Chapter 1

Brownian motion

Note: This chapter and the next are adapted from related chapters of the following

two books as

[1] Fima C Klebaner, INTRODUCTION TO STOCHASTIC CALCULUS WITH APPLICA-

TIONS, Imperial College Press, 1998.

2] Steven E. Shreve, STOCHASTIC CALCULUS FOR FINANCE II: CONTINUOUS-TIME

MODELS, Springer, 2004.

The text notes are only for the Course "Introduction to Modern Mathematics” for
PhD students of Zhejiang University.
Zhang Li-Xin

1.1 Basic concepts on stochastic processes

A stochastic process X is an umbrella term for any collection of random variables
{X(t,w)} depending on time ¢, which is defined on the same probability space (2, %, P).
Time can be discrete, for example, t = 0,1,2, ..., or continuous, ¢ > 0. For fixed time
t, the observation is described by a random variable which we denote by X; or X ().
For fixed w € Q, X(t) is a single realization (single path) of this process. Any single
path is a function of time ¢, z, = x(t), t > 0.

At a fixed time t, properties of the random variable X (t¢) are described by a
probability distribution of X (¢), P(X(¢) < z).
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2 CHAPTER 1. BROWNIAN MOTION

A stochastic process is determined by all its finite dimensional distributions, that

is, probabilities of the form
P(X(t1) <a1,X(t2) <aa,..., X(tn) < 20), (1.1.1)

for any choice of time points 0 <t <ty < ... <t,, any n > 1 with xy,..., 2, € R.

1.1.1 (Gaussian process

If all finite dimensional distributions of a stochastic process is Gaussian (multi nor-
mal), then the process is called a Gaussian process. Because, a multivariate normal
distribution is determined by its mean and covariance matrix, a Gaussian process
is determined by it mean function m(t) = EX(¢) and covariance function (¢, s) =

Cov{X(t), X(s)}.

1.2 Brownian motion

1.2.1 Definition of Brownian motion

Definition 1.2.1 Brownian motion {B(t)} is a stochastic process with the following

properties.

1. (Independence of increments) For all 0 =ty < t; < ... < t,,, the increments
B(t1) — B(ty), B(t2) — B(t1), ..., B(tm)— B(tm-1)
are independent.

2. (Stationary normal increments) B(t) — B(s) has normal distribution with mean

zero and variance t — s.

3. (Continuity of paths) B(t),t > 0 are continuous functions of t.

If the process is started at x, then B(t) has the N(x,t) distribution. This can be

written as

1 (y—=)2
e o dy.

P.(B(t) € (a,0)) _/

27t



1.2. BROWNIAN MOTION 3

P, denotes the probability of events when the process starts at x. The function under

the above integral is called the transition probability density of Brownian motion,

1 w2
pt(xvy):\/%e 2.

If B*(t) denotes a Brownian motion started at x, then B*(t) — x is a Brownian

motion started at 0, and B°(¢) + z is Brownian motion started atz, in other words
B*(t) = v + B°(t).

So, usually we also assume B(0) = 0 if not specified, that is, the process is started

at 0.
Example 1.2.1 Calculate P(B(1) <0, B(2) <0).

Solution.

0

1/2
:/ C(—41)d®(y1) = / [1 = ®(y1)] dP(y1) = % —/O ydy = g

1.2.2 Distribution of Brownian motion

Brownian motion is a Gaussian process

Because the increments
B(t1) = B(t;) — B(0), B(ty) — B(t1), ..., B(tm)— B(tm-1)

are independent and normal distributed, as their linear transform, the random vari-
ables B(ty), B(tz), . .., B(ty) are jointly normally distributed, that is, the finite dimen-
sional of Brownian motion is multivariate normal. So Brownian motion is a Gaussian

process with mean 0 and covariance function

v(t,s) = Cov{B(t), B(s)} = EB(t)B(s).
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If t < s, then B(s) = B(t) + B(s) — B(t), and
EB(t)B(s) = EB*(t) + EB(t)(B(s) — B(t)) = EB*(t) = t.
Similarly if ¢t > s, EB(t)B(s) = s. Therefore
v(t, s) = min(t, s).

On the other hand, a continuous mean zero Gaussian process with covariance

function (¢, s) = min(t, s) is a Brownian motion.

Example 1.2.2 1. For any T > 0, {T~Y2B(Tt)} is Brownian motion.

2. The process

t 2 o= sin(jt)
- + — - i
S= T ; 6
where 5;8, ,= 0,1,..., are independent standard nomal random variables, is

Brownian motion on [0, 7].
3. {=B(t),t > 0} is also a Brownian motion.
4. {tB(3),t > 0} is also a Brownian motion.

5. If B(t) is a Brownian motion on [0,1], then (t+1)B(57) — B(1) is a Brownian

motion on [0,00).

The first statement is the self-similarity property of the Brownian motion. The
second is the random series representation of Brownian motion. The third is the
symmetry of Brownian motion. The fourth allows to transfer results on the behavior
of the paths of Brownian motion for large ¢ to that of small ¢. The second and the
the last show the existence of Brownian motion. Each of the above can be shown by

checking the mean and covariance function.

The finite dimensional distribution of Brownian motion

Notice, the jointly density function of increments

B(t)) = B(t)) — B(0), B(ts) — B(t)), ..., B(tn) — B(tm_1)
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is

pt1 (07 Il)ptg—tl (OJ .Z'Q) e ptm—tm,1 (07 Im)
The jointly density function of

B(t1) =B(t),

B(ty) =B(t) + [B(t2) — B(t1)],

is
Pty (07 yl)ptz—h (ylv y?) Pt —tm—1 (ym—h ym)

So,

P(B(tl) < 21, B(ts) < T9,..., B(tn) < xm)> _

x1 x2 Tm
/ Py (0> yl)dyl / Dto—tq (yh y2)dy2 T / Ptrn—tm_1 (ymfla ym)dym-
—00 —00 -0

In general, if the process starts at z, the

P, (B(tl) <21, B(ts) < 9, ..., B(tn) < g;m)) _

1 T2 Tm
/ P, (2, y1)dy / Pto—t: (Y1, Y2)dy2 - - - / Ptoi—trr (Ym—1, Ym ) Al

Example 1.2.3 We know that

1 D

Then

n—1 1 1
_ 1 D
n3/2§jsm:/ — S, %/ B(t)dt.
m=1 0 \/ﬁ [t] 0 ()

Next, we want to find the distribution of fol B(t)dt.

Notice,

/1 B(t)dt = limz B(t;)(tis1 — ),
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and > B(t;)(t;+1 — t;) are normal random variables with mean zeros. So fol B(t)dt is

a normal random variable with mean zero. On the other hand,

Var{/olB(t)dt} El/lB( )dt/ ds} _E[// dtds}
// dtds—/ / min(t, s)dtds = 1/3.

Exchanging the integrals and expectation is justified by Fubini’s theorem since

//E\B |dtds<//\/EB2 t)EB?(s)dsdt < 1.

Thus fo t)dt has N(0,1/3) distribution.

1.2.3 Filtration for Brownian motion

In addition to the Brownian motion itself, we will need some notation for the amount

of information available at each time, We do that with a filtration.

Definition 1.2.2 Let (2, %, P) be a probability space on which is defined a Brownian
motion B(t), t > 0. A filtration for the Brownian motion is a collection of o-algebras

F it >0, satisfying

(i) (Information accumulates) For 0 < s < t, every Z; is also in F;. In other words,
there is at least as much information available at the later time #; as there is

at the earlier time Z,.

(i) (Adaptivity) For eacht > 0, the Brownian motion B(t) at time t is F;-measurable.
In other words, the information available at time t is sufficient to evaluate the

Bownian motion B(t) at that time.

(iii) (Independence of future increments) For 0 <t < u, the increment B(u) — B(t)
is independent of F#;. In other words, any increments of the Brownian motion

after time t is independent of the information available at time t.

Properties (i) and (ii) in the definition above guarantee that the information available
at each time ¢ is at least as much as one would learn from observing the Brownian
motion up to time ¢. Property (iii) says that this information is of no use in predicting

future movements of the Brownian motion.
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If #, = 0(B(u):u <t), then .%; is called the nature filtration of the Brownian
motion.

Here, for a stochastic process X(t),t > 0, o(X(u),u < t) is the smallest o-field
that contains sets of the form {a < X(u) < b} for all 0 < u < ¢, a,b € R. It is the

information available to an observer of X up to time t.

In general,

Definition 1.2.3 A family F = {%} of increasing sub o-fields on (2, %) is called
a filtration. Usually, Fy is defined to be {0,Q}. (Q,.Z,F,P) is called the filtered
probability space.

A stochastic process X(t), t > 0, is called adapted if for all t, X(t) is F-
measurable, that is, if for any t, F; contains all the information about X (t) (as well

as all X(u), u < t) but it may contain some extra information as well.

For the Brownian motion, the extra information contained in .%; is not allowed to

give clues about the future increments of B because of Property (iii).

1.3 Properties of Brownian motion paths
1.3.1 Continuity and differentiability
Almost every sample path B(t),0 <t <T
1. is a continuous function of ¢,
2. is not monotone in any interval, no matter how small the interval is;
3. is not differentiable at any point.

Property 1 is know. Property 2 follows from Property 3. For Property 3, one can

show that

B(t — B(t
lim inf max |B(t + 5) (®)] =00 a.S.
h—00<t<T 0<s<h h

We will not prove this result. Instead, we prove a weaker one.
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Theorem 1.3.1 For every to,

B(t) — B(to)

lim sup —
— 1o

t—to

=00 a.s.,

which implies that for any ty, almost every sample B(t) is not differentiable at this

point.

Proof. Without loss of generality, we assume t; = 0. If one considers the event

Bf)‘>D},

then for any sequence {h,} decreasing to 0, we have

A(h,w) = { sup

0<s<h

A(hy,w) D A(hyy,w),

> p}.

