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Abstract
We prove a new Donsker’s invariance principle for independent and identically dis-
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1 Introduction

Let {X,;n > 1} be a sequence of independent and identically distributed random variables

on a probability space (,.%, P) such that EX; = 0 and EX? = ¢%. Set S,, = Z?Zl X;.

In his classical paper Chung (1948) proved the following remarkable result: if E|X;|? < oo,
then
L 8loglogn
P | liminf |/ ——F"—max|Sy[ =0 | = 1. (1.1)
n—00 nm k<n

The result (1.1) is refereed to as the other law of the iterated logarithm or Chung’s law of

the iterated logarithm, in contrast to the Hartman-Winter law:

P limsupw = lim sup _ ISl =0 =1 (1.2)
n—oo V2nloglogn nooo V2nloglogn

Jian and Pruitt (1975) were the first to prove that (1.1) is still true of only the existence

of second moments is assumed. The main tool of Jian and Pruitt (1975) is the following
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inequality: for any ¢ < om/+/8, there is a 7 > 1 such that

n 1/2 1
4 _ <C—_ )
P <I%a7z<|52| < C(loglogn) ) < C(logn)" (1.3)

for all n sufficient large. A more general inequality of this type is the following small
deviation obtained by Mogul’skii (1974): if 0 < z,, — 0 and n'/2z, — oo, then

7.{.2

1/2
logP(ranaf]Si\ <nl/ Tp) ~ TRz (1.4)

A small deviation theorem and Chung’ law of the iterated logarithm for general independent
but non-identically distributed random variables was established by Shao (1995) under a
uniform Lindeberg’s condition. The key for establishing the small deviations as (1.3),(1.4)

and Shao’s is the remarkable Donsker’s invariance principle as follows: let

Sint) Xint]+1
Wi (t) NG + (nt — [nt]) i 0<t<1,
then W, % oW in (0,1} in the sense that
Ep [p(Wn)] = Ep [p(cW)] (1.5)

for any bounded continuous map ¢ from C10, 1] to R, where W is a standard Browian motion
under P and C[0, 1] is the space of all continuous function z : [0,1] — R (c.f, Donsker (1951),
Billingsley (1968)).

The key in the proof of the these classical results is the additivity of the probability and
the expectation. Under the sub-linear expectation, the Hartman-Winter law of the iterated
logarithm were recently established by Chen and Hu (2014) for bounded random variables,
and large deviations were derived by Gao and Xu (2011, 2012). The main purpose of this
paper is to show that (1.5) is still true under the sub-linear expectation and to establish the
small deviations similar to (1.4) and Chung’s law of the iterated logaritm similar to (1.1)
under the capacities related to the sub-linear expectation.

The general framework of the sub-linear expectation of random variables in a general
function space was introduced by Peng (2006, 2008a, 2008b) and is a natural extension of
the classical linear expectation with the linear property being replaced by the sub-additivity
and positive homogeneity (c.f Definition 2.1 below). This simple generalization provides a

very flexible framework to model non-additive probability and expectation problems. Take



the hedge pricing in fiance as an example. The famous Black-Shores’s formula states that,
if a market is complete and self-financial, then there exists a neutral probability measure
P such that the pricing of any discounted contingent claim £ in this market is given by
Ep[¢]. However, if the market is incomplete, such a neutral probability measure is no longer
unique, but a set & of probability measures. In that case, one can define superhedge pricing
IE[&] = supgep Egl¢] and subhedge pricing E[{] = —IAE[—ﬁ] = infgep Egl€], respectively.
Then I/F:[f] is sub-linear, as a functional operator of random variables, and the related capacity
V(A) = supge» Q(A) is non-additive, as a function operator of events. The extension of
linear expectations to sub-linear expectations also produces many interesting properties
different from the classic ones. For examples, the limit in the law of large numbers is no
longer a contact, and, comparing to the classical one-dimensional normal distribution which
is characterized by the Stein equation, an ordinary differential equation (ODE), a normal
distribution under the sub-linear expectation is characterized by a time-space parabolic
partial different equation (PDE). Recently, Hu and Li (2014) showed that the characteristic
function cannot determine the distribution of random variables on the sub-linear expectation
space. Roughly speaking, a sub-linear expectation is related to a group of unknown linear
expectations and the distribution under a sub-linear expectation is related to a group of
probabilities (c.f. Lemma 2.4 of Peng (2008b)). For more properties of the sub-linear
expectations, one can refer to Peng (2008b,2009), where the notion of independent and
identically distributed random variables under the sub-linear expectations was introduced
and a new central limit theorem was estiblished. It is a natural and interesting problem
whether (1.4) is true when the linear expectation E is replaced by the sub-linear expectation.

In the classical probability space, (1.4) is equivalent to the weak convergence of related
probability measures in the metric space C[0,1] equipped with the super-metric ||z — y|| =
Os<u£>1 |z(t) — y(t)]. Classically, the weak convergence of probability measures in C[0,1] is
sﬂf);ved by verifying the convergence of the finite-dimensional distributions and the tightness
of the probability measures. We will find that this way is also valid for proving Donsker’s
invariance principle in the sub-linear expectation space, though there is no longer any one-
to-one relationship between the convergence of sub-linear expectations and the convergence

of related capacities. In the next section, we state basic settings in a sub-linear expectation

space including, capacity, independence, identical distribution, G-Brownian motion etc. The



main result on Donsker’s invariance principle is established in Section 3 by assuming that
the convergence of finite-dimensional distributions and the tightness are proved. And also,
Chung’s law of the iterated logarithm is established by assuming the small deviations. We
consider the convergence of the finite-dimensional distributions in Section 4, and consider
the tightness in Section 5. In Section 6, we establish the small deviations by applying
Donsker’s invariance principle. All of the results are established of only the existence of

second moments is assumed.

2 Basic Settings

We use the framework and notations of Peng (2008b). Let (2, F) be a given measur-
able space and let % be a linear space of real functions defined on (€2, F) such that if
Xi,..., X, € A then p(X1,...,X,) € H for each ¢ € Cy(R,,) | C1.1ip(Ry), where Cp(R,,)
denote the space of all bounded continuous functions and Cj 1,,(R,,) denotes the linear space

of (local Lipschitz) functions ¢ satisfying

() —p(y)| < C(A+ |&|™ + [y|™)|@ - yl, Yo,y Ry,

for some C' > 0,m € N depending on .

€ is considered as a space of “random variables”. In this case we denote X € 5. Further,

we let Cp 1ip(Ry,) denote the space of all bounded and Lipschitz functions on R,,.

