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STRONG APPROXIMATION THEOREMS FOR GEOMETRICALLY
WEIGHTED RANDOM SERIES AND THEIR APPLICATIONS!

By L1-XIN ZHANG
Hangzhou University

Let {X,;n > 0} be a sequence of random variables. We consider its
geometrically weighted series £(B) = Y50 B" X, for 0 < B < 1. This paper
proves that £(B) can be approximated by }"5° ; B”Y,, under some suitable
conditions, where {Y ,;; n > 0} is a sequence of independent normal random
variables. Applications to the law of the iterated logarithm for ¢(B) are also
discussed.

1. Introduction and main results. Let {X,; n > 0} be a sequence of
random variables; one can consider its geometrically weighted series £(B) =

> oB"X,, 0 < B < 1. The following type of the law of the iterated logarithm
(LIL) was obtained by Bovier and Picco [1]:

. 1

(1.1) lim sup G s 208y log log Var £(a)) 2 ¢ P = 1 @

where {X,; n > 0} is a sequence of independent and identically distributed
(i.i.d.) random variables with mean zero and variance one. Recently, in a long
paper, Picco and Vares [9] proved this kind of LIL for a stationary ergodic
martingale difference sequence with finite second moments. If {X,; n > 0} is
not an i.i.d. stochastic sequence, for example, a mixing sequence or a sequence
of independent random variables satisfying the conditions of the Kolmogorov
LIL, to prove a LIL of the type (1.1) will be very complicated if we use the
methods of [1] and [9], and we don’t know whether their methods are effective
or not. It is the purpose of the present paper to look for a general and simple
way to get the LIL of type (1.1). Indeed, we will show that under some suit-
able conditions, £(B) can be approximated by Y >, 8"Y,, where {Y,; n > 0}
is a sequence of independent normal variables. Then we establish some re-
sults on the LIL of type (1.1) for {X,;n > 0} by proving the same results for
normal variables. The results we get on the LIL include not only those of [1]
and [9] with a simple proving method, but also the laws of the iterated log-
arithm for the geometrically weighted series of dependent random variables,
independent but not necessarily identically distributed random variables and
i.i.d. random variables with possibly infinite variances. This section discusses
strong approximations. The laws of the iterated logarithm will be presented
in Section 2. Throughout this paper, C, C,, C, ¢, ¢y, ¢1, - . . will denote positive
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constants whose values are uninteresting and may vary from line to line. The
expression a, ~ b, means a,/b, - 1 (n > ); a, ~ b, means that there
exist C;, Cy > 0 such that C; < a,/b, < C, for n large enough.

The following theorem gives a general result on strong approximations for
random geometric series.

THEOREM 1.1. Let H(x) (x > 0) be a monotone nondecreasing positive
function with H(x) — oo (x = o0) and H(2n) < CH(n), (n = 0) and
let {¢£,; n = 0}, {n,; n > 0} be two sequences of random variables with
E|¢,|P <Cni, E|n,|? < Cn?, (n > 0) for some p,q > 0. If

(12)  |L&- X m| = 0H®) (or o(H(n) as. (n— o),
k=0 k=0

then
i Bngn - i Bnnn

(13) n=0 n=0

-ofu(i2g)) (o)) oo

The following corollary comes from Theorem 1.1 immediately.

COROLLARY 1.1. Suppose {X,; n > 0} is a sequence of i.i.d. random vari-
ables, or more generally, a stationary ergodic martingale difference with EX y =
0, EX2 = 02,0 < 0 < 0o. Then there exists a sequence of i.i.d. normal random
variables {Y,; n > 0} with Y, =, N(0, 0?) such that

: V1-p? - -
14) 1 "X, — Y B'Y,|=0 as.
14)  lm J/2loglog(1/(1 - B?)) Eﬁ " gﬁ § “

By Theorem 1.1 and Theorems 1.1, 1.2 of Shao [11], we have the following
corollary.

COROLLARY 1.2. Let {X,; n > 0} be a stationary stochastic sequence with
EX, =0, EX2 <00 and B, = E(X}_y X};)? - oo (n — o) satisfying one of
the following conditions:

(1) {X,; n = 0} is p-mixing. The mixing coefficients satisfy
p(n) <log™" n for somer > 1;
(i) {X,; n > 0} is ¢-mixing. The mixing coefficients satisfy

oo

5 @) < co.

n=0

Then lim,_, (B, /n) = o for some 0 < o < 0o, and the conclusion of Corollary
1.1. holds true.
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When {X,; n > 0} is a sequence of i.i.d. random variables with higher than
second moments by Theorem 1.1, Theorem 1 of Zhang [14] and the results of
Komlos, Major and Tusnady [6, 7], we have the following conclusion.

