε

)
< ∞,

which implies

T (1)n3 = o(|n|h2) a.s. (4.27)

In view of (4.23), (4.24) and (4.27), (4.22) is proved. �

Before giving the proof of Theorem 3.2, we present the following lemma.

Lemma 4.4 Under (A1)–(A8), �n(r0) has the following asymptotic distribution

√
|n|h2

(
�n(r0)− A1

2
h2M

)
d−→ N

⎛

⎝0, V
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎞

⎠ . (4.28)

Proof When deriving the asymptotic normality of the Nadaraya–Watson estimator
of m(·) in model (1.1) in the case of n = (n, . . . , n)�, Machkouri (2005) adapted a
method that was used in the proof of the central limit theorem in Dedecker (1998),
which was based on Lindeberg’s decomposition method. In this paper, we will employ
a different method which has been used by Peligrad and Utev (1997) to prove the central
limit theorem for partial sums of weighted mixing random variables.

Note that

E�n(r0) = 1

|n|h2

∑

i∈�n

A1zi0 K

(
x0 − xi

h

)(
1

xi−x0
h

)
(1 + o(1))

= A1

2

m′′(x0)

|n|h2

∑

i∈�n

(xi − x0)
2 K

(
x0 − xi

h

)(
1

xi−x0
h

)
(1 + o(1))

= A1

2
h2M(1 + o(1))

and

�n(r0)−�n0

= 1

|n|h2

∑

i∈�n

[ψ(εi + zi0)− ψ(εi)] K

(
x0 − xi

h

)(
1

xi−x0
h

)

= oP

(
(|n|h2)−

1
2

)
.

So in order to prove Lemma 4.4, it suffices for us to prove the asymptotic normality of

(|n|h2)
1
2�n0. Remind that Var(�n0) = 1

|n|h2 [∑i∈Z2 Eψ(ε0)ψ(εi)]V(1+o(1)). By the
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Cramér–Wold device, it suffices to prove the asymptotic normality of (|n|h2)
1
2 c��n0

for any c ∈ R3, c �= 0.

Let cni =(|n|h2)− 1
2 K ( x0−xi

h )c�
(

1
xi−x0

h

)
, then (|n|h2)

1
2 c��n0 =∑i∈�n

cniψ(εi).

We now adopt the method in the proof of Theorem 2.2 in Peligrad and Utev (1997).
By (A6), (A7) and the stationarity, we have

Var

⎛

⎝
bk∑

jk=ak ,k=1,2

cnjψ(εj)

⎞

⎠

=
bk∑

jk=ak ,k=1,2

c2
nj Eψ2(εj)+

bk∑

ik=ak ,k=1,2

bk∑

jk=ak ,k=1,2,i �=j

cnicnj Eψ(εi)ψ(εj)

≤
bk∑

jk=ak ,k=1,2

c2
nj Eψ2(ε0)+ 2

bk∑

ik=ak ,k=1,2

c2
ni

bk∑

jk=ak ,k=1,2,i �=j

|Eψ(εi)ψ(εj)|

≤
bk∑

jk=ak ,k=1,2

c2
nj Eψ2(ε0)+ C

bk∑

ik=ak ,k=1,2

c2
ni

[ ∞∑

k=1

kϕ
γ

2+γ (k)

]

‖ψ(ε0)‖2
2+γ

≤
[

Eψ2(ε0)+ C‖ψ(ε0)‖2
2+γ

∞∑

k=1

kϕ
γ

2+γ (k)

] bk∑

jk=ak ,k=1,2

c2
nj

≤ C
bk∑

jk=ak ,k=1,2

c2
nj. (4.29)

Truncate the variable ψ(εi) at the level A > 0 and denote

ζi = ψ(εi)I (|ψ(εi)| ≤ A)− E [ψ(εi)I (|ψ(εi)| ≤ A)]

and

ζ ′
i = ψ(εi)I (|ψ(εi)| > A)− E[ψ(εi)I (|ψ(εi)| > A)].