Remark 2.1 It is easily seen that if o1, p2 € Cp ip(Ry), then 1V @2, 01 Apa € Cp Lip(Ry)
because o1 V g = 3(01 4+ 02+ |01 — @21), w1 A w2 = 5(01 4+ 02 — |01 — @2l).
2.1 Sub-linear expectation and capacity

Deriniton 2.1 A sub-linear expectation E on J is a functional E:# >R satisfying

the following properties: for all X,Y € ¢, we have
(a) Monotonicity: If X >Y then IAE[X] > IE[Y];
(b) Constant preserving : E[d] = ¢;

(¢) Sub-additivity: E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form

+00 — 00 or —00 4 005



(d) Positive homogeneity: IE[)\X] = )\IE[X], A>0.

Here R = [—00,00]. The triple (Q,%ﬂ,@) is called a sub-linear expectation space. Give a

sub-linear expectation I/Ef:l, let us denote the conjugate expectation gofl/[i by
E[X]:= —-E[-X], VX € #.

From the definition, it is easily shown that £[X] < E[X], E[X + ¢] = E[X] + ¢ and
E[X —Y] > E[X]—E[Y] for all X, Y € # with E[Y] being finite. Further, if E[| X|] is finite,
then £[X] and IE[X] are both finite.

Next, we introduce the capacities corresponding to the sub-linear expectations. Let

G C F. A function V : G — [0, 1] is called a capacity if
V©0)=0, V() =1 and V(A) < V(B) YAC B, A,B €.

It is called to be sub-additive if V(A|JB) < V(A)+V(B) for all A, B € G with A|JB € G.
Let (Q,%”,I/[i:.) be a sub-linear space, and & be the conjugate expectation of E. It is
natural to define the capacity of a set A to be the sub-linear expectation of the indicator
function I4 of A. However, I4 may be not in 7. So, we denote a pair (V, V) of capacities
by
V(A) := inf{E[] : [4 S €,€ € #}, V(A):=1-V(A°), VA€ F,

where A€ is the complement set of A. Then

~

V(A) =E[14], V(A) =E&[14], ifIye A

(2.1)

~

[
E[f] < V(A) <E[g], E[f) <V(A) <&lg], if f<Is<g,fgeH.
g

It is obvious that V is sub-additive. But V and £ may be not sub-additive. However, we

have

~

VAJB) <V(4) +V(B) and E[X +Y] < E[X]+E[Y] (2.2)

due to the fact that V(A () B®) = V(A°\B) > V(4¢)—V(B) and E[-X Y] > E[- X]-E[Y].

Further, we define an extension of E* of E by
E[X] =inf{E[Y]: X <Y, Y € #}, VX:Q >R,

where inf ) = +00. Then

&

[f] <E*[X]<E[g] if f<X<g,fgeX



Deriniton 2.2 (I) A sub-linear expectation E: s — R is called to be countably sub-

additive if it satisfies

(e) Countable sub-additivity: E[X] < Yoy E[X,], whenever X < Yol X,

X, X,e€ and X >0, X, >0, n=1,2,...;
It is called to continuous if it satisfies

(f) Continuity from below: E[X,] 1t E[X] if 0 < X,, T X, where X,, X € J;

(g) Continuity from above: E[X,] | E[X] if 0 < X,, | X, where X,,X € A

(I1) A function V : F — [0,1] is called to be countably sub-additive if
v(UJA4) <> v, va, e F
n=1 n=1

(ITIT) A capacity V : F — [0,1] is called a continuous capacity if it satisfies

(IT11) Ccontinuity from below: V(A,) 1t V(A) if A, T A, where A,, A€ F;

(IT112) Continuity from above: V(A,,) | V(A) if A, | A, where A, A € F.

It is obvious that a continuous sub-additive capacity V (resp. a sub-linear expectation

E) is countably sub-additive.

2.2 Independence and distribution

Deriniton 2.3 (Peng (2006, 2008b))

(i) (Identical distribution) Let X, and Xo be two n-dimensional random vectors defined
respectively in sub-linear expectation spaces (€21, %’i,l@l) and (QQ,%,EQ). They are

called identically distributed, denoted by X1 4 Xo if
E1fp(X1)] = Balp( X)), ¥ € Cipip(Rn),

whenever the sub-expectations are finite. A sequence {X,;n > 1} of random variables

is said to be identically distributed if X; 4 X4 for each i > 1.



(ii) (Independence) In a sub-linear expectation space (Q,%”,I/F:), a random vector Y =
(Y1,....Y,), Y, € S is said to be independent to another random wvector X =

(Xq,..., X)), Xy € under E if for each test function ¢ € Cp rip(Ry xRy,) we have

Elp(X,Y)] = E[Elp(z,Y)]| _x],

whenever p(x) := E [|p(z,Y)|] < 0o for all z and E [[¢(X)|] < cc.

(iii) (IID random variables) A sequence of random wvariables {Xn;n > 1} is said to be
independent and identically distributed (IID), if X; 4 X1 and X;41 is independent to

(X1,...,X;) for each i > 1.

2.3 G-normal distribution and G-Brownian motion

Let 0 < 0 <7 < o0 and G(a) = 3(@%a" — ¢?a™). X is call a normal N (0, [0?,5?])
distributed random variable (write X ~ N (0, [¢%,5?])) under E, if for any ¢ € Cy(R), the

function u(z,t) = E (o (z+VtX)] (z € R,t > 0) satisfies the following heat equation:
Ou— G (92,u) =0, u(0,2) = p().

Let C0, 1] be a function space of continuous functions on [0, 1] equipped with the super-
norm ||z|| = sup |z(t)| and Cy(C[0,1]) is the set of bounded continuous functions h(z) :
0<t<1
C[0,1] — R.The modulus of the continuity of an element z € C[0, 1] is defined by

ws(x) = sup [a(t) — a(s)]
[t—s|<d

Denis, Hu and Peng (2011) showed that there is a sub-linear expectation space (?2, L%f;, ]E)
with Q = C[0,1] and C, (Clo,1]) c A such that E is countably sub-additive, and the
canonical process W (t)(w) = wi(w € Q) is a G-Brownian motion with W (1) ~ N(0,[o?,5%)

under E, ie., forall 0 <t < ... <t, <1, @ € Cpip(R™),

E [W(W(tl)7 SRR W(tn—1)7 W(tn) - W(tn—l))] =E [w(W(tl)a R W(tn—l))] ’ (23)

where ¥(x1, ..., xn_l)) -E [go(xl, e Tne1, Vtn — tn_1W(1))].
Denis, Hu and Peng (2011) also showed the following representation of the G-Brownian

motion (c.f, Theorem 52).