COROLLARY 1.3. Suppose that {X,; n > 0} is a sequence of i.i.d. random
variables with EX, =0, EX2 = 1. Let H(x) (x > 0) be a nondecreasing positive
continuous function such that for some y > 0, xy > 0, x 2" VH(x) (x > x,) is
nondecreasing and x~log H(x) (x > x,) is nonincreasing.

(a) If EH(|X,|) < o0, then there exists a sequence of i.i.d. standard normal
random variables {Y ,; n > 0} such that

Z B"X, — Z B'Y, = O(mvH( 1 2)) as. (B /1).
n=0 n=0 1- B
(b) If x~1log H(x) - 0 (x — o0) and EH(t|X,|) < oo for any t > 0, then
there exists a sequence of i.i.d. standard normal random variables {Y ,; n > 0}
such that

Z B X, — 2 B'Y, = o<mvH< Bz)) as. (B /1).

n=0 n=0

. The following theorem deals with the sequence of independent but not nec-
essarily identically distributed random variables.

THEOREM 1.2. Let {X,; n > 0} be a sequence of independent random
variables with EX, = 0 and EX% < oo (n > 0). Set B, = Y}_o EX? and
(B) = [3‘2”EX2 Suppose B, — oo (n — o), hmsupn_,oo B,, /B, < oo
and for some p=>2,

o E|X,|PI{|X,| > &(B,/loglog B,)"/?}

o (B, log log B,)7?

< oo foranye>0.

Then there exists a sequence of independent normal random variables {Y ,;; n >
0} with Y, =4 N(0, EX?2) such that

i | S0 B X = X524 B,
g1 (27(B)loglog 7(B))/?
If (1.5) is replaced by

o E|X,|PI{|X,| > &(B,/loglog B,)"*}

1.5
s 2 (B, loglog B,)?/?

(1.6) =0 as.

< oo for some ¢ > 0,
then there exists a sequence of independent normal random variables {Y ,; n >
0} with Y, =, N(0, EX2) such that

, TR B X, - TR, BT
(16) i Sup == 37(8) log Iog 7(B)) 17

where T is a numerical constant.

<Te a.s.,
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PROOF OF THEOREM 1.1. Without loss of generality, we can assume 0 <
p < 1. Note that for any 0 < B8 < 1,

E(i Bn|§n|)p < io: BPE|£,)P <C i B"nd < co.

n=0 n=0 n=0

We know that Y >, B"¢, is a.s. absolutely convergent for any 0 < 8 < 1.
Similarly, so is Y}, 8"n,. Let N(B8) = [1/(1 — B?)]. (We keep this in mind
in the remainder of this paper.) Note that H(2rn) < CH(n) (n > 0) implies
H(kn)/H(n) < Cok? (n > 0, k > 1) for some Cy, @ > 0; we have proved
Theorem 1.1 by the following lemma immediately.

LEMMA 1.1. Let {a,; n > 0} be a sequence of real numbers, {A,; n >0} a
sequence of monotonous nondecreasing positive numbers satisfying | > ,_o a| <
A, for n large enough and A,,/A, < Cok® (k > 1, n > 0). Then for any
r>0, Ny=>1, we have

od Co ™ rx
1.7 lim sup A7} nr <£+£—0 e <——> Qdx,
(1.7) B/PP N(/s)nZ:%)B G| =5t /; xp| —5 )xT dx
lim s;J.p Az_vl(;;) >, B"a,

(1.8) n=NoN(B)

rC, r® rx rN
< _é_o - exp(—?)xde+C0exp<— —0>N§.