P(A(hn)) = P (1B(h) /bl > DV/hy ) = PB(1)| > Dy/hy) = 1 = oo,

and

A(hp,w) D {‘BEZ")

So,

Hence,
P (ﬂ A(hn)> = lim P(A(h,)) = 1.

It follows that

B
sup () > D a.s. for all n and D > 0.
Hence
B
lim sup (S)‘ =00 a.s.

1.3.2 Variation and quadratic variation

If g is a function real variable, define its quadratic variation over the interval [0, ¢] as

limit (when it exists)

9, 9](t) = [9,9)([0,]) = lim > "(g(t7) — g(t},))?, (1.3.1)

i=1

where limit is taken over partitions:

O=ti <ty <...<tr=t,
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with § = maxy<;<,(t — ;) — 0.

The variation of g on [0, ] is

Vy(t) =sup Y [g(t}) — g(t?y)

=1

: (1.3.2)

where supremum is taken over partitions:
O=ti<ti<...<tr=t.

Notice that the summation in (1.3.2) is non-decreasing on the partitions, that is,

the thinner is the partition, the larger is the summation. So

Vo(t) =1m Y " [g(t) — g(t7,)].

i=1
where limit is taken over partitions:

0=ty <t} <...<th=t,
with § = max;<;<,(t — ;) — 0. However, the quadratic variation has not such

property.

From the definition of the quadratic variation, the follow theorem follows.

Theorem 1.3.2 1. Let a < ¢ < b. Then the quadratic variation of g over the
interval [a,b] exists if and only if its quadratic variations on both the intervals

la,c] and [c,b] exist. Further
9, 91([a, b]) = g, 9l([a, ]) + [g, 9)([c, b)), a < c<b.
2. If g(t) = A+ B(f(t) — C) fort € |a,b], then

9. 9)([a, b)) = B*- [, f1([a, b]).

Theorem 1.3.3 If g is continuous and of finite variation then its quadratic variation

18 Zero.
Proof.
n—1
l9.9)(t) =lim > (g(t}) — g(t1))?
i=0
n—1
<lim max |g(t}) = g(t7)] - Z_; l9(tiss) — 9(1)]

<lim max |g(t7,,) — g(t7)] - Vy(t) = 0.

1<i<n—1
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For Brownian motion B (or other stochastic process), we can similarly define its
variation and quadratic variation. In such case, the variation and quadratic variation
are both random variables. Also, in the definition of quadratic variation, the limit
in (1.3.1) must be specified in which sense, convergence in probability, almost sure
convergence or others, because the summation is now a random variables. We take

the weakest one, limit in probability.

Definition 1.3.1 The quadratic variation of Brownian motion B(t) is defined as

2

B, B](t) = [B, B]([0,]) = lim ) _ | B(t}) — B(#}",)

=1

: (1.3.3)

where for each n, {t?',0 < i < n} is a partition of [0,t], and the limit is taken over all
partitions with 6, = max;(t}" , —t7) — 0 as n — oo, and in the sense of convergence

wn probability.

Theorem 1.3.4 Quadratic variation of a Brownian motion over [0,t] is t, that is,

the Brownian motion accumulates quadratic variation at rate one per unit time.

Proof. Let T, = Y1, | B(t7) — B(t,)|”. Then

n n

ET, = > E[B(t}) - Bt )| =Y (7 —t,) =t.

i=1 =1
We want to show that T,, — ET,, — 0 in probability. Notice for a standard normal

random variable N,

EN*=3, EN*=1.

So,
Var(N?) = EN* — (EN?)* =3 - 1=2.

It follows that for a normal N(0,0?) random variable X,
Var(X?) = o*Var((X/0)?) = o* - 2(Var(X/0))2 = 2(VarX))2.

Hence

2

Var((B(t) — B(s))?) = 2(Var(B(t) — B(s)))* = 2(t — 5)*.
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The variance of T, is

Var(T, ZVar (‘B (t7) — B(t,)| )
D
i=1

<2max(t} -t} ) Z(t? — 1) < 20t
i=1

So
T, — ET,, — 0 in probability.

The proof is completed.
Actually, we have shown that T,, — t in Lo, that is
E|T, —t|* — 0.

If one uses the following inequality for independent mean-zero random variables {X;}

as " P
E ZXi
=1

it can be showed that

SCP{ ZVarX —|—ZE|XV’} for p > 2,

=1

E|T, — ET, [P < C, {(6,t)"/* + 6271} — 0 for all p.

So, for Brownian motion, the limit in the definition of quadratic variation can be taken
in sense of any L, convergence. However, in the sense of almost sure convergence,

the limit does not exists unless additional condition on d, is assumed for example,

0, = o(1/(logn)'/?).
Combing Theorem 1.3.3 and Theorem 1.3.4 yields the following corollary.

Corollary 1.3.1 Almost every path B(t) of Brownian motion has infinite variation

on any interval, no matte how small it 1is.

The quadratic variation property of the Brownian motion is important for consid-

ering the stochastic calculus. It means that

(B(ti1) = B(t))" ~ 1 — ;.
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Although this approximating is not true locally, because

(B(tj+1) — B(t))*
ti+1 =1

is a normal N(0,1) random variable and so not near 1, no matter how small we
make ?;41 — t;, the approximating makes sense if we consider the summation over a
partition on a interval since the summation of the left hand can be approximated by
the summation of the right hand.

We may write the approximation informally in the differential notations
dB(t)dB(t) = (dB(t))* = dt.
Recall that for a real differential function f(z), we have

f(tin) = f(t5) = f/(t) (i —t)),

that is

And so
df (t)df (t) = (df (1))* = (f'(t))*(dt)* = 0.

This difference will be the main different issue between the stochastic calculus and

usual real calculus.

1.3.3 Law of large numbers and law of the iterated logarithm

Theorem 1.3.5 (Law of Large Numbers)

B(t
lim ﬁ =0 a.s.
t—oo T

Theorem 1.3.6 (Law of the Iterated Logarithm)

li B(t) 1
imsup ————=1, a.s.
Hoop Vv 2tloglogt

B
lim inf ®) =-1 a.s.

t—oo 4/2tloglogt

Notice B\(t) = ¢(B(1) is also a Brownian motion.
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Theorem 1.3.7 (Law of the Iterated Logarithm)

B(t
lim sup ®) =1, a.s.
t—0  /2tloglog(1/t)
B
lim inf ®) =—1 a.s.

t=0  /2tloglog(1/t)

1.4 Martingale property for Brownian motion

Definition 1.4.1 A stochastic process {X (t),t > 0} is a martingale if for any t it is
integrable, E|X (t)| < oo, and for any s > 0

EIX(t+9)|94] = X(t) a.s., (1.4.1)

where 9, is the information about the process up to timet, that is, {¥4,} is is a collection

of o-algebras such that
1. 9,C%, ifu<t;

2. X(t) is 9, measurable.

Theorem 1.4.1 Let B(t) be a Brownian motion. Then
1. B(t) is a martingale.

2. B2(t) —t is a martingale.

2
_u- . .
3. For any u, e*PO="5t is q martingale.

Proof. Let .%,; is a filtration for B(t).
1. By definition, B(t) ~ N(0,t), so that B(t) is integrable with EB(¢) = 0. Then,

for s < t,

So, B(t) is a martingale.
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2. Notice EB?(t) = t < oo. Therefore B*(t) — ¢ is integrable. Since,

E[B(t) — t|.7,] =E [3(5)2 + (B(t) — B(s))” +2B(s)(B(t) — B(s)) |3Js} —t
—B(s)? + E(B(t) — B(s))” + 2B(s)E[B(t) — B(s)] — t

=B(s)?+ (t—s)+0—t = B*t) — s.

B?(t) — t is a martingale.

3. The moment generating function of the N(0,¢) variable B(t) is

EeuB(t) _ 61Eu2/2 < 00.

uB(t)—tu?/2

Therefore e is integrable with

EeuB(t)ftUQ/Q -1

Further for s < t

E [euB(t)’ys] —F [euB(s)eu(B(t)fB(s))|ﬁs]
PO [ BO-BO)| £,]

— U BO)E [u(BO-B)]

It follows that
E [euB(t)—tu2/2|{0/*] _ euB(s)—su2/2

Y

uB(t)—tu?/2

and then e is a martingale.

All three martingales have a central place in the theory. The martingale B*(t) —t
provides a characterization (Levy’s characterization) of Brownian motion. It can be
shown that if a process X (t) is a continuous martingale such that X?2(t) — ¢ is also a

_ 2 .
tu*/2 {g known as

martingale, then X (¢) is Brownian motion. The martingale e*B®
the exponential martingale. Actually, a continuous process B(t) with property 3 and

B(t) = 0 must be a Brownian motion.

Theorem 1.4.2 Let X(t) be a continuous process such that for any u, euX()=tu?/2 g

a martingale. Then X (t) is a Brownian motion.
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uX (t)—tu?/2

Proof. Since e is a martingale,

E[euX(t)ftiﬁ/Q‘gS] — euX(s)fsu2/2.

It follows that

E[e XO-XO) | 7,] = elt-9/2,

Taking expectation yields the moment generating function of X (¢) — X(s) is

E[eHXO-XO))) — gt/

So, X (t)—X(s) ~ N(0,t—s). The above conditional expectation also tells us that the
conditional moment generating function given .%, is a non-random function, which
implies that X (¢) — X (s) is independent of .%; and so independent of all X (u), u < s.

So, by definition, X (¢) is a Brownian motion.

1.5 Markov Property of Brownian motion

1.5.1 Markov Property

Definition 1.5.1 Let X (t),t > 0 be a stochastic process on filtered probability space
(Q, Z,{Z},P). The process is called a Markov process if for any t and s > 0, the
conditional distribution of X (t+s) given %, is the same as the conditional distribution

of X(t+s) given X (t), that is,
P(X(t+s) <ylF) = P(X(t+s) <y|X());

or equivalently, if for anyt and s > 0 and every nonnegative Borel-measurable function

f, there is another Borel-measurable function g such that
E[f(X(t+9)|F] = g(X(1)).