Lemma 2.1 Let (2,.%, P) be a probability measure space and {B(t)}+>0 is a P-Brownian

motion. Then for all ¢ € Cy(2),

B [p()] = sup £ [ (W) Wilt) = /0 0(s)dB(s),

where
O ={0:0(t) is Fi-adapted process such that o < 0(t) <7},

Fir=0{B(s):0<s<t}VA, N isthe collection of P-null subsets.

We we denote a pair of capacities corresponding to the sub-linear expectation E by

(V, 17), and the extension of E by E*. By using Lemma 2.1, one can show that

B | sup (WOP| =aEr | s [50)7]
0<t<1 0<t<1

and for z > 0

(c.f, Lemma 6.1 below).
In the sequel of this paper, the sequence {X,;n > 1} of the random variables are
considered in (£, 7 ,I/Ef,) and Brownian motions are considered in (Q,jfi’:]ﬁ) We suppose

{Xn;n > 1} is a sequence of independent and identically distributed random variables in
(Q, 7, E) with E[X1] = £[X1] = 0, E[X2] = 52 and £[X?] = ¢2, and suppose W (t) is a G-
Brownian motion on (€2, ,%/Z,IE) with W (1) ~ N(0, [¢2,5?]). Denote Sy = 0, S;, = > 1_; X

3 Main results

Define the C]0, 1]-valued random variable W,, by setting
Si/vn, ift=Fk/n(k=0,1,...,n);

Wa(t) = { extended by linear interpolation in each interval

[k — 1=t kn~1].



Our first result is the following Donsker’s invariance principle, or called the functional

central limit theorem.

Theorem 3.1 Suppose IE[(X% —b)*] = 0 as b = oo. Then for all bounded continuous

function ¢ : C[0,1] — R,

E[p(Wn)] = E [p(W)]. (3.1)

Remark 3.1 Note Cp, (C[0,1]) C . The expectation on the right hands of (3.1) is well-
defined. On the other hand, the map g : (S1/v/n, ..., Sn/v/n) — Wy(t) is a continuous
one-to-one map of (S1/v/n,...,Sn/\/n). So, pog e Cy(R™). It follows that o(W,) € .
So, even though E has no definition on Cy, (C[0,1]), the expectation on the left hand of (3.1)

1s well-defined.

There are there immediate corollaries of Theorem 3.1.

Corollary 3.1 Suppose IE[(Xl2 -0t = 0asb — oo. If hy(z,y) and h(z,y): C[0,1] x

C[0,1] — R are bounded continuous functions for which

ho(Tn, yn) — h(x,y) whenever x, — x,y, — v,

then

E [hn(Wn, )] = E[R(W,y)]  uniformly in y € K, (3.2)

for any compact set K C C10,1].

Corollary 3.2 Suppose p > 2 and E[(|X1[P — b)*] — 0 as b — co. Then for all continuous

function ¢ : C[0,1] — R with |p(z)| < C(1 + ||z|/P),
E* [o(Wn)] = E* [p(W)] (3:3)
where B* and E* are extensions ofIE and IE, respectively. In particular,

E [max
k<n

p ~
} — o’ Ep[sup |B(t)|"], & [max
0<t<1 k<n

% Sk |P
2k P L PR B()P].
T T ] o P[oi%%' (®)[7]



Corollary 3.3 Suppose E[(Xl2 —b)"] — 0 as b — oco. Then for all z > 0,

v (maxlsul/va> o) - 2 sup alB0)] 2 ).

0<t<1

v (maxlsul/vii = ) = P sup olB(0)] 2 2).

0<t<1

\Y (glgécsk/\/ﬁ > 1‘) — 2P (@B(1) > ),
1% @25( Sk/vn > :1:) — 2P (¢B(t) > ).

Note

2
e
lim 2”log P Bt)|<z)=—-—.
Il)Igl+I 8 <0S§1;21’ ()|_I> 8

From Corollary 3.3, we conclude that

2 2
. 2 - < _ g
i 2l dog ¥ (a5 2 ) = T E
9 25>
. . <) - _
xl_l)%l+x nlg& logV <I]£1§37>l<\5k|/\/ﬁ < a:) 3

In Section 6, we will prove more accurate results refereed to as the small deviations:

2 2
< nl/2 ~_TZ .
logV <II£1<ar>L< |Sk] <n ﬂcn> 822 (3.4)
22
1 < pl/2 Lo )
ogV (rglgaéi |Sk| <n xn> S22 (3.5)

whenever 0 < z,, — 0 and y/nx,, — oo. By the small deviations, we obtain our another

main result which gives Chung’s law of the iterated logarithm.

Theorem 3.2 Suppose E[(X2 —b)*] — 0 as b — oo and V is continuous. Then

log]
v <a < liminf | 28" |5y < a> =1 (3.6)
n—o00 nm k<n
and
v <nmmf Bloglogn 161 — ) . (5.7
n—oo nm k<n

Next, we give a sketch of the proof of Theorems 3.1, 3.2 and Corollaries 3.1- 3.3. We
need the following Rosenthal type inequalities under E which have been obtained by Zhang
(2014a).

10



Lemma 3.1 (Rosnethal’s inequality) Let {Xy,..., X, } be a sequence of independent ran-

dom variables in (0, #,E). Then

n p/2
E hlgﬂsk’p} <Cp ZE | Xk[P] + < HXk’Q])

+ <2n: {EX) + (E[Xk]f}) } , forp>2. (3.8
k=1

In particular, z'fI/E\I[Xk] = IE[—Xk] =0,k=1,...,n, then

n p/2
£ [%137}1(|Sk’p] <Cp kZ1EHXk|p (Z [ X5|? > , forp>2.

3

Proof of Theorem 3.1. The proof is based on the convergence of the finite-dimensional
distributions of W,, under E and the tightness of W, under V which are given in Section 4
and Section 5, respectively. Here, we give the proof of theorem after assuming these results.

For 0 < t; <ty... <ty <1, we define the projection m;, _;, from C|0,1] to R? by

Tyt = (2(t1), ..., x(ta)),

and define a map H;hlm,td from R? to C[0,1] by

0, ift=0; xg, ift=1tx (k=0,1,...,n);

-1 _ . . . . .
Htl,...,td (Z1,-++,2d) = { extended by linear interpolation in each interval
[te—1.tk]-
Then 7, . ¢, and Ht_ll.__ t, are both continuous maps. Denote 7, . ;, = Ht_ll... ty © Tty ta

Then 7y, . 4, : C[0,1] — C[0,1] is continuous and

W =10 o (S8R, 82/V0, . Sa/V/R).