PROOF. The proof is based on Abel’s partial summation formula. An anal-
ogous idea was used by Horvath [5]. Let S, = Y ;_oa; (n > 0), S_; = 0. By
the Abel lemma we have

(1.9) S B¥a, = (L— B7) S BV S, — B8,y + BPVS,.

n=l n=I

Note A, < CyA;n? (n > 1), we know that

[e] o0
S BYA, <Ay +CoA; ). B n® < oco.

n=0 n=0

It follows that Y_,>,B""S, is absolutely convergent. So, Y’ ,B""a, is also
absolutely convergent. Hence, by letting p — oo in (1.9), we have, for any
>0,

Y B"a,=(1-p")Y.B"S, - B"S; ;.

n=l n=l
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Then, note that for 8 near enough to 1,

(1~ B") AN 2 B IS,
n=0
N(B) )

=(1-B)ANp X BYIS.+(1-B)Ax, X BYIS
n=0 n=N(B)+1

<(1-pH)N(B)+1)
o 1 o0 _ nr An ISnl
FA-EONENG, E (-ovm) 20 2

<(1-B")N(B)+1)

H1- BN B - > exP(“Ez%a“))C“(TV"’(ZF))Q

N(B)+1

— 1-}—1—0 c>oexp(—%)xQolx, as B /1.
We have proved (1.7). The proof of (1.8) is similar.

Proor OF THEOREM 1.2. If limsup,,_, . By,/B, < oo then B,, /B, < C for
some C > 0. Then there exist Cy, @ > 0 such that B,,/B, < Cok?, B, <
Con? (n >0, k> 1). Hence EX% < Cyn? (n > 0). By Theorem 1.1, we need
only to show that

(1.10) 7(B) ~ Bng), B/ 1,

that there exists a sequence of independent normal random variables {Y ,,;; n >
0} with Y, =, N(0, EX?2) such that

> X, - Y Y| =o((B,loglog B,)"?) as. (n—> o)

k=0 k=0

(1.11)

whenever (1.5) holds, and that there exists a sequence of independent normal
random variables {Y,; n > 0} with Y, =, N(0, EX2) such that for some
numerical constant T,

(1.11) lim sup | Zho Xb = Lmo Vil

Te as.
MSWPT(B loglog B,)2 ~ ° &F

whenever (1.5) is replaced by (1.5').
We prove (1.10) first. First, 7(8) > Zi\;(g) B*"EX?% > p*NB) By ;) implies

(1.12) 111;1/1{1f ™(B)/Bypy > €.
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On the other hand, it follows from Lemma 1.1 that
[o¢]
(1.13) lim sup (B <1+ CO/1 exp(—x)x? dx < .

g1 By

Hence we have proved (1.10).

Now we will prove (1.11). If (1.5) holds, then there exists a sequence
of nonincreasing positive numbers {e,;n > 0} satisfying 1 > ¢, — 0,
eb %loglog B, /' 0o, €,(B,/loglog B,)"? 7 0o (n — 00) such that

= E|X,[PI{|X,| > e,(B,/loglog B,)"”} _

14 |
(1.14) po (B, loglog B, )7/ i
Let

B 1/2
(1-15) Bn 1/2
_ EX”1{|X,L| < 8n<m) ’
gn = Xn - gn‘

Then ¢,1{|¢,| < (B,/loglog B,)"?} = ¢, and

> P{l¢,| > &(B,/loglog B,)"?} < oo
n=0

for any £ > 0. By Theorem 1.1 of Shao [12] (see also [10]), there exists a
sequence of i.i.d. normal random variables {7n,; n > 0} with », =, N(0, 1)
such that

Y & — Y m(Varg)'?
i=0 i=0

1/2 n 2
= 0<(i_) log}" M) a.s. (n > 00),

loglog B, v B;

which together with

n . 2
D (loglogB% < Clog B, loglog B,

i=0 i

implies that

(1.16) Zn: & — i n;(Var £;)"/? = o((B, loglog B,)"?) a.s. (n — o).
=0 i=0 ‘

Set Y, = (Var X,)¥29,, (n > 0). According to (1.15) and (1.16), in order to
prove (1.11) we need only to show that

(1.17) Xn: & = o((B,loglog B,)'?) a.s. (n— o)
i=0
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and

(1.18) i((Var X ;) — (Var £)"?)n; = o((B, loglog B,)"?) a.s. (n — ).
=0

First, we apply Proposition 2.2. of [2] to prove (1.17). Let S, = 2 k=0 &
a, = (2B, loglog B,)"2. It is easy to see that hypothesis (2.9) of [2] is fulfilled,
since

P _I_‘S'L|.>8 <iES%<i 1
T ) T &% a2 T e22loglogB,’

an
From (1.14), it follows that hypothesis (2.3) of [2] is fulfilled. Now, let {n,}
satisfy (2.2) of [2]. That is,

Aa

3
ny = Cppyy = A Anyt1

for some A > 1. Let I(k) ={n;, +1,...,n;,,,} and

N, = {k eN; ¥ E|X;[PI{|X ;| > 8j£Bj/10g10gBj)1/2}
Jjel(k) a;