Theorem 1.5.1 Brownian motion B(t) process Markov property.
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Proof. It is easy to see by using the moment generating function that the condi-

tional distribution of B(t + s) given .%,; is the same as that given B(t). Indeed,

E [euB(H—s) |ﬁt]

—uBUE [enB+9-B0}| 7,]

—e"BOE [e“{B (t+s)—B (t)}} since e {BH)=BO} ig independent of .%,
=e"BUE [emBUT=BONB(#)]  since e"1PIH9)=B0} i5 independent of B(t)
_E [euB(t+s)|B(t)} '
Remark 1.5.1 With the conditional characteristic function taking the place of con-

ditional moment generating function, one can show that every stochastic process with

independent increments is a Markov process.

Transition probability function of a Markov process X is defined as
Py,t;x,s) = P(X(t) < y|X(s) = z)

the conditional distribution function of the process at time ¢, given that it is at point
T at time s.
In the case of Brownian motion the ransition probability function is given by the

distribution of the normal N(x,t — s) distribution

LIRSy g TS A0

:/ Pr—s(x, u)du.

It is easy seen that, for Brownian motion B(t), P(y,t;z,s) = P(y,t — s;z,0). In
other words,

P(B(t) <y|B(s) = ) = P(B(t — s) < y|B(0) = x).

The above property states that Brownian motion is time-homogeneous, that is, its
distributions do not change with a shift in time.

Now, we calculate E[f(B(t))|-Zs).

E[f(B(t))|B /f P(dy,t;x,s) /f Y)pe—s(,y)dy.
So,
E[f(B(t))|-Zs] = E[f(B(1))|B(s)] = /f(y)pt_s(B(S),y)dy-
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1.5.2 Stopping time

Definition 1.5.2 A random time T is called a stopping for B(t), t > 0, if for any t
it is possible to decide whether T has occurred or not by observing B(s),0 < s < t.
More rigorously, for any t the sets {T <t} € F = o(B(s),0 < s < t), the o-field
generated by B(s),0 < s <t.

If T is a stopping time, events observed before or at time T are described by o-field

Fr, defined as the collection of sets

{Ae F: foranyt, AN{T <t} € #}.

Example 1.5.1 1. Any nonrandom time T is a stopping time. Formally, {T <t}

is either the O or Q, which are members of F; for anyt.

2. The first passage time of level a, T, = inf{t > 0: B(t) = a} is a stoping time.
Clearly, if we know B(s) for all s < t then we know whether the Brownian

motion took the value a before or at t or not. Thus we know that {T, <t} has

occurred or not just by observing the past of the process prior to t. Formally,

{To <t} = {max B(u) > a} € 7.

3. Let T be the time when Brownian motion reaches its maximum on the interval
[0,1]. Then clearly, to decide whether {T" < t} has occurred or not, it is not
enough to know the values of the process prior to time t, one needs to know all

the values on the interval [0,1]. So that T is not a stopping time.

1.5.3 Strong Markov property

Strong Markov property is similar to the Markov property, except that in the definition

a fixed time ¢ is replaced by a stopping time.

Theorem 1.5.2 Recall that P, denotes the probability of events when the Brownian
motion starts at x. Brownian motion B(t) has the strong Markov property: for a

finite stopping time T the regular conditional distribution of B(T +1t),t > 0 given Fr
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is Pgry, that is, given Fp, {B(T +t),t > 0} is a Brownian motion which starts at
B(T). In particular,

P(B(T + 1) < y|.71) :/_y \/;_mexp{—wpy. (15.1)

From (1.5.1) it follows that given %, B(T +t) — B(S) ~ N(0,t). And so,
B(T +t) — B(S) is a N(0,t) random variable and is independent of .%r. So,

P(B(T +t) < y|Fr) =P(B(T +t) < y|B(T)),

which is the strong Markov property of B(t).

An equivalent result of Theorem 1.5.2 is the following corollary.
Corollary 1.5.1 Let T be a finite stopping time. Define the new process int > 0 by
B(t) = B(T +t) — B(T).
Then E(t) is a Brownian motion started at zero and independent of Fr.

Proof. Fix0 =ty <t; <--- <t,,andreals 0y, - , 0, and take some bounded .%

~

measurable random variables §. Let s; = t;—t;_1, Z; = B(t;) —E(tj,l), j=1--,n.

We want to show that
E [{ exp {Z Qij}
j=1

Let S be a stopping time. Note that

= E[¢] exp {% i@?sj} :
j=1

M(t) = exp {HB(t) — %0%}

is a martingale. By applying the optional stopping time theorem to the stopping time
S A N, we obtain

E {exp {eB(S AN +1) — %92(5 AN + t)} ‘%AN] — exp {93(5 AN)— %(92(5 A N)} ,

E [exp {0(B(S AN +) = BIS AN))}| Zopn] = exp {%9%} |

Letting N 7 oo yields

E [exp {6(B(S+1t)— B(S5))} ’9’5} = exp {%9215} :
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In fact, let A € Fr. Forn < N, let B, = AN{S <n}. Then B,N{SAN <t} =
ANA{S <tAn} € Finn C Fi. So, B, € Fgan. It follows that

E [[Aﬂ{5<n} exp {6( S AN + f}) (S AN N)) }] =E [IAO{SSn}} exp {%9%} .

Letting N — oo yields

E []Am{s<n} exp {9( (S+1t)— B(S))H =E [IAm{sgn}] exp {%9215} )

Then, letting n — oo yields
E [Lyexp {0(B(S + 1) — B(S))}] = E [Lu] exp {%9%} . VAe #r.

Now, taking S =T +t,_; and t = s, yields
E §exp{29ij}}
=E [exp {ZH 7 } E [exp {6,(B(S + sn) — B(S5)) } ‘ffTHnl}]
=E |£exp {; Qij} exp {5(923”} )

Conditioning successively on Friy, (k=n—2,---,0) gives

E [gexp {gejzj} exp{ 2923]}

The proof is completed. [

In the above proof, we applied the following stopping theorem of a martingale, the

proof is omitted.

Lemma 1.5.1 (i) (Stopped martingale) If M(t) is a martingale with filtration {%;}
and T is a stopping time, then the stopped process M(t A T) is a martingale, in par-
ticular for any t, EM(t A7) = EM(0).

(i1) (Optional stopping time theorem) If M(t) is a right-continuous martingale
with filtration {%#} and 1,0 are bounded stopping times such that P(t < o) = 1.
Then

E[M(0)|.7;] = M(7).
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1.6 Functions of Brownian motion

1.6.1 The first passage time

Let = be a real number, the first passage time of Brownian motion B(t) is
T, =inf{t > 0: B(t) = =}
where inf () = oc.
Theorem 1.6.1 P,(T, < o0) =1 for all a and b.
Proof of Theorem 1.6.1. Notice

P,(Ty, < 00) =P(inf{t > 0: B(t) = b} < 0|B(0) = a}
=P(inf{t > 0: B(t) — B(0) =b—a} < 00|B(0) = a}

=F (Tb—a < OO)
and

Py(Ty—q < 00) =P(inf{t > 0: B(t) = b—a} < co|B(0) = 0}
=P(inf{t > 0: —B(t) = a — b} < oo| — B(0) = 0}

:Pg(Ta_b < OO)

by the symmetry of Brownian motion. So, without loss of generality we assume a = 0,
b > 0 and that the Brownian motion starts at 0. For u > 0, let

Z(t) = exp {uB(t) - %215}

Then Z(t) is a martingale. By the theorem for stopped martingale, EZ(0) = EZ(t A

Ty), that is

U2

1 =Eexp {uB(t/\Tb) 5 (t/\Tb)}. (1.6.1)

We will take ¢ — oo in (1.6.1). First, notice that the Brownian motion is always at
or below level b for t < T}, and so

u2

0<expquB(tNT, tATy) p <exp{uB(t AT, Se“b,
2
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that is, the random variables in (1.6.1) is bounded by e“. Next, on the event {7}, =

o0},
u? u?
exp {uB(t NT,) — ?(t A Tb)} < e"Pexp {—?t} — 0, t— oo,
and on the event {7}, < oo},
u? u? u?
exp {uB(t NT,) — ?(t A Tb)} = exp {ub — E(t A Tb)} — exp {ub — ?Tb} , T — o0.
Taking the limits in (1.6.1) yields
w2
E []I{Tb < 00} exp {ub - ?Tb}] =1 (1.6.2)

by the Dominated Convergence Theorem. Again, random variables in (1.6.2) are

bounded by 1. Taking u — 0 yields
P(T, < o0) = E[I{T}, < c0}] = 1.

The proof is now completed. And also from (1.6.2), it also holds that
2
E {exp {—%Tb}} =e U,

EefoéTb — 67{)\/2 .

Replacing u?/2 by « yields

This is the Laplace transform of 7.

Theorem 1.6.2 For real number b, let the first passage time of Brownian motion

B(t) be Ty. Then the Laplace transform of the distribution of T, is given by

Ee T = ¢ PIV2* for gll o > 0, (1.6.3)
and the density of Ty is
6] 3/ b?

for b #0.

Proof. For non-negative level b, (1.6.3) is proved. If b is negative, then because
Brownian motion is symmetric, the first passage time 7j and T}, have the same dis-

tribution. Equation (1.6.3) for negative b follows. (1.6.4) follows because

/ e fr, (t)dt = e V2 for all a > 0.
0
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Checking this equality is another hard work. We omit it.

Differentiation of (1.6.3) with respect to « results in

b
E [The "] = JTl_ae'bm for all a > 0.

Letting « | 0, we obtain ET;, = oo so long as b # 0.
Corollary 1.6.1 ET, = oo for any b # 0.

The next result looks at the first passage time T, as a process in x.

Theorem 1.6.3 The process of the first passage times {T,,x > 0}, has increments
independent of the past, that is, for any 0 < a < b, Ty, — T, is independent of B(t),t <

T,, and the distribution of the increment T, — T, is the same as that of Ty_,.