Let ¢ € Cy(C[0,1]). Then @(7y,..¢,@) = @ oI, (x(t1),...,x(tg)) and @ o II;' | €
Cy(R?). By Theorem 4.1 on the convergence of the finite-dimensional distributions of W,,,

it follows that

lim E[p (71,0, Wa)] = lim E [poIl;  (Wy(ty), ..., Wa(ta))]

n—oo n—o0

=E[poIl, ,, (W(t),...,W(ts))] =Ep Fr,,..0,W)].

-----

11



Now, let t9 = 0, t411 = 1, and suppose that t;11 —t; < ¢ for i = 0,...,d. Recall ws(z) =
sup |z(t) —x(s)| and ||z]| = sup |z(t)|. It is easily seen that |7, ¢,z — x| < ws(x). Let
0<t<1

[t—s|<d
€ > 0 be given. Since ¢ is a continuous function, for each x, there is an ¢, > 0 such that

lo(x) — @(y)| < € whenever ||y — z|| < €.

Let K C C]0,1] is a compact set. Then it can be covered by a union of finite many of the
sets {y : |ly —z|| < €4}, x € K. So, there is an ex > 0 such that |¢(x) — ¢(y)| < € whenever

lly — z|| < ex and x € K. Denote M = sup, |¢(z)|. It follows that
lo (Tt 1,%) — ()] < €+ 2MI{ws(z) > ex} +2MI{zx ¢ K}.

By Theorems 5.1 and 5.2 on the tightness of {W,,} and W, respectively, we can choose K

and J such that

supV (ws(W,) > €x) +supV (W, € K) < ﬁ and

i €

V(ws(W) 2 ex) + VW ¢ K) < .

Hence

+ B leWa)] = Bl For,.otsWall| + [E [0(Frr,..0a)] — E oW

Letting n — oo and then € — 0 completes the proof of (3.1). O

Remark 3.2 Here we give a direct proof of Theorem 3.1. In Section 5, we will give another

proof by using the results of Peng (2010).

Proof of Corollary 3.1. Let {d,} be a sequence of positive numbers with ¢, | 0, and

let y, € K such that

~

E (o (Wo,yn)] = E (bW, )] | > sup [E [ho(Wo, )] ~ B [0(W,)]| 5.
yE

12



Since K is compact, any subsequence of {y, } has a further convergent subsequence. Without
loss of generality, we assume y, — y € K. Let g,(x) = hyp(z,y,) and g(x) = h(z,y). Then
gn(zn) — g(x) whenever z,, — x, which implies that for any compact set Ky C CJ0,1],
SUP,e g, |9n(2) — g(x)| — 0. For any € > 0, by Theorem 5.1, one can choose K such that
sup,, V(W, € K1) < ¢/(2M). Tt follows that

sup [B [t (W2, )] = E ROV, )] < [B Lo V)] = Blg (W) + 32

< [Elga(wa)] - E [g(Wa)]

+[Elgwo)] - E[gw))| + 4,

<[EloW)] = Elg(W)]| + sup lga(x) — gla)] +2M - ¢/ (2M) + by

From (5.1), it follows that

limsup sup |E [ (Wa, )] — E[(W, )]| < e.

n—oo yekK

The proof is now completed. [J

Proof of Corollary 3.2. For A > 0, o) = (=) V (p(z) A X) € Cp(C[0,1]). So, by
Theorem 3.1,

E* [poA(Wn)] = E[oa(Wa)] = E [pA(W)] = E* [pA(W)].

On the other hand,

E* [oa(W)] - E* [p(W)]| < B* [(lpa(W)] - 2]

< CE*[(|W[P =M/ C+1)T] -0as A —0

and

~

E* [oa(W)] — E* [p(Wi)]| < CE* [(|WalP — A/C +1)*]

p

+
= CE —)\/C’+1>

Sk
\/ﬁ

max
k<n

It is sufficient to show

A—00 n k<n n

~ S |P +
lim limsup E <max - )\> =0, (3.9)

i.e., the sequence {maxy<y, |Sk/v/n|”;n > 1} is uniformly integrable under E. Let Y; =

(—vR)V (X;AVD), X;j = X; - Y, Tj =0 Vi, S5 =37 Xi, j=1,...,n. Then

13



maxg<p |Sk| < maxp<p, |Sk| + maxp<, |Tk|. Note E[X)] = £[X1] = 0. So, [E[Y1]| = |E[X1] —
EIVi]| < E|Xy| = E[(|X1]? — n)*)n~/? and |E[Yi]| = |[E[X1] — E[V1]| < E|X1| = E[(|X:1]* -

n)*]n~=1/2. By Rosnethal’s inequality (c.f, (3.8)),

B |max[1? | < G, {nBI¥i) + (nB0vPY)” + (n[Ei) ™+ @) 1)}

< G {nnp/ZIEHXﬂp] +nP (@[X%])p + <nn_1/2f@ [(X? - n)+])2p} < CnP
and

E [max
k<n

'] <, {nBp)+ (uENRE)" + ([ @R+ EBLRA) )

It follows that

~ T |P +
lim limsupE (max — = A)
A—00 n k<n \/ﬁ
1~ T |**
< lim limsup —FE [max —k < lim =0
A—00 n A k<n \/ﬁ A—oo A
and
~ P
. S
li E — =0.
o g |

The proof of (3.9) is completed. O

Proof of Corollary 3.3. We only give the proof of the first result. Let ¢(y) be a
Lipschitz function such that I{y > z} < ¢(y) < I{y > (1 +0)}. Then by Theorem 3.1,

lim supV <r11€f1<ax|5k|/\/ﬁ > :r) = limsupV < sup [Wh(t)| > x>

n—o00 n—o00 0<t<1

<limsup [g& < sup ]Wn(t)\)] =E [so ( sup \W(t)lﬂ

n—00 0<t<1 0<t<1

<V ( sup |W(t)| > =(1 + 5)) =P ( sup o|B(t)| > z(1 + 5)) ;

0<t<1 0<t<1
where the last inequality is due to (2.4). Letting § — 0 yields
lim sup V (max]Sk]/\/ﬁ > a:) <P < sup o|B(t)| > :z:> .
Nn—00 k<n 0<i<1
By considering a function ¢p(y) with I{y > x(1 =)} < ¢(y) < I{y > «} instead, we can

show that

liminf V <max\Sk\/\/ﬁ > :1:) > P ( sup a|B(t)] > 1’) )
n—00 k<n 0<t<1
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The proof is completed. [.