<(2loglog B,, )~? }
For each k2 € N, we have

1
> EXZI{|X,| > ;(B;/loglog B;)"/?}
Npy1 jel(k)

< Z 2P/2 BJ (lozg IOg BJ)p
jeiy  Bua % "loglog B

2P2(loglog B, )P
< p(_Zg g8, » EX%I{|XJ~|>sj(Bj/loglogBj)1/2}/a;’
En,, logloank jel(k)

9-p/2

EX%I{|X | > £;(B,/loglog B;)"/*}/a”

=< __2— - 0)
en, loglog B,,

which together with (1.14) implies (see [2])
5 { S, }
expy ——+——
% > jerr EE

: da?
< exp{— ki1 } - oo
Xk: Y jerry EX2I{|X ;| > &,(B/loglog B )'/2}

for every 6 > 0.

(1.19)
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It follows that hypothesis (2.8) of [2] is fulfilled. Thus, by Proposition 2.2 of
[2] we have proved (1.17).
Now, note that

((Var X )2 — (Var £,)%)* < Var X ; — Var ¢;
<3EX’I{|X | > £;(B;/loglog B;)"/*}.

We have

P(max | XL: ((Var X ;)% — (Var ¢,)"?)n ;| > Sanm)

iel(h) ;5

52P<

< 2exp{—

> ((Var X )12 — (Var £,)"*)n ;| > 5“nk+1>

Jel(k)

(1.20) 522
Npy1

2 Zjel(k)((var X )2 — (Var fj)l/z)z }
8%a? }

eyl

63 jerr EXZI{|X ;| > £;(B;/loglog B;)/2}

< 2exp[—

It follows from (1.19), (1.20) and the Borel-Cantelli lemma that

lim max |Z;=nk+1((var Xj)l/z — (Var fj)l/Z)’flﬂ _
k00 icI(k) a h

0

Npt1

which implies (1.18) by the standard methods (cf. [8], page 181, or [13], page
158).

If (1.5') holds, we define {¢,} and {£,} by (1.15) with & instead of &,. By
Remark 2.1 of [12], {5, } can be constructed such that for some numerical
constant I,

, . | Xio éi — Xio ms(Var &)
(1.16") hﬁsogp (B loglog B, )2

And we also have (1.17) and (1.18). Then (1.11’) holds true. The proof of The-
orem 1.2 is complete. O

<Te a.s.

2. Applications to the law of the iterated logarithm. Using theorems
in Section 1, we can establish some results on the law of the iterated logarithm
for the geometrically weighted random series. )

We start with a preliminary proposition, the proof of which will be stated
in the Appendix.

PROPOSITION 2.1. Let {Y,; n > 0} be a sequence of independent normal
random variables with EY, = 0, B, = Y EY? - oo (n — o) and
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limsup,,_, ., Ba,/B,, < co. Set

(B) = fj B"EY?Z, 0<B<1,

n=0
z _ Zf:o BnYn
“B) = Zp)loglogr(yE LBt
Then:
o) CUEBY) =[-1,1] as.
(i) limd(Z(B), [-1,1) =0 as.

where €¢({€(B)}) denotes the cluster set (set of all limit points) of £(B) as S8
tends to one and d(x, A) =inf, 4 [x — y|.

From Corollary 1.1, Corollary 1.2 and Proposition 2.1 the following theorem
follows immediately.

THEOREM 2.1. Let {X,;n > 0} satisfy the conditions in Corollary 1.1 or
Corollary 1.2. Set

EpB) = Vi-p Y X, 0<p<l
V2loglog(1/(1 - B%)) 150

Then
¢({&PB)Y) =[-0,0] as.,

Eg} d(é(B),[~0,0]) =0 as.

By Theorem 1.2 and Proposition 2.1, we have the following theorem.

THEOREM 2.2. Let {X,;n > 0} be a sequence of independent random vari-
ables with EX, = 0 and EX2 < oo (n > 0). Set B, = Y}_, EX? and
7(B) = ¥, B EX2. Suppose B, — oo (n — o), limsup,_,, By,/B, < o
and for each & > 0 there exists p > 2 such that

o B|X,|PI{|X,| > &(B,/loglog B,)"*}

2

2 (B, loglog B,)??
Let
R & _ zzozi) ﬁan
| B = Grpyloglogrignye O P=L

Then (i) and (ii) in Proposition 2.1 hold true.
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In particular, we have the following Kolmogorov type law of the iterated
logarithm.