Proof. By the continuity, the Brownian motion must pass a before it passes b.
So, T, < T. By the strong Markov property B(t) = B(T, + t) — B(T,) is Bownian

motion started at zero, and independent of the past B(t),t < T,,.

Ty~ T, =inf{t > 0: B(t) = b} — T, = int{t > T, : B(t) = b} — T,
—inf{t>T,: Bt — Ty +T,) — B(Ty) = b— B(T,)} — T,
—inf{t >0: B(t)=b—a}.

Hence T, — T, is the same as first hitting time of b — a by B. The conclusion follows.

1.6.2 Maximum and Minimum

Let B(t) be Brownian motion (which starts at zero). Define

M(t) = max B(s) and m(t) = min B(s).

0<s<t 0<s<t

Theorem 1.6.4 For any x > 0,

P(M(t) > z) = 2P(B(t) > z) = 2 (1 . @(%)) :

where ®(x) stands for the standard normal distribution function.
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Proof. The second equation is obvious. For the first one, notice

M(t) z x) = P(T: < 1)

/F Pexp - 2i}du

2
1
lettlng — = y y >0, then v ™32du = —2du™"? = — 7 dy)
T

[ el )

The proof is now completed.

Another proof. Observe that the event {M(t) > x} and {7, <t} are the same.

Since
{B(t) >z} C {T, <t},
P(B(t) > o) = P(B(t) > o, T, < 1).
As B(T,) = x,
P(B(t) > z) =P(T, <t,B(T, + (t — T,) — B(T,) > 0).
Since T, is a finite stopping time. By the strong Markov property, E(s) = B(T, +
s) — B(T,) is a Brownian motion which is independent of .#r,. So when t > T,
P(B(t—T,) > 0%r,) = -

So,

P(B(t) > z) =E []I{TI <t}P(B(t—T,) > 01%1)}
_E [H{Tx < t}ﬂ

:%P(Tx <t)= %P(M(t) > x).

To find the distribution of the minimum of Brownian motion m(t) = ming<s<¢ B(s)

we use the symmetry argument, and that

— min B(s) = max(—B(s)).

0<s<t 0<s<t
Notice —B(t) is also a Brrownian motion which has the property as B(t). It follows

that for x < 0,

P(min B(s) < x) =P(max(—B(s)) > —x)

0<s<t 0<s<t

—9P(~B(t) > —x) = 2P(B(t) < x).
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Theorem 1.6.5 For any x < 0,

1.6.3 Reflection principle and joint distribution
Theorem 1.6.6 (Reflection principle) Let T' be a stopping time. Define E(t) = B(t)

for t <T, and B(t) = 2B(T) — B(t) for t > T. Then B is also Brownian motion.

Note that B defined above coincides with B (t) for t < T, and then for t > T it is
the reflected path about the horizontal line passing though (7', B(T), that

which gives the name to the result.

Corollary 1.6.2 For any y > 0, let B(t) be B(t) reflected at T,, that is, B(t) equals
B(t) before B(t) hits y, and is the reflection of B(t) after the first hitting time. Then

B(t) is also a Brownian motion.

Proof. Consider the process
Y(t)=:B(t) (0<t<T), Z(t)=B(t+T)— B(T) (t >0).

By the strong Markov property, Z is a Brownian motion independent of Y and 7.

So, —Z is also a Brownian motion, also independent of Y and 7. Thus (Y, T, Z) <

(Y, T,—Z). The map
o (Y,T,7) — (Y(t)]{t <T}+ (Y(T)+ Z(t — T)I{t > T})

t>0

produces a continuous process, which will therefore have the same law as (Y, T, —Z).

Theorem 1.6.7 The joint distribution of (B(t), M(t)) has the density

22y —x (2y — z)?
fem(z,y) = \/;th exp {—T , Jory>0,z <y.
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Proof. Let y > 0 and y > z. Let é(t) be B(t) reflected T,. Then

P(B(t) <z, M(t)>y)=P(B(t) <z,T,<t)

(

—P(T, < t,B(t) > 2y —x) (on {T, <t},B(t) =2y — B(t))
(
(

=P(T, <t,B(t) > 2y — z) ; (since T}, is the same for B and B )
=P(B(t) > 2y —z) (since y —x >0, and {B(t) > 2y —x} C {T, < t})
2y —x
=1-o .
( \/E)

That is

/_; /:o Foa(u,v)dudv = 1 — @(2?/\/—% T

The density is obtained by differentiation.

Corollary 1.6.3 The conditional distribution of M(t) given B(t) = x is

fus(yle) = wexp {—w} L y>02<y.

Proof. The density of B(t) is

() = &exp{_g—j}.

So for y > 0 and z <y,

_fB,M(-Tay)

22y —x (2y —x)? 22
—\/;W“mxp{—g—tw
2(2y — 2 —

_2(2y x)exp{_ y(yt -r)}.

t

1.6.4 Arcsine law

A time point 7 is called a zero of Brownian motion if B(7) = 0. Let {B*(¢)} denotes

Brownian motion started at z.

Theorem 1.6.8 For any x # 0, the probability that {B*(t)} has at least one zero in

the interval (0,t), is give by

t
% u_?’/QeXp{ }du—\/ /| exp{ }dy,
0 T

that is the same probability of Py(Tjy < t).
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Proof. If z < 0, then due to continuity of B*(t), the events { B* has at least one
zero between 0 and ¢ } and {maxo<s<; B*(t) > 0} are the same. Since B*(t) = B(t)+x.
S0

P(B” has at least a zero between 0 and t) = P(max B*(t) > 0)

0<s<t

=P(max B(t) +z > 0) = Fy(max B(t) > —x)

0<s<t 0<s<t

—2Py(B(t) > ~a) = Py(Tiy < 1).

If z > 0, then —B*(t) is a Brownian motion started at —z by the symmetry of

Brownian motion. The result follows.

Theorem 1.6.9 The probability that Brownian motion B(t) has no zeros in the time

2 . a
—arcsin 4 / —.
T b

interval (a,b) is given by

Proof. Denote by
h(xz) = P(B has at least one zero in (a, b)|B, = z).

By the Markov property P(B has at least one zero in (a,b)|B, = z) is the same as
P(B” has at least one zero in (0,b — a)). So

B ’(E‘ b—a

) == | u_S/zexp{—2(bxi a>}du.

By conditioning

P(B has at least one zero in (a, b))

:/ P(B has at least one zero in (a,b)|B, = x)P(B, € dx)

—0o0

—/OO h(z)P(B, € dx)

2 [ 2
:\/—/ h(x) exp{—x—}dx.
Ta Jo 2a
Putting in the expression for h(z) and performing the necessary calculations we obtain

2
P(B has at least one zero in (a,b)) = — arccos \/%.

™
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The result follows.
Let

v =sup{s < t: B(s) =0} = last zero before t.

fr =inf{s >t : B(s) = 0} = first zero after ¢.
Note that f3; is a stopping time but ~; is not.

Corollary 1.6.4

Proof.
{7 <z} = {B has no zeros in (z,t)},

{8 > y} = {B has no zeros in (t,y)},

{7 <z,B; >y} = {B has no zeros in (x,y)}.
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Chapter 2

Brownian motion calculus

2.1 Introduction

Let B(t) be a Brownian motion, together with a filtration .%,t > 0. Our goal to

define stochastic integral
T
/ X (H)dB(t),
0

the integrand X (¢) can also be a stochastic process. The integral should be well-
defined for at least all non-random continuous functions on [0, 7). When the integrand

is random, we will assume that it is an adapted stochastic process.

Riemann-Stieltjes integral

Stieltjes integral of a function f with respect to a function g over interval (a,b] is

defined as
b b n
[ rdg= [ gt =ty € loter) - o6,

where {tI'} represent partitions of the interval,

a=ty <ty <...<th=0b, 0= 1r£1a<x(t;‘ —try), and e [t ,t7],
<i<n

the limit is taken over all partitions and all choice of £'’s with § — 0.
When g is a function of finite variation, then any continuous function function f

is stieltjes-integrable with respect to g.

29
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Theorem 2.1.1 Let 6 = maxj<;<,(t! —tI"|) denote the length of the largest interval
in partition of [a,b]. If

hm Z f(& —g(ti- 1)}

exists for any continuous functzon f then g must be of finite variation on |a,b].

This shows that if g ( for example, the Brownian motion B) has infinite variation
then the limit of the approximating sums may not exist even when the integrand
function f is continuous. Therefore integrals with respect to functions of infinite

variation (stochastic integrals) must be defined in another way.

2.2 Definition of Ito integral

2.2.1 1Itd’s Integral for simple integrands
The integral integral fo t)dB(t) should have the properties:

o If X(t) =1, then .
/ X (t)dB(t) = B(T) — B(0);

e If X(t) =cin (a,b] C [0,7T] and zero otherwise, then
/ X(0)dB(t) = «(B(b) - B(a);
e For real o and £,

/0 (aX(t)+BY(t))dB(t):a/0 X(t)dB(t)+B/0 Y (t)dB(t).

Deterministic simple process
Let IT = {t¢,t1,...,t,} be a partition of [0,T7]; i.e
O=ty<t1 <...<t,=1T.
Assume that X (t) is a non-random constant in ¢ on each subinterval (¢;,¢;,4], i.e.,

Co ift = O,
X(t) = , (2.2.1)

C; 1ftl<t§tl+1,z:O,,n—1
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or in one formula,

X(t) = colo(t —i—ZCz (tirti ] (

Such a process is a deterministic simple process. The Ito integral fOTX (t)dB(t) is

defined as a sum

n—1

/X t)dB(t) =Y ci(B(tis1) — B(t:)).