Proof of Theorem 3.2. The proof is based on small deviations for max;<, |\S;| which

are proved in Section 6. Let 0 < e < 1/2, f(n) = 810§T{Zgn and z,, = (1 +€)~"taB(n)/\/n.

Then by (3.4) (c.f, Theorem 6.1),

r2g2

5~ —(1+ €)% loglog n.

n

log V (max|S;| < B(n)(1+€)7'g) ~ —=

Let ny, = [¥/1°8%]. Then ny_y /ny — 1, B(ng—1)/B(ng) — 1 and loglogny, ~ log k. It follows

that

(s < Aw)(1+9710) £ O3 k049
k=1 ="k ~

Hence by the countable sub-additivity of V,

V(%ysiy < Bn)(1+¢)"la 20)

[e.o]

< V(max|5,-\ < B(nk)(1+ e)ﬂg) — 0 as K — oo.
s
So,
.. . MaXj<y, |Si] 1
V(1 f— ="k < (1 =0.
(timin By S+ o)
Note for ny <n < ngy1,
maxj<n |Si| _ maxj<y, |Sil ' B(ng)
Bn) = Blnk) B(nkr1)
It follows that
.. . Maxi<y | S 1\
V<hnn—l>l£fT <(1+¢) Q) =0.

Note the continuity of V. Letting ¢ — 0 yields

V( Jim juf 8%i<n |Si]

T

Next, we consider the lower bound. Let ny = [¢F(o8 k)z], then ny_y/ny ~ e~ (o8 K? 0
and loglog ny ~ logk. Let z,, = (1—¢€)"*aB(nk)//nk — nk—1. Then by (3.4) (c.f, Theorem
6.1),

< g) — 0. (3.10)

252

~ —(1—€)2logk.

log V( max |8 = Sy, | < Bu)(1 - ) e) ~ -

ng_—1<t<ng 81‘%k

So,
ZV( max  |S; — S, | < B(ng)(1 — e)_lg) = 00.

ng_1<it<ng

15
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Let & = maxy, _,<i<ng |Si — Sny_y| — B(nk)(1 —€) "o and ¢(y) be a Lipschitz function such
that I{y < 0} < ¢(y) < I{y < €}. Then > 2, E[o(&)] = co. Note the independence and

the continuity of V. We have

N
(ﬂ{fk > 6}) = hm % (ﬂ{{k > e}) < hm £ [H(l - gp(fk))]

k=n n =n
N
:]\}i_rgo]g:né'[( | < hm H (1— ><exp{ ZE (&) }
Hence
V({nge}i-oJ—l—V(U ﬂ{£k>e}> —1_7}i_)rgov<ﬂ{fk>€}> =
n=1k=n k=n
ie.,

V( max  [S; — Su, | < B(ni)(1—e) ta +e z'.o.) =1.

ng—1<it<ng

It follows that

.. oMaAXp, <i<n |SZ — - | _
V(1 f A1k Pl <(1—e) !t =1. 3.11
(limin B(ny) <(1-0 o +e) (3.11)
On the other hand,
ZV( max |Si| >ﬁ(nk)/«/loglognk) < WE [ max \S|2]
1 1<np_1 e ﬁ (nk‘) i<ng_1

o0

(log log nk) >
= Z n 71E Xl S Z logk o,
k=1

where the second inequality is due to the Rosenthal type inequality (c.f. Lemma 3.1). It

,_.

follows that

. S.
V(limsup MZS”—’HM > 0) =0,
k—00 B(ny)

which, together with (3.11), implies

V( lim inf SoXisn 120 |5l

—e)lo+e) =1. .

By the continuity of V| letting ¢ — 0 yields

V(liminfw < g) — 1.
k—ro0 (nk)
Hence
V(linniio%fnw < g) =1 (3.13)
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Finally, let 2, = (1 — €)~'a8(nk)//nk — nk_1. Then by (3.5) (c.f, Theorem 6.1),

w252

logV( max  |S; — Sp,_, | < B(ng)(1 — e)_lg) ~ —

np—1<t<ny

~—(1—¢)?logk

which implies

iv( max  |S; = Sny_,| < Blrg)(1 — e>—1a) = co.
k=1

np_1<t<ng

So, similar to (3.13) we have

V(lim inf MaXign [24] |9l

n—00 B(n)
It is obvious that (3.6) follows from (3.10), (3.14) and the fact V(A B) > V(A) — V(B°),

< 5) =1 (3.14)

and (3.7) follows from (3.10), (3.13) and the fact V(A B) > V(A) — V(B°¢). O

4 Convergence of the finite-dimensional distributions

The purpose of this section is to prove the following theorem on the convergence of finite-

dimensional distributions of W,, under .

Theorem 4.1 Suppose IE[(X% —b)T] = 0asb— o0o. Then for any 0 <t < ... <ty <1
and any o € Cp(RY), we have

~ ~

Ele (Wn(t1), ..., Walta))] = Elp (W(t1),..., W(ta))] - (4.1)

For proving this theorem, we need some lemmas. The first is the central limit theorem
which was firstly obtained by Peng (2008b) under the condition I@[|X1|2+E] < 00. The

condition was relaxed to only the existence of the second moments by Zhang (2014b).

Lemma 4.1 (CLT) Suppose IE[(X%—b)*‘] — 0 as b — oo. Then for any bounded continuous

function o,

i B[ (52 )] = Bloov)l (42)

For random vectors X,, = (X}, -+, X%) in % and X = (X!,---, X% in A, we write
X, % X if I/Es[cp(Xn)] — E[p(X)] for any bounded continuous function ¢ : RY — R; and
write X, — a if V(|| X, —al| >¢€) — 0 for all € > 0. It is obvious that for any continuous
function f(x), X, 4 x implies f(X,) KN f(X), and X, %X implies f(X,) A f(X).

The following lemma is Slutsky’s theorem. The proof is standard and ommited.

17
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Lemma 4.2 Suppose X, A X, Y, A Y, Mn A a, where a is a constant and y is a constant
vector, and V(|| X|| > ) = 0 as A — co. Then (Xn, Y, 1) 4 (X,y,a), and as a result,

Xn + Y, % aX.

Lemma 4.3 Suppose X, > X and V(| X > A) = 0 as A = co. Assume that gy, () and

g(x) are continuous functions for which
gn ()| < M, |g(x)| < M,

gn(xn) — g(x) whenever x,, — .
Then

Elgn(Xa)] = Elg(X)).