COROLLARY 2.1. Let {X,; n > 0} be a sequence of independent random
variables with EX, = 0 and EX2 < oo (n > 0). Suppose B, = "y EX? — oo
(n - o) and limsup,_, ., By,/B, < co. Let (B) and &(B) be defined as in
Theorem 2.2. If there exists a sequence of positive numbers {k,; n > 0} with
k, — 0 (n — 00) such that |X,| < k,(B,/loglog B,)Y2, then (i) and (ii) in
Proposition 2.1 hold true.

For the sequence of i.i.d. random variables with possible infinite variance,
we have the following results on the law of the iterated logarithm correspond-
ing to those of Feller [4] (see also [3]).

THEOREM 2.3. Let {X,; n > 0} be a sequence of i.i.d. symmetric random
variables. Suppose the function H(A) = E(X3I{|X,| < A}) (A > 0) satisfies

: H(2))
(2.1) 11r)\ris;1p H(/\)
For any n > 1, let a,, be the largest solution of the equation
(2.2) A2 = nH(A)loglog A
satisfying a, 1 oo. Set 7(8) = Y20, B E(X2I{| X,| < a,}) (0 < B < 1) and
g _ =0 :Ban
22 {P=ar@oglog ey ° <P
If
(2.4) o d H(A)

o H(A)loglog xS
then (i) and (ii) in Proposition 2.1 hold true.

PROOF. Let B, = Y}, E(X2I{|X,| < a;}). From (2.1), it can be shown
that
(2.5) limsup ay, /a,, < 0.
n—>oo
It can be shown that (2.4) is equivalent to
[e9)
> P(|X,| > ea,) < oo for some £ > 0 (or equivalently for any & > 0).
n=0
Note that X, is symmetric. By Corollary 1.3 of [12] there exists a sequence
of independent normal variables {Y,; n > 0} with Y, =, N(0, EX2I{|X,| <
.a,}) such that
n n
(2.6) Y X, - Y, =o0(a,) as. (n—> o).

i=0 i=0
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It can be also proved that a, ~ (B, loglog B,)Y2. By (2.5), it follows that

. BZn
(2.7) lim sup 3

n—00 n

< Q.

Hence, by Theorem 1.1 we have

TR BN X, — Y BY |
(28) b (B loglog r(B) 2~ °

And so, by Proposition 2.1 and (2.8) we have proved Theorem 2.3. O

a.s.

APPENDIX

Proof of Propositipn 2.1. To prove Proposition 2.1, we need a lemma as
follows. ‘

LEMMA A.1. Let {u,; n > 0} be a nonincreasing sequence of positive num-
bers and {{,; n > 0} be a sequence of real numbers. Then for each n > 0,

You e
j=0

i=0

< Ugmax
i<n

The proof follows from the usual Abel transformation and so is omitted

here.
To prove Proposition 2.1, we need only to prove that

(A1) limsup [€(B)| <1 aus.
B/

and

(A.2) c({é&P}) 2[-1,1] as.

We prove (A.1) first. First, limsup,,_, o, B2,/B, < oo implies that B,,/B, <
Cok®, B, < Cyn? (n > 0,k > 1) for some Cy, @ > 0. It is easy to show that
7(B) = Y22, B2 EY?2 is a monotonous increasing function of B and 7(8) — oo

(B /' 1). Let

(A3) Bp=sup{B;0<pB <1, 7(B) <exp(k/loglogk)}, k=12,....
Then B, ~ 1. Note that EY2 < B, < Cyn?9. We have for any 0 < B, < 1 and
0<B < By L2, B"EY?2 < Cy Y2, B2"n? < oco. It follows that the series
%, B*"EY? is uniformly convergent on [0, B). And so, 7(B) is a continuous
function on [0, 1). This implies 7(8;) = exp(%/loglog k). Then

(A.4) (Br)/7(Br-1) > 1,  k— oo

.Note that for 8,_; < B < B; we have

(27(Bp-1) loglog 7(B;_1))/2"

€(B)I =
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To prove (A.1), we need only to show