=0
It is easy to see that the integral is a Gaussian random variable with mean zero and

variance

-1
Var /XdB :Z (tis1) — B(t:))
=0
n—1
= H—l / X2
=0

Simple process

Since we would like to integrate random process, it is important to allow constants
¢; in (2.2.1) to be random. If ¢;’s are replaced by random variables &;’s, then in
order to carry out calculations, and have convenient properties of the integral, the
random variable ¢; are allowed to depend on the values of B(t) for t < t;, that is,
they are allowed to be .%; -measurable, and independent of the future increments of
the Brownian motion. In finance, X (¢) is regraded as an asset at time ¢, it depends
on the information of the past. So, X(¢) is assumed to be adapted at least. So, &; is

F,- measurable.

A simple process is

n—1
X(t) = &lo(t) + Zfi[(ti,tm](t)a with &; is .%;, — measurable.

=0

For a simple process, the It integral fOT XdB is defined as a sum

/0 X (t)dB(t) = i & (B(tip1) — B(t:)). (2.2.2)
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In general, for 0 <t < T, if ty <t < tgyq, then

A 23@ (i) — B(ty)) +&(B(t) — B(ty))

_Zgj (t Atjsr) — B(tA L)),

Properties of It6 integral of simple processes

(i) Linearity. If X (¢) and Y'(t) are simple processes and « and 3 are constant, then
T T T
/ (aX(t) + BY (t))dB(t) :a/ X(t)dB(t)+ﬁ/ Y (t)dB(t).
0 0 0
(ii) For all [a,b] C [0,T],

| Teataso = 5o) - Ba)

The next properties hold if &;’s are square integrable, E€? < oo.

E/TX(t)dB(t) ~0.

(ili) Zero mean property.

(iv) Isometry property.

E (/OTX(t)dB(t))2 = /OT EX?(t)dt.

(v) Martingale property. Let I(t) = fg X(u)dB(u). Then I(t) is a continuous mar-

tingale.

(vi) The quadratic variation accumulated up to time ¢ by the Ito integral is

_ /0 X2 () du

(vil) I%(t) — fot X?(u)du is a martingale, or equivalently,

([ o) 5] - [eberonsion vess
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Proof. Property (i) and (ii) are easy to be verified directly from the definition.

Property (iii) follows from Property (v).
Property (iv). Write D; = B(t;+1) — B(t;)). Then

=(Q_&Dy) 25202 +23 60,0,
=0

J<i

Notice that &; is .%;,-measurable and D; = B(t;11) — B(t;) is independent of .%;,.

E[¢7 D} F,] = EE[D7] = & (ti — 1)
It follows that
E[[¢} D7) = E[E[EID}|F]] = E[€]](tis1 — ta).
Also, for j < i, §;, D; are #;,-measurable. So
El&:&;DiD;|F,] = §;D;GE[Di] = 0

It follows that

Hence
-1 T
Z (b1 — 1) / E(X2(1))dt.
0

Property (v). For 0 < s <t < T, we want to show that E[I(t)|.Z]
suffices to show that E[I(T")]|.%s] = I(s), which implies

E[1(t)|7] = E[ELI(T)|Z]|F] = ELI(T)|F] = 1(s).

Assume s € (tg, tr41], write I(T') as

k—1
:Z@Dﬂr&[ (th+1) — B(te)] + Z S
=0

i=k+1

= I(s).

So

It

Fori <k—1,t4 <s, & and D; are %, -measurable, and so .#,-measurable. It

follows that

k-1 k-1
E [Z&D F,| =Y &b
1=0 1=0

Fori>k+1, %, D%, and D; = B(t;.1) — B(t;) is independent of .%,,.
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Finally,
E [&[B(trer) — Bt .Zs] = &GIE [B(ter)|Fs] — B(ty)] = &[B(s) — B(t)]-
It follows that
= ]:Z:;&-Di + &[B(s) — B(t)] = I(s).

Property (vi). Assume ¢, <t < tx,1. Notice,

i—1

I(S) = Zgj (B(tj+1> — B(t])) + gZ(B(S) — B(tz)), fOl" tz < S8 S tj+1.
It follows that
1,11t tis]) = € - [B, B[t tisa]) = (0111 — / X*(u

Similarly,

(7 1)([tx, t]) = & - [B, BI([t, 1]) = &:(t — ti) = /t X (u)du

Adding up all these pieces, we obtain

1.1)(t) = (1. 1)([0.4]) = / X2 (u)du

Property (vii). Let M(t) = I*(t)—[I, I](t). Tt suffices to show that E[M (T)|.%,] =
M(s). Assume s € (tg,tx41]. Then

| Xwant) = & (B - B6) + Y &850 - B,

j=k+1

Following the same lines in the proof of Property 4, we have

E [(/TX(u)dB(u))2 ﬁ]

=E[G|-F] (trer — 5) + ZE&V (tjr1 — 1)
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(/STX(u)du)2 ‘f/‘]

Hence

E [I*(T)| | =I(s) + 2I(s)E [I(T)|Z] +E

:Iz(s)—i-/ E[X?(u)|Z,]du.

On the other hand, it is obvious that

E 7, 1)(T)|.Z7,] = [I,1](s )+/ E[X?(u)|. %] du.
It follows that

E[I*(T) — [I,1)(T)|.%,] = I*(s) — [I,1](s), that is E[M(T)|.%,] = M(s).

2.2.2 1Itd’s Integral for general integrands

Let X™(t) be a sequence of simple processes convergent in probability to the process
X(t). Then, under some conditions, the sequence of their integrals fOT X"(t)dB(t)

also convergence in probability. That limit is taken to be the integral fOT X(t)dB(t).
Example 2.2.1 Find fo (t)dB(t).

Solution. Let 0 =t} <t} < ... <t =T be a partition of [0, 7], and let

n—1

XM(t) =Y Bt (D).

i=0
Then, for each n, X™ is a simple process. Take the sequence of partitions such that
0n, = max;(t;1 — t;) = 0. Then X" (t) — B(t) almost surely, be the continuity of the
Brownian paths. We will show that fo X"(t)dB(t) will converges in probability.

/ XH0dB() = 3 B (B() — BD)

Observer

B (B(tk) — B) = 5 (B() — B — (Bt) — BUD)?).
and then
/ X"(t)dB(t :nZ% B*(t},) — B*(t;)) —

= BT) — 5B(0) — 5 3 (B(t) - BUD)”

2

|
—

n

(B(t2,,) — B(t1)”

,_.
N | —
I
o

n—

N —
-
Il
=)
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The last summation converges to the quadratic variation 7" of Brownian motion on

[0, 7] in probability. So, fOT X"(t)dB(t) converges in probability, and the limit is

/TB(t)dB(t) = lim /T X"(t)dB(t) = %BQ(T) - %T.

Ito’s Integral for square-integrable adapted processes

Theorem 2.2.1 Let X (t) be an adapted process such that
T
/ E[X?(t)]dt < . (2.2.3)
0
Then Ito integral fOTX(t)dB(t) is defined and satisfied Properties (i)-(vii).

Proof. For an adapted process X (t) there exists a sequence of simple process

X" (t) such that

n—oo

lim E/T\(X(t) — X"(8)2dt = 0.

Indeed, for a continuous process X stratifying (2.2.3), such X™(¢) can be taken as

2" —1

k
X(0)+> X (G DM eryzm esvyry2n ().
k=0

If X is not continuous, the construction of approximating processes is more involved
(see the lemma below). The It6 integrals for simple processes X™(t) is defined by
(2.2.2). By the Isometry property

T T 2 T
E {/ X"(t)dB(t) —/ Xm(t)dB(t)] = / E[X"(t) — X™(t)]*dt — 0 n,m — oo.
0 0 0
That is, the Ito integrals for simple processes X"(t) form a Cauchy sequence in Ls.
By the completeness of Lo, fOT X"(t)dB(t) converges to a limit in Ly. We denote the
limit of fOT X"™(t)dB(t) by Z. If Y™(t) is also a simple processes satisfying

lim E/T (X (t) — Y™(t)]2dt = 0.

n—o0

Then
T

lim E/ [(X™(t) — Y™ (t)|?dt = 0.
0

n—oo

Using the Isometry property,

E UOT Y (1) dB(t) — /OT X"(t)dB(t)r - /OT E[Y™(t) — X" ()]2dt — 0 n,m — oo,
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So the limit fo X"(t)dB(t) does not depend on the choice of the approximating se-
quence. The limit of [/ X"(t)dB(t) is called [ X (t)dB(t).

Properties (i)-(v) and (vii) are easy to be verified by taking limits since the It6
integral of the simple processes satisfies Property (i)-(vii).

For Property (vi), let IT = {sq, 51, ..., $m} be a partition of [0, T], and ||II|| be the

largest length of the subinterval. Denote Q( ) and @, (II) be the sample quadratic

variation of I(t fo ) and I,,(t) =: [} X™(u)dB(u) over [0, T] respectively.
Notice [I,,, I[,)(T) = fo (Xn u))Qdu — fo (u))%du in probability. It suffices to show
that

sup E|@Q,(IT) — Q(II)| — 0 in probability as n — oo.
i

Using the inequality b —a? = (b—a)*+2a(b—a) < (b—a)? + e 2(b—a)* + €%a?, we

obtain

E ( + X”(u)dB(u))2 - ( Sisz(u)dB(u)>2

<(1+eE (/:H(X"(u) _ X(u))dB(u))2 +CE (/+ X(u)dB(u))2

<(1+e?) / + E[(X"(u) — X (u))?] du+ & / + E [X(w)] du.

Adding up all these pieces, we obtain
T T
E[|Qn(IT) — Q(ID)] < (1 + 6_2)/ E[(X"(u) = X (u)*] du + 62/ E [X*(u)] du.
0 0
The proof is now completed.
Lemma 2.2.1 Let X (t) be an adapted process such that
T
/ ELX2(1)]dt < oo. (2.2.4)
0
Then there ezists a sequence of simple process { X, (t)} such that
4 2
/ E[(Xn(t) — X (1)) ] dt — 0. (2.2.5)
0

Let %, be a class of of adapted processes with (2.2.4). We complete the proof via
three steps.
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Step 1. Let X € % be bounded and X(-,w) continuous for each w. Then there

exists a sequence of simple process {X,, ()} such that

/T E [(Xn(t) - X(t))g] dt — 0.