Proof. The conditions for g, imply that supjz <y [gn(x) — g(x)| — 0. It is obvious that

Blg (X)) — Elg(X)]| < [Elga(X,)] — Elg(X,)]| + [Elg(X.)] - Elg(X)]

&)

< [Blg(X)) = Blg(X)]| + sup |ga(@) — g(@)] +2MV (| Xal > ).

<A
Choose a Lipschitz function ¢(z) such that I{z > A} > ¢(x) > I{x > A\/2}. Letting n — oo
yields that

~

lim sup |E[gn(X5)] — E[Q(X)]

n—o0

<2Mlimsup V (|| X, > A) < 2M limsup E [io(]| X, ||)]
n—oo n—oo

—2ME [o(| X )] < 2MV (| X|| > A/2) = as A — oc.

The proof is completed. [J

Lemma 4.4 Suppose that X, LA X, Y, LA Y, Y, is independent to X,, under I/E\l, Y is
independent to X under E, and V(|| X|| > A) = 0 and V(||Y|| > A) = 0 as A — 0. Then

(X, V) S (X,Y).
Proof. Suppose ¢(x,y) is a bounded continuous function. We want to show that

E[o(Xn, Yy)] = E[p(X,Y))]. (4.3)

18



First we assume that ¢(x,y) is a bounded Lipschitz function. Then ¢ € Cj ;,. By the

definition of the independence,

where g,(z) = E[p(z, Y;,)], g(z) = Elp(z, Y)]. Suppose x, — . It follows that

90(@a) = 9@)] = [Elp(@n. Ya)) - Elp(a, Y)]|

< [Elp(@n, Ya)] - Blp(@, Yo))| + [Blv(@, ¥a)] - Ele(=, V)

<sup p(@n, y) — ¢(@ )| + [Blo(@, ¥a)] - Elole, Y)]| 0

by noting that ¢(x,vy) is uniformly continuous and Y, 4y, By the uniform continuity of
@, gn(x) and g(x) are continuous functions. So, gn(x) and g(x) satisfy the conditions in

Lemma 4.3. It follows that

Elp(Xs, Yy)] = Elgn(X,)] = E[g(X)] = E[p(X,Y))].

Next, we assume that ¢(x,y) is a bounded uniformly continuous function. Then for any
e > 0, there is bounded Lipschitz function ¢.(x,y) such that |p(x,y) — p(z,y)| < e It
follows that

tim sup Bl (X, ¥;)] — Ble(X,Y)

n—oo

<limsup I/F:[@E(Xn, Y., — IE[QOG(X, Y)]) + 26 = 2e.

n—oo

So, (4.3) is proved for a bounded uniformly continuous function. Finally, let p(x,y) be a
bounded continuous function with |p(x,y)| < M. Let A > 0. For « = (x1,...,xz4), denote
zy = ((=2) V(21 AN, ..., (=X) V (zg A X)) and define @y (z,y) = p(zx, yx). Then @, is

a bounded uniformly continuous function with

[oa(x,y) — (@, y)| < 2MI{||lz]| > A} + 2M I{[ly[| > A}.

19



It follows that

tim sup Bl (X, ¥2)] — Ble(X, V)

n—o0

<lim sup Bl (X0, Y] — Blipa (X, V)|

n—oo

+ 2M limsup {V([| X[ > A) + V([|Ya] > )}
n—oo

F2M{V(|X] >N+ V(Y] > A}

<AM{T(IX]| > M2)+ V(Y| > A/2)} =0 as A - oc.
The proof is completed. [J

Proof of Theorem 4.1. Note

_ Sh)
NG

< MaXy<n | Xk |

Wa(t) S —m

sup
0<t<1

and for any € > 0,

2 = 9 €N+
\Y > <n—— - — 0.
(r’@ﬂ){ﬂ _eﬁ> <n-E [(X1 5 ) ] 0

It is sufficient to show that

\}ﬁ (Satals - - - Stut) > (W (t1), ..., W(ta))
by Lemma 4.2, or equivalently,
= (St Sita) — Stuns - Stuta — St )
\/ﬁ
(W (t), W(ta) = W(tr), ..., W(ta) = W(ta_1)). (4.4)

By Lemmas 4.1 and 4.3,

Stti) = Statia] _ VInti] — [ntio1] Spat] = Spti ] a4y
vn vn [nt;] — [nti_1]

Hence, by noting the independence, (4.4) follows from Lemma 4.4 and the induction. The

(t;) — W(ti1).

proof is now completed. [

5 Tightness

Recall ws(z) = sup |z(t) — z(s)|. It is known that {W,,} is tight under the probability
[t—s|<d
measure P in the following sense: for any n > 0, there a compact set K C C[0, 1] such that

20



sup,, P(W,, ¢ K) < n. This is also equivalent to limg_,q sup,, P(ws(W,,) > €) = 0 for any
€ > 0. In this section, we will prove the following theorem on the tightness of {W,,} under

capacities.
Theorem 5.1 Suppose IE[(X% —b)T] =0 as b — co. Then

(a) for any e >0,
lim sup V (ws(W,,) > €) = 0; (5.1)

0—0 n

(b) for any n > 0, there exists a compact set K C C|0,1] such that
supV (W, € K) <. (5.2)

Proof. We first show (a). With the same argument of Billingsley (1968, Pages 56-59,

c.f., Theorem 8.4), it is sufficient to show that

lim A? supsupV <max|5k+l Sk| > )\\/ﬁ> = 0. (5.3)

A—00

Note that for each fixed n,

lim M supV <maX]Sk+Z Sk| > )\\/ﬁ>

A—00 k
<Z lim supV(\Xkﬂ\ > \/y/n) < on? hm E (X1 — )\—2)+ =0.
A—00 2n

So, it is sufficient to show that

hm A2 lim sup 5upV (max |Skri — Sk| > )xf) (5.4)

A—00 n—00
Now,

V (max |Sis = Sl 2 AWV ) =V ( max|Si] = Mn 31@ m ISi? _X\T
iy |k T Okl = AV )= o — )2 e n 2 '

By (3.9) where p = 2, (5.4) follows.
Now, we show (5.2). By (5.1), choose d | 0 such that, if

Ap = {xtwak(x) < 2},

then sup,, V (W, € AS) < n/28L. Let A = {x : |2(0)| < a}, K = A}, Ax. Then by the
Arzelé-Ascoli theorem, K is compact. It is obvious that {W,, & A} = () since W,(0) = 0.