By the proof of (4.29), we know that

Var

⎛

⎝
∑

i∈�n

cniζ
′
i

⎞

⎠ ≤
∑

i∈�n

c2
ni

(
E
[
ψ2(ε0)I (|ψ(ε0)| > A)

]
+ C‖ζ ′

0‖2
2+γ

)
,

which tends to zero as first n → ∞ then A → ∞. As ψ(εi) = ζi + ζ ′
i and

Var

⎛

⎝
∑

i∈�n

cniψ(εi)

⎞

⎠ →
⎡

⎣
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎤

⎦ c�Vc as n → ∞,
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we have

Var

⎛

⎝
∑

i∈�n

cniζi

⎞

⎠ →
⎡

⎣
∑

i∈Z2

Eψ(ε0)ψ(εi)

⎤

⎦ c�Vc =: σ 2 > 0 (4.30)

as first n → ∞ then A → ∞. Hence, it remains for us to prove

∑

i∈�n

cniζi
d−→ N

(
0, σ 2

)

as first n → ∞ then A → ∞. To this end, we apply Lemma B in the Appendix.
Notice that by a computation similar to (4.29), (a) holds for

∑
i∈�n

cniζi . Since
Eψ2(ε0) > 0, Eζ 2

0 > 0 when A is large enough. Besides,
∑

i∈�n
Var(cniζi) =

c�VcEζ 2
0 (1 + o(1)) as n → ∞. This, combined with (4.30), implies that (b) holds.

As |cniζi| ≤ C A(|n|h2)− 1
2 → 0 when n → ∞, we have

∑
i∈�n

c2
ni Eζ

2
i I (|cniζi| >

εσ) → 0 for any ε > 0, i.e. (d) is valid. Next, we will verify (c). Notice that

∣
∣
∣
∣
∣
∣
Cov

⎛

⎝exp

⎧
⎨

⎩
i t

bk∑

ik=ak ,k=1,2

cniζi

⎫
⎬

⎭
, exp

⎧
⎨

⎩
i t

ck∑

jk=bk+uk ,k=1,2

cnjζj

⎫
⎬

⎭

⎞

⎠

∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣
Cov

⎛

⎝

⎡

⎣exp

⎧
⎨

⎩
i t

bk∑

ik=ak ,k=1,2

cniζi

⎫
⎬

⎭
−1

⎤

⎦,

⎡

⎣exp

⎧
⎨

⎩
i t

ck∑

jk=bk+uk ,k=1,2

cnjζj

⎫
⎬

⎭
−1

⎤

⎦

⎞

⎠

∣
∣
∣
∣
∣
∣

≤ Ct2
[
ϕ

γ
2+γ (‖u‖)

]
∥
∥
∥
∥
∥
∥

bk∑

ik=ak ,k=1,2

cniζi

∥
∥
∥
∥
∥
∥

2+γ

∥
∥
∥
∥
∥
∥

ck∑

jk=bk+uk ,k=1,2

cnjζj

∥
∥
∥
∥
∥
∥

2+γ
(4.31)

and

E

∣
∣
∣
∣
∣
∣

bk∑

ik=ak ,k=1,2

cniζi

∣
∣
∣
∣
∣
∣

2+γ

≤ (2A)γ E

⎛

⎝
bk∑

ik=ak ,k=1,2

cniζi

⎞

⎠

2⎛

⎝
bk∑

ik=ak ,k=1,2

|cni|
⎞

⎠

γ

≤ C(2A)γ

⎛

⎝
bk∑

ik=ak ,k=1,2

c2
ni

⎞

⎠

⎛

⎝
bk∑

ik=ak ,k=1,2

c2
ni

⎞

⎠

γ /2 [
2∏

k=1

(bk − ak + 1)

]γ /2

= C(2A)γ

⎛

⎝
bk∑

ik=ak ,k=1,2

c2
ni

⎞

⎠

1+ γ
2 [

2∏

k=1

(bk − ak + 1)