Proof Take
27 —1 L
Xa(t) = X(0) + > X (o D)z ey (1),
k=0

Step 2. Let X € % be bounded. Then there exist bounded functions Y,, € %

such that Y,,(-,w) is continuous for all w and n, and

/T E [(Yn(t) - X(t))2] dt — 0.

Proof. Suppose |X(t,w)| < M. For each n, let 1, be a non-negative continuous

real function such that

1. ¢p(z) =0for z < —2 and z > 0,

2. [ 2 (x)de = 1.
Define
t
Y, (t,w) = / Un(s —t) X (s,w)ds.
0
Then Y,,(-,w) is continuous for all w and |Y,,(t,w)| < M. Since X € % we see that
Y, (t,w) is .Z-measurable for all ¢. Moreover,

T
/ (Va(t,w) — X(t,w))zdt — 0, for each w,
0

since {¢,,} constitutes an approximate identity.

So
/T E [(Yn(t) - X(t))z} dt — 0

by bounded convergence.

Step 3. Let X € %. Then there exists a sequence {Y,} C % such that Y, is

bounded for each n, and

/T E [(Yn(t) - X(t))Q] dt — 0.



2.2. DEFINITION OF ITO INTEGRAL 39

Proof. Put

;

-n if X(t,w) <-—n

Volt,w) =< X(tw) if —n<X(tw) <n

n if X(t,w) > —n.

\

The the conclusion follows by dominated convergence.

Further properties of It6’s integral

Let X(t),Y(t) € %, and 0,7 be stopping times such that 7 < o. Then for any
0<t<T,

(viii)

E [/t:iUX(u)dB(u))ﬂTl — 0,

E [(/t:UX(u)dB(u))Z ‘9‘

(iv) For all s <t,

:/t UE [XQ(u)‘ffT] du.

AT

(iiv) If o is a stopping time, then

tAo t
/ X (u)dB(u) = / X'(u)dB(u), ¥ t>0,
0 0
where X/(t, (JJ) = X(t,w)[{g(w)zt}‘

Proof. Write Ix(t) = [y X (t)dB(t), Mx(t) = I%(t) — [Ix, Ix](t). (viii) is equiva-
lent to
E [IX('L’/\ O')|§t/\7—} = Ix(t/\’]’),
E[Mx(tAo)|Fine] = Mx(tAT).

Note Ix(t) and Mx(t) are both martingale. The results follows from the optional

stopping time theorem (see Lemma 1.5.1 (ii)).
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Write M)Qy(t) = [X(t)jy(t) - [Ix, Iy](t) Note E[[X(t) - [X(S)|§S] = 0, E[[Y(t) -
Iy (s)|.#s] = 0. The first property in (iv) is equivalent to

E [M)Qy(t)‘ﬁs] = MX7y(S),
which is due to the fact that

2Mxy (t) =I% 1y (t) — x4y, Ixiy](t)
(B0 - [T I(0) — (B 0) — (1. 1))

is a martingale.

By the optional stopping time theorem (see Lemma 1.5.1 (ii)), we have
E [MX’y(t VAN O')‘ysm—} == MX,y(S VAN T),

which is equivalent to the second property in (iv).

If Property (iiv) is checked for simple processes and then the general case can be
proved by approximating X with simple processes. The following proof can be refered
to N. Ikeda and Watanabe (1889), Stochastic Differential Equations and Diffusion
Process, page 50, North-Holland Publishing Company.

Suppose X is a simple process,
X(t) = &lo(t) + Z@ (et (t
Let {sgn)} be a refinement of subdivisions {¢;}. Suppose X has the expression
X(t,w) = &lo(t) + Z fj(’n)](s;n)ﬁﬂ)l](t)-
j

Define

0" (w) = sih 1 o(w) € (5, V).

It is easy to see that o™ is an .%;-stopping time for each n = 1,2,... and 0" | o

(n)
]’]+1

X;(S,w) = X(S,W)[{a—n(w)zs}, then

asn — oo. If s € (s3" ] then Ipon>g = I )y and therefore, if we set

{o>s

X/ =&olo( ol ) o
n(8,w) =Solo(s +Z€ forzs (o 1(8)

=&olo(s +Z€ L sty I (g ) (5)

Si+1
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is also a simple process. Clearly, for every t > 0,
t
E[I(X7)(8) = I(X")(1)]" = E V (X3 (u) = X' ())” du
0

t
—F { / X2(u)1{an2u>g}du] — 0,
0

as n — oo. Hence I(X])(t) — I(X')(t) in probability. Also
&" B(tA ) = B(t A 5]
{cr>s(n)} Sj+1 Sj

_Zg (n)} (t/\O’n/\sngLr)l) _B(t/\an/\sgn))]
( since 0" > 3;11 if o > sg."))

=3 e BE AT NS — Bt Ao A

(smcea <3 1fa<s()

and so [B(t A o™ As\?)) — B(t A o™ Asi™)] =0)
- /0 X (u)dB(u) = I(X)(t A ay).
Consequently,
I(X")(t) =lm I(X))(t) =lm I(X)(t Ao") = [(X)(t A o),

by the continuity of 1(X)(t).

Ito’s Integral for predictable processes

The approach of defining of the It6 integral by approximation can be carried out for

the class of predictable process X (t), 0 <t < T, satisfying the condition
T
/ X%(t)dt < oo a.s. (2.2.6)
0

Recall that a process X is adapted if for any ¢, the value X (¢) can depend on the
past values of B(s) for s < t, but not on future values of B(s) for s > t.

Intuitively, an adapted process is predictable if for any ¢, the value X (t) is deter-
mined by the values of values of B(s) for s < t. X is predictable if it is
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1. a left-continuous adaptive process, for example, a simple function, that is an

adapted left-continues step function,
2. a limit (almost sure, in probability) of left-continuous adapted processes,

3. a Borel-measurable function of a predictable process.

For a predictable process X satisfying (2.2.6), one can choose simple processes X"

convergent to X in sense that
T
/ (X"(£) — X(£))2dt — 0 in probability.
0

The sequence of Ito integrals fOT X"(t)dB(t) is a Cauchy sequence in probability. It
converges to a limit fOT X(t)dB(t). This limit does not depend on the choice of the

sequence of simple processes. It is defined as the integral of X.

Theorem 2.2.2 The Ito integral of a predicable process X satisfying the condition
(2.2.6) exists and it is a limit in probability of a sequence of corresponding Ité integrals
of simple processes.

Further, the integral 1(t) = f(f X(u)dB(u) is a locally square integrable martingale,
i.e., there exists a sequence of stopping times o, such that o, < oo, o, T 0o and

I,(t) =: I(t AN oy,) is a square integrable martingale for each n.

Proof. Let 0,(w) = inf{t : f(f X?(u,w)du > n} An. Then o, is a sequence of

stopping times such that o, 1 0o a.s.. Set X,,(t,w) = X(t,w)I{s,(w)>1}. Clearly

/ X,i(t,w)dt:/ an(t,w)dtSn,
0 0

and hence

/ EX2(0)]dt <n, n=1,2,....
0

So, I(X,)(t) =: fot X, (u)dB(u) is well defined and a square integrable martingale.
Notice X, (t,w) = Xy (t,w) (o, ()1 for m < n, by Property (iiv), we have for each
m < n that

I(Xo)(t A o) = I(Xn)(t).

Consequently if we define I(X)(t) = ft X(u)dB(u) by

0

I(X)(t) = I(X,,)(t) for t< oy,
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then this definition is well-defined and determines a continuous process I(X) such
that
I(X)(tNow) =1(X,)(t), n=1,2,....

Therefore 1(X) is a local square integrable martingale.
Further, for each n, I(X,) is a limit in probability of integrals of a sequence of
simple processes, and so is I(X).

Finally, it can be shown that if
T
/ (Y, (t) — X(t))?dt — 0 in probability,
0
and Y, is a simple process, then
I(Y,)(t) = I(Y)(t) in probability.
The proof is similar to the following theorem and omitted here.

Theorem 2.2.3 Suppose predicable processes X, and X satisfy the condition (2.2.6)
and

T
/ (X, (t) — X(t))*dt — 0 in probability.

Then

t
sup | [ X,.(t)dB(t) / X(t)dB(t)] — 0 in probability.

0<t<T 0

Proof. The result follows from the following inequality immediately.

(021% / X(t)dB(t ‘ ) <P (/OT X3(t)dt > 5) + g. (2.2.7)

For (2.2.7), we let
Xs(s) = X(s)I{s: /OS X% (u)du < 0} € 2.

Then fo Xs(s)dB(s) is a square integrable martingale. According to the Doob in-
equality,

/X i ‘ ) E(fOTX5(t)dB<t))2
1

E (fOT X§(t)dt>

sup
0<t<T

IN
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It follows that

( sup / X(t)dB(t ‘ )
0<t<T
<P ( sup / (X (t) — Xs(t ))dB(t)‘ > e) ( sup / Xs(t)dB(t ‘ )
0<t<T | Jo 0<t<T
r 4]
<P (/ X3(t)dt > 5) + .
0 €
Corollary 2.2.1 If X is a continuous adapted process then the Ito integral fo (t)dB(t)

exists. Further, if {t!'} is a partition of the interval [0,T],
0=ty <ty <...<t), =T,

with §, = max;<;<,(tf —t' ;) — 0, then

n—1

/ X (t)dB(t) = lim ZX tM[B(t},,) — B(t})] in probability.
n—o0

Proof. A continuous adapted process X is a predictable process and fOT X2(t)dt < oo

by the continuity. So, the Ito integral exists. Let

for the partition {¢!'}. Then X™’s are a simple processes and for any ¢, X" (t) — X ()

as n — oo by the continuity. For the simple process X", the [to process is

| xrwano =3 xen[se) - B

The result follows.