Next, we show that

V(W, € K°) < V(W, € A%) + > V(W, € A5),
k=1
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which is obvious when V is countably sub-additive. Note that when 6 < 1/(2n),

< — — ¥ <K |
ws(Why) < 2|t S|IZIl<éJ,£{ 1/n Zﬁérlgléigd)(l]

Choose a ko such that 6 < 1/(2ME) and 0, < 1/(2n) for k > ko. Then on the event
= {Vnmax;<, | X;| < M}, {W, € A} =0 for k > ko. So, by the (finite) sub-additivity
of V,

ko

V(E({Wa € KY) <V(E( {Wa € A7) + > _V(E( (W € 43})

k=1

<V(W, € A%) + > V(W, € A3).
k=1
On the other hand,

~

ViE[maxic, [Xi[] _ n?E[|X4]]
E% < = < .
VIET) < M - M

It follows that

n?E[| X, ]

V(W € K€) S V(W, € A% + > V(W, € Af) + i

k=1

Letting M — oo yields

V(W, € K°) < V(W, € A°) +ZVW € Af) <0+Z

2k+1 <1
k=1

The proof of (5.2) is now completed. .

For the G-Brownian motion W (t) on (£, L%A”/,IE) we have a similar result.
Theorem 5.2 We have
(a) for any e > 0, lims_o V (ws(W) > €) = 0;
(b) for any n > 0, there exists a compact set K C C[0,1] such that V(W € K) <1

Proof. Note

~

1/6
V(ws(W)>e) <YV <Os<u55 (W (k/§+s) — W(k/5)| > e)

bl
[e=]

ey
=

]
3 ;41}3 [ sup |W(k/d +s) — W(k/5)|4]
k=

0 0<s<8

IN

2 20
—45 E [ sup |W(s)]4} = (5—Ep [ sup |B(s)|4] :
0<s<1 0<s<1

Oq

22



Hence (a) follows. The proof of (b) is similar to that of Theorem 5.1 (b) by noting that V

is countably sub-additive. [J

In the end of this section, we give another proof of Theorem 3.1. Define
Falg] = Elp(Wa)], Flg] = supEp(Wa)], ¢ € Cy(C[0,1])

and F}[¢], F* be their extensions. By Theorem 5.1, F is tight and hence the family of sub-
linear expectations {F,;n > 1} on (C|0, 1], Cy (C]0,1])) is tight in the sense of Definition
7 of Peng (2010). Hence, by Theorem 9 of Peng (2010), {F,} is weakly compact, namely,
for each subsequence {F,} there exists a further subsequence {IF,»} such that, for each

¢ € Cy (C[0,1]), {F,[p]} is a Cauchy sequence. Define

Flg] = lim Fulel, o € Gy (Cl0,1]).

n’’—o0
Then F satisfies (2.3) by Theorem 4.1. So, under the sub-linear expectation F, the canonical

process W (t) = w; is a G-Browinian with W (1) ~ N(0, [¢2,72]). The proof is completed.

6 Small deviations

The purpose of this section is to establish the following theorem on the small deviations

under E.

Theorem 6.1 Suppose E[(X2 —b)*] = 0 as b — o0, 0 < x, — 0 and n*/?z,, — co. Then

2 2
lim 22 logV (max|Sk] < n1/2xn> =Tz ) (6.1)
n—soo k<n - 8
2-2
. 2 < /2 __mo
T}Ln;oxn logV (1;12;{5;6\ <n'‘z, 5 (6.2)

To prove Theorem 6.1, we need some lemmas on the properties of G-Brownian motions.

Lemma 6.1 We have for all x > 0,

0<t<1 0<0<F 0<t<1 0<t<1

v ( sup |[W(t)| < x) = sup P < sup |oB(t)| < x) =P < sup |oB(t)| < a:) (6.3)
V( sup [W(t)| < x) = inf P < sup |oB(t)] < x) =P < sup |[gB(t)] < a;) (6.4)
0<t<1 gZ0<T 0<t<1 0<t<1

e}
IN
~~
IN
—_
N————
—~~
D
(@)
S~—

0<t<1 0<lo<o 0<t<1

%

(
P w0 22) = P (s o5055) = (s 280
( (

sup W(t ) = <inf%7P < sup oB(t) > at) =P

0<t<1 0<t<1
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In particular, for x >0,

2 22 =~ 4 n2o?

2 T2y H<z)<= { _Te } .
T exp{ 82 } - <OS£I§)1 WOl < :E) o P 82 (6.7)
2 w252 ~ 4 Rtoi

— — < )< < — { — } .
= exp{ = } <V <Os£21 W ()| < x> < —exp{ -5 (6.8)

Proof. Let ¢(y) be a non-increasing Lipschitz function for which I{y <z} < p(y) < I{y <
(14 d)}. Then by Lemma 2.1,

\% (08%351 W ()| < a:) <E [so(oilzgl \W(t)l)]

— sup Ep {gp(snp ‘/Ote(s)dB(s)D] SsupP(sup )/Otﬁ(s)dB(s)‘ Sx(1+5)>.

0cO 0<t<1 0cO 0<t<1

Note that Wy(t) = f(f 0(s)dB(s) is a continuous martingale with quadratic variation process
(W, We)(t) = fot 62(s)ds. By the Dambis-Dubins-Schwarz theorem, there is a standard
Brownian motion B under P such that Wy(t) = B ((Ws, Wp)(t)). On the other hand,
(Wy, Wp)(t) is continuous. So,
e 1Bz s [BQWoWa(®) = sw [B(s)| 2 sup B
It follows that
@( sup |W(t)| < x) < P( sup |B(s)| < z(1 +5)).

0<t<1 0<t<o?
Letting § — 0 yields

\7(0221 W ()| < :1:) < P<O<sll<p02 |B(s)| < :c) = P(OsgtzgloB(s)] < :r)

On the other hand, for 8(s) = o, Wy(t) is a Brownian motion under P with W (1) ~ N (0, g?).
So
V( sup (W) <z) > P( sup |B(s)| <),

0<t<1 0<t<o? B

It follows that

’V(Os;}g)l W (t)] < a:) = P<OS§121§)10|B(8)‘ < :1;)

Hence, (6.3) is proved. The proof of (6.4)-(6.6) is similar. The proof is completed by noting
2 2 4 2
—exp{—&}ﬁP( sup |B(75)|§96)§;exp{—87r } O

m 0<t<1 2
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Lemma 6.2 We have for all y,

~ 4 wlo?