]γ /2

. (4.32)
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As |bk − ak + 1| ≤ |ck − ak |, |ck − bk − uk + 1| ≤ |ck − ak | and uk = (ck − ak)
1−ι,

where ι will be specified later, we have, by (4.31) and (4.32),

∣
∣
∣
∣
∣
∣
Cov

⎛

⎝exp

⎧
⎨

⎩
i t

bk∑

ik=ak ,k=1,2

cniζi

⎫
⎬

⎭
, exp

⎧
⎨

⎩
i t

ck∑

jk=bk+uk ,k=1,2

cnjζj

⎫
⎬

⎭

⎞

⎠

∣
∣
∣
∣
∣
∣

≤ Ct2
[
ϕ

γ
2+γ (‖u‖)

]
(2A)

2γ
2+γ

⎛

⎝
ck∑

ik=ak ,k=1,2

c2
ni

⎞

⎠

[
2∏

k=1

(ck − ak)

] γ
2+γ

= Ct2 (2A)
2γ

2+γ

⎛

⎝
ck∑

ik=ak ,k=1,2

c2
ni

⎞

⎠

[

ϕ(‖u‖)
2∏

k=1

u
1

1−ι
k

]γ /(2+γ )

≤ Ct2 (2A)
2γ

2+γ

⎛

⎝
ck∑

ik=ak ,k=1,2

c2
ni

⎞

⎠
[
ϕ(‖u‖) ‖u‖ 2

1−ι
]γ /(2+γ )

.

By (A7), we know thatϕ(n) = o(n−2(2+γ )/γ ). If we choose ι = 1
2+γ , then 1

1−ι <
2+γ
γ

.
Therefore,

∞∑

i=1

[
(2i )

2
1−ι ϕ(2i )

]γ /(2+γ ) ≤ C
∞∑

i=1

[
2− 2+γ

γ
+ 1

1−ι
]2iγ /(2+γ )

< ∞.

Therefore, (c) holds. Thus we have proved Lemma 4.4. �

Proof of Theorem 3.2 By proof similar to that of Lemma 4.2, we have, for any constant
c > 0,

sup√
|n|h2‖r−r0‖≤c

∣
∣
∣
∣|n|h2

[
Ln(r)− Ln(r0)+ (�n(r0))

�(r − r0)
]

−1

2
|n|h2 A1(r − r0)

�U(r − r0)

∣
∣
∣
∣ = oP (1). (4.33)

Next, we will prove

√
|n|h2‖̂r − r0‖ = OP (1).

It suffices for us to show that for any positive sequence {cn} satisfying cn → ∞, we
have

P
(√

|n|h2‖̂r − r0‖ ≥ cn

)
→ 0. (4.34)

By (4.33), we know that there exists a sequence of positive constants {c′
n} such that

c′
n → ∞, c′

n ≤ cn and
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sup√
|n|h2‖r−r0‖≤c′

n

∣
∣
∣
∣|n|h2

[
Ln(r)− Ln(r0)+ (�n(r0))

�(r − r0)
]

−1

2
|n|h2 A1(r − r0)

�U(r − r0)

∣
∣
∣
∣ = oP (1). (4.35)

As U is positive definite, let λ0 > 0 be the smallest eigenvalue of U. Then when√|n|h2‖r − r0‖ = c′
n, we have

1

2
|n|h2 A1(r − r0)

�U(r − r0) >
1

4
A1λ0c′2

n . (4.36)

By Lemma 4.3, we know that

|n|h2�n(r0) = OP

(√
|n|h2

)
.

Hence, when
√|n|h2‖r − r0‖ = c′

n, we have

∣
∣
∣|n|h2 (�n(r0))

� (r − r0)

∣
∣
∣ = OP (c

′
n). (4.37)

As c′
n → ∞, by (4.35)–(4.37), we know that

P

(

inf√
|n|h2‖r−r0‖=c′

n

|n|h2(Ln(r)− Ln(r0)) < 0

)

→ 0.