2.3 Itd’s integral process and Stochastic differen-
tials

Suppose X is a predictable process with fo X?2(t)dt < oo with probability one, then
[ X (u)dB(u) is well-defined for any ¢ < T'. The process

- /OtX(u)dB(u)
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is called the Ito integral process. It can be showed that Y (¢) has a version with
continuous paths. In what follows it is always assumed Y'(¢) is continuous. So Itd
integral process Y (¢ fo (u) is continuous and adapted. The It6 integral

can be written in the differential notation
dY (t) = X(t)dB(t).

The integral expression and the differential expression have the mean but with dif-
ferent notations. It should be remembered that the differential expression does not

mean that
Y(t+ At) — Y (t)
B(t + At) — B(t)

It is just a differential expression of the 1to integral, that is

— X(t) as A —0.

Y (b) — = hmZX (t")[B(ti,) — B(t;)], when X(t) is continuous .
If further fo 2(t)]dt < oo, we have shown that Y (¢) having the following
properties:

1. Y(t) is a continuous square integrable martingale with EY2(t) = [ E[X?(u)]du,
2. [V, Y)(t) = [5 X*(u)du,

3. Y2(t) — fg X?(u)du is also a martingale.

When fo 2(t)]dt = oo, Properties 1 and 2 may fail. Property 2 remains true.

Theorem 2.3.1 Quadratic variation of Ité integral process Y (t) = fOtX(u)dB(u) is

= /0 t X2 (u)du

Proof. Let 0,,(w) = inf{t : [] X*(u,w)du > m} Am. Then o, is a sequence of

given by

stopping times such that o, T 00 a.s.. Set X, (t,w) = X(t,w)I{s,,(w)>#- Clearly

/Xi(t,w)dt:/ X2(t,w)dt < m.
0 0

If define Y,,,(t) = [y X,n(u)dB(u), then

Ym(t):/o " X (W) dBu) = Y(t Aoy,
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tATm
(Yoo, Yool (2 / X2 (u)du = / X?(u)du.
So, on the event {o,,, > t},
[Yon, Yo (£ / X2(u

On the other hand, on the event {o,, > t},

Yo, Yol (2 —hmZ\Y (t2) = Yi(tD)|

—hmZ‘Y A O) —Y(t?/\am)‘2
—hmZ\Y L) =YD = YY),

The proof is completed.

With the same argument, one can show that If fo X2(t)dt < 0o a.s., then Y (t) =
fo X (u)dB(u) have the following properties:

1. Y(t) is a continuous local square integrable martingale,

2. Y2(t) — fot X?(u)du is also a local martingale.

Recall that the Quadratic variation of Y is defined by

n—1
[Y,Y](t) = lim Z V(7)) — Y () ’2 in probability,

i=0
when partition {¢I'} of [0,¢] become finer and finer. Loosely writing, this can be

expressed as

/Ot (dY (u))* = /Ot X%(u)du

or in differential notation dY (¢)dY (t) = (dY (t))* = X2(t)dt.
Especially,
dB(t)dB(t) = (dB(t))* = dt.

Hence

dY,Y](t) = dY (1)dY (t) = [X(1)dB@)|[X (1)dB(t)] = X*(t)dt.
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Quadratic covariation of Ito integrals

If Y1(t) and Ya(t) are It6 integrals of X, (¢) and X(¢) with respect to the same Brow-

nian motion B(t), we define quadratic covariation of Y; and Y5 on [0, t] by
1
Y2, Y2l (8) = 5 (i + Y2, Y Y3)(0) = V2, Yal(8) = [, Y308 ).
Then it follows that

Y1, Ya) (t / X1(5)Xa(s (2.3.1)

It can be shown that quadratic covariation is given by the limit in probability of

crossproducts of increments of processes

YY) = Y () - M) DA )] (282

when partition {¢'} of [0,¢] become finer and finer. (2.3.1) can be expressed as in

differential notations
d[Y1, Ys|(t) = dY1(t)dYa(t) = X1 (t)dB(t) Xo(t)dB(t) = X;(t) Xa(t)dt.

In the limit in (2.3.2), if one of the function say Y7 is of finite variation and the other

is continuous, then it can be showed that the limit is zero.

Theorem 2.3.2 Suppose f is a real function of finite variation on interval [a,b], and

g is a continuous function on [a,b]. Then
n—1
.00, ) = lim S [£(28) — 0] oltt) — 9(6] =,
i=0
where the limit is taken over all partitions II = {t?'} of [a,b] with ||IT|| = max;(t;+1 —

Proof. In fact, the summation is

<max‘g (thq) — g(t?) |Z’f (t) — n){

< \t_rﬁg‘(n“ |g(t) - g(s)lvf([a, b)) — 0.

From this theorem, it follows that

{/Osf(u)d% /OSX(u)dB(u)] (t) = 0.
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This can be expressed as
(f(t)dt) (X (t)dB(t)) = 0.

Especially,
dtdB(t) = 0.

So, we arrive at

(dB(t))? = dt, dtdB(t) =0, dtdt=D0. (2.3.3)

2.4 1to formula

2.4.1 1It0 formula for Brownian motion

Suppose f is a real function. We want calculate df (B(t)). Recall the Taylor’s formula,
1 1
AJ(@) = F/@)AT+ 3 f"(@) (A0 + 5 @) (Aa) 4

That is
df (x) = f'(z)dx + %f”(m)(dw)Q + %f’”(;p)(d;p)ff e

If B is a real variable or a real deferential function x, we know that

because (dx)?, (dr)? etc are zeros. Now,

(B = FBENABE) + " (BE) (ABO) + 5" (BO)(dBH)’ + -+

Notice (dB(t))* = dt, (dB(t))’ = (dB(t))’dB(t) = dtdB(t) = 0, (dB(1))" = 0,
k=3,.... It follows that

G (B(H) = F'(BE)AB() + 5 f(B(0)dt
or in integral notations
F(B(1) — £(B(0) = / F(B(u))dB(u) + / 7 (B(w)du

This is the Ito formula. The first integral is the stochastic integral and the second is

the usual integral.
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Theorem 2.4.1 (1t6 formula) If f(z) is twice continuous differential function, then

for any t,
FB0) = 53N + [ FByasw+ 3 [ B
The 1t6 formula can also be written in the stochastic differential form:
4F(BH) = F(B)AB() + 5 (Bt

Proof. Let IT = {t'} be a partition of [0, ¢]. Clearly,

n—1

F(B() = f(B(0)) + Y (f(B(t}y)) — fF(B(t))).

1=0

Apply now Taylor’s formula to f(B(t?H)) — f(B(t:”)) to obtain
F(B(ta)) — F(B(E))
=1 (BU) (B#) — BUD) + 5 £ 00 (Blt) — BUD),

where 67 € (B(t",), B(t")). Thus,

FB) =1 (BO) + Y1 (BED) (B(E) - B)
5 PO (B - B

Taking limits as [|II|| = max; (¢}, ; —t') — 0, the first sum converges to the Ito integral

[y f/(B(u))dB(u); the second converges to [, f”(B(u))du by the following lemma.

Lemma 2.4.1 If g is a continuous function and Il = {t;} represents partitions of
[0,t], then for any 07 € (B(t7), B(t%,)),

n—1

HIITiHIEUZg(H?)(B(t?H) - B(IS?))2 = /0 g(B(s))du in probability.

1=0

Proof. Notice

S (9161) — o(BOY) (Bltt) - BU)’

—_

n—

< max ‘g(ef) —g(B(t}))] - (B(t7) — B(t?))Q

)

Il
=)

%

— 0 in probability ,
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due to the fact that the first term converges to zero almost surely by the continuity of
g and B, and the second converges in probability to the quadratic variation Brownian
motion ¢. Now, we show that
n—1
Zg(B(t?))(B(t?H) B(t})) i / ))ds in probability. (2.4.1)
i=0
By continuity of g(B(t)) and the definition of the integral, it follows that
n—1 t

S oBE) i 1) [ 9B as
i=0 0
Next we show that the difference between sums converges to zero in probability,

n—1

3 a(B(t) [(B(t’fﬂ) — B = (1, — t?)} 0 in probability. (2.4.2)

=0

Also, for every given D,

S gBE) Hlo(B(E))| > DY [(Bltt) — BED) — (0 —12)] }

<max |g(B(s))I{|g(s)| > D} -

Z (t7.1) — B(tM) + 1

1=0

— 0 in probability as n — oo and D — oo,

because, the first term converges to zero as D — oo almost surely by continuity of ¢
and B, and the sum in the second term converges to ¢ in probability.

So in showing (2.4.2), without loss of generality, we may assume that g is bounded
such that |g(z)| < D. Write AB; = B(t},,)—B(t}), At; = t?,, —t7 and g; = g(B(t})).

It is easily seen that {gi((ABi) At) i =0,...,n— 1} is a sequence of

1+l7

martingale differences with

So
E {(gi((ABi)Q - Ati)ﬂ < 2D2(Ah)?
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It follows that

:ZE [(gi((ABi) At ))2}
<2D2nzf At;)* < 2D* ||| — 0

(2.4.2) is now proved.

Remark 2.4.1 The main step of proving the Ito formula is
n—1
n n n 2
SO (B(t) — B(D))
i=0
n—1 )
~ Z F1(B() (B(tr,) — B(t}))

t
~Zf” )iz~ )~ [ 1(B
0
where in the second approximation we used the important property that the quadrat-
ic variation Brownian motion is t, that is, (B(t,) — B(tf))2 ~ [B,B](t},,) —
[B, B](t7) = ti', — 1.