\Y Wit < < = - —= 6.9
(e WOy <o) < 2o { -5 (6.9)

~ 4 w252

)% W (t < < = - . 6.10
(e WO +9l <o) < Tem{ - L5 (6.10)

Proof. The proof is similar to that of Lemma 6.1 by noting

2

4
P( sup B(t)+yl <w) < P((sup B <o)< e - 5}
0<t<1 0<t<1 T 8x

according to the Anderson inequality. [

Lemma 6.3 We have for any a >0, 0 < e < /2 and § > 0,

n2g?
lim inf 22 log [ inf V( sup |[W(t)| < azx, |ly+W(1)] < 5m)] > ——

a—2¢)72, (6.11
z—07F ly|<ex  \o<t<1 ( ) (6.11)

252

lim inf 22 log [ inf V( sup [W(t)| < azx,|y+W(1)| < 530)} >

a—2¢)72, (6.12
z—0F lyl<ez  \o<t<1 ( ) (6.12)

Proof. Note
V( sup |W(t)| < azx,|ly+W(1)] < 556) > P( sup |B(te?)| < ax, |y + W(c?)| < 5:c).

0<t<1 0<t<1

By Lemma 3.2 of Acosta (1983),

2 2

lim inf 2% log [ inf P( sup |B(te?)| < az, |y + W(a?)| < 536)] > T2 (o —2¢)72.
z—0+ ly|<ex 0<t<1

oo

The proof of (6.11) is completed.
The proof of (6.12) is more technical and similar to that of Lemma 3.2 of Acosta (1983)

after smoothing I{y < r} by a Lipschitz function ¢(y), and so omitted. O

Proof of Theorem 6.1. Let § > 0 be a small number. Denote T' = §~2, m = m,, =

[Tnz2], I =1, = [n/m]. Then | ~ nz2/m ~ T71. Let ¢(y) be a non-decreasing

1
Txz2>
Lipschitz function such that I{y <1} < ¢(y) < I{y <1+ §/32}. Then by the definition of

independence,

< < <
V(s < Vi) <V (e max I < Vi)

<& f[¢( w15/ (Vo))

-1 m(j—1)<k<mj

Nk}
>—‘

& ([To(,, mor_ Isul/(viin))

= m(j—1)<k<mj

E [¢5 < e Sk — Sma-1) + Sm(l—1)|/(\/ﬁ$n)> ‘Sk tk<m(l - 1)” :

m(l—-1)<k<ml
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When ¢ (max,,(j—2)<k<m(j—1) |Skl/(vnan)) # 0, we have [S,,;_1)| < (1+6/32)y/na,, and
then

E |:¢ (m( max ’Sk — Sm(jfl) + Sm(]l)‘/(\/ﬁ.%n)) ‘Sk k< m(j — 1)

j—1)<k<mj

< s Bfo(maxlsiral/(van) )

 yl<(1+6/32)y/nzn

= supo<i<1 | Wm(t) + 9l
< sup E [qﬁ ( == )
ly|<2T—1/2 Vnan /[v/m

by noting that {Sx—Sp,(j—1);k = m(j—1)+1,...,mj} and {Sk;k = 1,...,m} are identically

N = —-1/2 - supp<i< |2()+y(t)]
distributed under E. Note /nz,//m — T~'/%. Choose hp(x,y) = ng( NN ),
h(z,y) = ¢ (supge<y [2(8) +y(8)|/T~/?) and K = {y(t) = y : [y| < 27""/?} in (3.2). By

Corollary 3.1, uniformly in |y| < 271/

)

[ (g, o sur)|

gV( sup |W(t) +y| < (1+ 5/32)T‘1/2>
0<t<1
b o

4
{-wassmp

<—exp } ( by Lemma 6.1).
i

So, there is a ng such that for all n > ng,

)

ly|<2T—1/2

<§e {_ w2 T5? } e {_ T2 }
=7 PPV 8a2(1+6/32)2 = TPV 8a2(1+ 6/8)2

if T = 672 is large enough. Hence

215> 25?2 9
~ = z, .
1+6/8)2 8(1+49/8)2°"

10gV<I,§137>L<ISkI < \/ﬁxn) < —18(

It follows that

w252

8

limsup 22 logV<1’I€1<a£<|Sk| < \/ﬁwn) < -

n—oo

Next, we consider the lower bound. Let ¢ be defined as above, and ¢; be a non-decreasing

Lipschitz function such that I{y < 1—§/32} < ¢(y) < I{y < 1}. Let € > 0 be a number
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whose value will be given later. Then

V(max]Sk\ < fxn> > V( max max  |Sk| < \/ﬁxn>

J<I+1m(j—1)<k<mj

~

[141
>E H ( maX ]SH/(\F&IM) o) (Sjm/(e\/ﬁmn))]
H

<k<
MaXm(j—1)<k<mj ‘Sk‘ ¢ |S]m|
fxn q/ﬁxn

=1
Hlasz<k<m(l+1 | Sk| 1S41)ml
k< — .
[ < Vnxy, ¢ ev/ny, ‘Sk Bsml=1)

# 0, we have [S(;_1),,| < (1 +9/32)ey/nz,, and then

=K

When ¢ (‘Se(jflx)m‘

~ maXy, (j—1)<k<mj | S| |Sjm] . ;
o (S (S o]

. = man<m\Sk+y!> <\Sm+y!>]
> f E = om T Il
= |yl<(146/32)eyrn [¢1 < Vnay ¢ ev/nay,

2t B o (T BT o (PR

1/2
)

By Corollary 3.1, uniformly in |y| < 2eT~

o () o (G|

() ()

>T( sup [W(t) +y] < (1 - 6/32)T72, [W(1) +9] < 7).

0<t<1

Choose € = %. By Lemma 6.3, if T = 62 is large enough,

T7'log( inf %/( sup |[W(t) +y| < (1—6/32)T Y2 |W(1) +yl geT—1/2)>

ly|<2eT—1/2 0<t<1
T 2 2 T 2 2
- ”8Q (1-6/32 —4¢)2(1—6/16)"L > —=—Z (1 - §/16) 3

AV N

Hence, there is a ng such that for all n > nyg,

= MaXp;—1<k<mj | Skl |Sjm] . . Tr?o? -
E{gf)( ]\/ﬁxn J >¢1 <6\/%xn>‘5k.k§m(j—l)} zexp{— 5 (1-14/16) 4}.

It follows that

2,52 7252
logV<I’I§<ax|Sk] < \/ﬁwn> > —(I+1)T——(1-6/16)"* —(1—6/16)""z,%
Hence,
nlo?
lim inf 22 logV(max\Sk\ < \/ﬁxn> > ——
n—00 k<n 8

The proof of (6.1) is completed. The proof of (6.1) is similar. .
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