As ρ(·) is a convex function, we have

P

(

inf√
|n|h2‖r−r0‖≥c′

n

|n|h2Ln(r) ≤ |n|h2Ln(r0)

)

→ 0.

By the definition of r̂, we know that

P
(√

|n|h2‖̂r − r0‖ ≥ c′
n

)
→ 0,

which implies the validity of (4.34) by c′
n ≤ cn.

On the other hand, by Theorem 2.5.7 in Rockafellar (1970) and arguments similar
to the proof of Lemma 4.2, we have, for any c > 0,

sup√
|n|h2‖r−r0‖≤c

∣
∣
∣
∣
(
|n|h2

)1/2
[�n(r)−�n(r0)] +

(
|n|h2

)1/2
A1U(r − r0)

∣
∣
∣
∣ = oP (1).

(4.38)
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By �n (̂r) = 0, (4.38) and (4.34), we have

r̂ − r0 = A−1
1 U−1�n(r0)+ oP

(
(|n|h2)−1/2

)
. (4.39)

By (4.39) and Lemma 4.4, we know that Theorem 3.2 holds. �


Appendix

Lemma A below gives a exponential inequality for strongly mixing random fields. It
can be found in Lee et al. (2004).

Lemma A Let {Z i, i ∈ Zd} be a zero-mean real valued and strongly mixing random
field such that sup

i∈�n

‖Z i‖∞ ≤ K < ∞. Then for each q = (q1, . . . , qd) with integer-

valued coordinates qk ∈ [1, nk/2] and for each ε > 0 we have

P

⎛

⎝

∣
∣
∣
∣
∣
∣

∑

i∈�n

Z i

∣
∣
∣
∣
∣
∣
> |n|ε

⎞

⎠ ≤ 2d
{

2 exp

(
− ε2|q|

2d+1v2(q)

)
+ 4K

ε
ϕ

([
min

1≤k≤d
pk

])}
,

where pk =nk/(2qk), v2(q)=2d+1σ 2(q)/|p|2 + K ε, σ 2(q)=maxi,j E
(∑

k∈Ai,j
Zk

)2

and Ai,j = ∏d
k=1((ik + 2 jk)pk, (ik + 2 jk + 1)pk]. The maximization in the defining

equation for σ 2(q) is taken over all pairs of d-tuple indices i and j with ik = 0, 1 and
jk = 0, 1, . . . , qk − 1.

The next lemma is an extension of Theorem B in Peligrad and Utev (1997) to
random fields. The proof is analogous to that of Theorem 4.1 in Utev (1990).

Lemma B Let {Xni, i ∈ �n} be an array of random variables such that the following
hold.

(a) Var(
∑bk

jk=ak ,1≤k≤d Xnj) ≤ C
∑bk

jk=ak ,1≤k≤d Var(Xnj) for every 0 ≤ ak ≤ bk ≤ nk,
1 ≤ k ≤ d;

(b) lim infn→∞
Var

(∑
j∈�n Xnj

)

∑
j∈�n Var(Xnj)

> 0;

(c) |Cov(exp(i t
∑bk

jk=ak ,1≤k≤d Xnj), exp(i t
∑ck

jk=bk+uk ,1≤k≤d Xnj))| ≤ ht (‖u‖)
∑ck

jk=ak ,1≤k≤d Var(Xnj) for every 1 ≤ ak ≤ bk ≤ ck ≤ nk, where ht (‖u‖) ≥ 0,
∑

ht (2i ) < ∞ and u is of the form uk = [(ck − ak)
1−ι] for a certain 0 < ι < 1;

(d) σ−2
n
∑

i∈�n
E X2

ni I (|Xni| > εσn) → 0 as n → ∞ for every ε > 0, where σ 2
n

denotes Var(
∑

i∈�n
Xni).

Then
∑

i∈�n
Xni/σn

d−→ N (0, 1) as n → ∞.
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