. SUPo<p<p, [ > eo BY
A5 lim su <1 a.s.
(&.5) 0 U (or(By) log log 7(B)) 2 ~

From Lemma A.1, it follows that for any 0 < 8 < B,

> 7. = |2 (£) gy,
n=0 n=0 Bk
(A.6) . y )
< (—'B—) sup |> . BrY,| < sup ) BiY,|
Br/) 0<m=co n=0 0<m=oo|,_0
This implies
sup |Y B"Y,|< sup |D BrY,|
0<B=<Brln=0 Osm=colp—q
Then
(Supogssﬁk | Xnio BY | -1 +8)
(27(B1) loglog 7(By)) /2
< P sup |3 BY,| = (1+ e)(21(By) loglog (5)?
0<m=oo|p_g
(A7) <2P(|S BiY,| = 1+ o) log 1 1z
= 2 BRY,| = (1+¢&)(27(By) loglog 7(By))
n=0

=2P(IN(0, 1)| = (1+ &)(21oglog 7(B:))"*)

b —(1+¢)
< 2exp(—(1 + &)loglog 7(By)) = 2<loglogk) ,

which together with the Borel-Cantelli lemma implies (A.5). We have proved
(A.1).
Now, we show (A.2). Set S, =Y }7_,Y, (n >1), S_; =0. We have

lim sup _|S—n|__ < limsup W(B,)l
nsoo' /2B, loglog B, =~ n-c /2B,loglog B,
(A.8) W(t
< limsup W)l <1 as.

t—00 \/2t log log ¢ -

'

where {W(¢); t > 0} is a standard Wiener process.
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From (A.8) and Lemma 1.1, it follows that for any Ny > 1,

Jim sup | 0N N (g1 B Yl
g1 (27(B)loglog 7(B))'/2

(A.9) < elim sup | X nenone)+1 B Yl
" g1 (2By(g) loglog By g))l/?
eCO 00

x N
< 5 N, eXp(—i)xQ dx+eCOeXp(—70)NOQ — 0 (Ny —> o).

Similarly, we have

00_ 2n EYz
lim sup Zn_NON(BHl B n
81 7(B)

o0 2 2
(A.10) < elimsup Ynen,Ny+1 BEY
e By

<eC, /N exp(—x)x? dx + eC, exp(—NO)N(? - 0 (Ny —> ).

To prove (A.2), we need only to show that for any b (-1,1) and any 6§ > 0
small enough, there exists a subsequent 8, 1 such that

(A.11) P(£(By) € (b—268,b+26)i.0) = 1.
Set 7y,(B) = Z,IL"(Z)V(B) B> EY2. Choose B, such that 1— 8% = exp(—kloglog k).

Then N(B4-1)/N(B4) 0 (k— o0). Define 73, (B) = SN aits. o1 BINEY2.
Noting (A.9) and (A.10), we need only to show that for N o large enough,

alo M gry, .
(A.12) P<(27N0(ﬁk)log og 7y (BR))72 e(b—-6,b+9) 1.0.) =1

From e'By ) < 7y (B) < 7(B) < CBy ), it follows that

NoN(Bi-1) p2n 2 B Q
Yo Bi"EY? < o2 NoNB-)) Coe(N_OM) — 0, k — oo.

7N, (Br) T By, N(B:)
Then
™, (Br)
0 1(k s
7N,(Br) = (k= o0)

NoN(Br-1) on
Y
lim sup | 2n=0 ALYl 75

g1 (27x,(By)loglog Ty, (B1))Y
Hence, we need only to show that for N, large enough,
B NoN(By) "
Wiy p( T AT

(27y,(Br)loglog By g,))"/?

=0 a.s.

e(b_a,b+a)i.o.>=1.
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Note the independence. By the Borel-Cantelli lemma, we need only to prove

(A.14) i P

NoN(By)
( L neNoN(B,)+1 B Y n
k=1

(273‘\/0(.31@) log log BN(ﬁk))l/2

Now, it can be shown that for & large enough

e(b—S,b-f—S)):oo.

NoN(By)
P< nzNoN () +1 B Y n
(27y,(Br)loglog Byg,))'/?
= P(N(0,1) € ((b — 8)(2loglog By gs,))"/?, (b + 8)(2loglog By z,))"?))
1 8(21oglog Byg,))"/*
) N2 /—5(2 loglog By(g,,))"/?

exp(—b?loglog Co(N(B1))%)

e(b—8,b+6)>

> exp(—b?log log By, e 12 dx

=

DN = DN =

1
> 5 exp(~b(1+e)log k) = 5 k().

which implies (A.14) immediately, where ¢ satisfies 5%(1 + ¢) < 1. Hence we
have proved (A.2). The proof of Proposition 2.1 is complete. O
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