)

Example 2.4.1 Take f(z) = 2%, we have

B(t) = Q/OtB(u)dB(u) + /Ot du = Q/OtB(u)dB(u) +t

m

In general, take f(x) = 2™, m > 2, we have

B™(t) =m th Hw)dB(u) + M /t B™2(u)du.
0
Example 2.4.2 Find de®®

By using It6 formula with f(x) = e®, we have f'(x) =e”, f"(x) = e and

=df(B(t)) = f'(B(t))dB(t) + % f"(B(t))dt
DdB(t) + %eB(t)dt.
Thus X () = e®® has stochastic differential
1

AX(t) = X(dB(t) + 3 X (D).
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2.4.2 1It0 Process

Definition

Process Y'(t) is called an It6 process if it can be represented as
Y(t) =Y (0)+ /tu(s)ds + /t o(s)dB(s), 0<t<T, (2.4.3)
0 0
or equivalently, it has a stochastic differential as
dY (t) = p(t)dt + o(t)dB(t),
where processes pu(t) and o(t) satisfy conditions:
1. p(t) is adapted and fOT \p(t)|dt < oo a.s.

2. o(t) is predictable and fOT o?(s)ds < 0o a.s.

Function p is often called the drift coefficient and function ¢ the diffusion coefficient.
Notice that 1 and o can depend ( and often do ) on Y (¢) and B(t).

A important case is when dependence of 1 and ¢ on ¢ only through Y'(¢):

dY (t) = p(Y (£))dt + o (Y (£))dB(t), 0<t<T.

Quadratic variation

Recall that the quadratic variation of a stochastic process Y is defined as

n—1

Y.Y)(0) = [V, V)0, ) = lim 37 (Y (8) = V()" in probability,

=

and the quadratic covariation of two stochastic processes X and Y is defined as

X, Y)(0) =5 (1% + Y, X +Y)(0) [, X)) — [V, V()

n—1
= ”%[i”rno (X(t) — X)) (Y(t8,) = Y(t})) in probability,
—>
i=0
where the limits are taken over all partitions IT = {7} of [0, ¢] with ||II|| = max; (¢}, —

tr) — 0.

Let Y be a Ito process as
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Notice the process of the first is a adapted process of finite variation, and the second

is an Ito integral process. It follows that

vyl = | [t [ ntwad @
+2 Uosu(u)du, Os (u)dB(u)] )
+ { /O o(w)dB(w), /0 Sa(u)dB(u)] )

¢ ¢
=0+0+ / o?(s)ds = / o?(s)ds.
0 0

And similarly, if X (¢ 0)+ fo w)du + fo u)dB(u) is another It6 process, then

(X, Y](1) = [X, YI([0,4]) = /Ot a(s)o(s)ds.
Introduce a convention
dX (t)dY (t) = d[X,Y](t) and in particular (dY (¢))* = d[Y,Y](t).
The following rules follow
(dt)* =d[s,s|(t) =0, dB(t)dt=d[B(s),s](t) =0, (dB(t))2 = d[B, B](t) = dt.
Then in the stochastic differential notations,

d[X,Y](t) =dX(t)dY (t) = (r(t)dt + 7(t)dB(t)) (u(t)dt + o(t)dB(t))
(Ot (de)? + (FOu(t) + BB)o(t) ) dB@)dt + (1) (1) (dBX)’
=0+ 0+a(t)o(t)dt

2.4.3 It6 formula for Ito6 processes

Integrals with respect to stochastic differential
Suppose that X has a stochastic differential with respect to B,
dX (t) = p(t)dt + o(t)dB(t),

and H (t) is predictable and satisfies

/H s)ds < oo, /|H s)|ds < oo,
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then both fot H(s)pu(s)ds and fot H(s)o(s)dB(s) are well defined. The stochastic inte-
gral Z(t) = [ H(s)dX (s) is defined as

Z(t):/o H(s)dX(s) ::/0 H(s)p,(s)ds+/0 H(s)o(s)dB(s)

or

dZ(t) = H(t)dY (t) = H(t)u(t)dt + H(t)o(t)dB(t).

It6 formula for f(X(¢))

Let X (t) have a stochastic differential

X(t) = p(t)dt +o(t)dB(t).

df (X (1)) =f' (X (1))dX (1) + %f”(X(t))(dX(t))Q + o /(X @) AX () + ...
=f1(X(#)dX(#) + %f”(X(lt))(dX(t))2
=f1(X())dX (1) + %f”(X(t))d[X, X]()
=f'(X@®)ut)dt + f/(X(t))o(t)dB(t) + %f”(X(t))OQ(t)dt-

Theorem 2.4.2 Let X (t) have a stochastic differential
dX(t) = p(t)dt + o(t)dB(t).

If f(x) is twice continuously differentiable, then the stochastic differential of the pro-
cess Y (t) = f(X(t)) exists and is given by

X)) =F (XWX (1) + 3 1" (XO)IX, X](1)

~ (FX@w0) + 5 XO)0) ) e+ 7O B ),

In integral notations

f(X(1)) = fF(X(0)) +/O f'(X(s))dX(s) + %f”(X(S))Uz(S)d&
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Example 2.4.3 Find a process X having the stochastic differential
1
dX(t) = X(t)dB(t) + §X(t)dt. (2.4.4)

Solution. Let’s look for a positive process X. Let f(z) =logz. Then f'(z) = 1/x
and f"(x) = —1/2*%. So

dlog X(t) :mdx(t) - %XQ;@)(dX(t))2
=dB(1) + 3t = 5 s X0
—dB(1).

So that log X (t) = log X (0) + B(t), and we find that
X(t) = X(0)eP®,

Using the Itd formula for X (t) = X(0)eP® we verify that this X indeed satisfied
(2.4.4).

2.4.4 1t0 formula for functions of two-variables

If X(t) and Y (¢) have stochastic differentials,

dX (1) =px (t)dt + ox (t)dB(2).

dY (t) =py (t)dt + oy (t)dB(t).
Then

AX(1)dY (t) = d[X,Y](t) = ox(t)oy(t)dt.
It follows that
d(X ()Y () =X ()Y () + Y (1)dX () + dX (£)dY (t)

=X(O)AY () + Y ()dX (t) + ox (t)oy (t)dt.

So

Y(t)—X(

/X )dY (s / +/OaX

This is the formula for integration by parts.
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Example 2.4.4 Let f and g be C? functions and B(t) the Brownian motion. Find d

f(B)g(B).

Solution Using It6 formula

4(B) =r(B)dB + L f"(B),

1
dg(B) =¢'(B)dB + 54" (B)dt.,

So

d(f(B)g(B)) =f(B)dg(B) + g(B)df (B) + df (B)dg(B)
=[f(B)d'(B) + ['(B)g(B)]dB

+ % [f"(B) +2f'(B)g'(B) + ¢"(B)] dt

In general, if f(z,y) has continuous partial derivatives up to order two. Then

i a,) =59} + 5 )y

2 2

0 0 0
+ % <@f(x,y)(dx)2 - a—y2f(:v,y)(dy)2 + 2a—y2f(x, y)d:vdy> :

Now,

(dX(t)* = d[X, X](t) = 0% (t)dt,
(@Y (t))* = d[Y,Y](t) = o3.(t)dt,
dX(1)dY (t) = d[X,Y](t) = ox(t)oydt.

Theorem 2.4.3 Let f(x,y) have continuous partial derivatives up to order two (a
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C? function ) and X,Y be Ito process, then

X0, V(1) =2 FX (1), Y (0)dX (1) + a%f(m), Y ()Y ()

n % (%f(X(t), Y (1)d[X, X](t) + aa—ny((X(t% Y(2))d[Y, Y](t)
F2 XY O V)
_9 FX(0),Y (£))dX () + a%f(X (1), Y ()dY (t)

ox
1/ 02 0?

‘1 (@f(X(t), V()R ) + 55 (X0, Y ()3 ()

82
+28—y2f(X(t),Y(t))ax(t)ay(t)) dt.
Example 2.4.5 Let X(t) = ePO~42. Find dX (t).

Solution. f(z,t) = e */2. Here Y(t) = t. Notice (dt)? = 0 and dB(t)dt = 0. We

obtain
_of of LPf o
df (B(t),1) =5 dB+ —odt + 5@(dB)
B2 SeBtgy o Leneti2gy
2 2
—eBO-24B(t) = X (t)dB(t).
So that

dX(t) = X(1)dB(t).

2.5 Stochastic differential equation with examples
2.5.1 Stochastic exponential
Let X have a stochastic differential. Find U satisfy

dU(t) = U(t)dX (1), U(0) = 1. (2.5.5)

If X(t) is of finite variation, then the equation is the ordinary differential e-

quation (ODE) and the solution is U(t) = eX® and logU(t) = X(t). Now, let
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f(x) =logx, then f'(x) = %, f'(z) = —m—12. From (2.5.5), it follows that d[U, U](t) =
U%(t)d[X, X](t). So

1 1 1
dlogU(t) =——=dU(t)

o™~ 5 U0

=X (1) ~ 2d[X, X](1) = d (X(t) Lix x) (t)) |

Hence
log U(#) — log U(0) = X (£) — %[X, X](t) - (X(()) Lix, X](O)) |

That is

log U (1) = X(t) — 51X, X](0),

U(t) = exp {X(t) _ %[X, X (t)} |

On the other hand, if U(t) = exp {X(t) — 1[X, X](¢)}, then by It6 formula with
f(x) = e,

dU(t) = exp {X(t) - %[X, X (t)} d(X(t) - %[X, X))

+%exp{X(t)—%[X,X }d[X (X, X]](¢)
=U(t)dX(t) - %U< )d[X, X](t) + %U( Hd[X, X](t) = U(t)dX ().

Indeed, U(t) = exp {X(t) — 3[X, X](¢)} is a solution of (2.5.5).

Finally, if V (¢) is also a solution. Then by It6 formula with f(z,y) = z/y,

UV (0) =5 U (0 = sV ()

1 1_U(t)
+§-Od[U,U]()+22V3()

u(t)
72V (DX (®)

Tan VX, X](1) -

1
72 (t)d[U’ V](t)

[V, V() —

1
“pU X0 -

1 U()
2V3()

=0.

1

TV OV (X, X))

Hence the solution is unique.
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Theorem 2.5.1 Let X (t) be an Ito process. The equation
dU(t) = U(t)dX(t), U(0)=1
has an unique solution

U(0) = £C0(0) = exp { X(0) - 51X XI0)}.

this process is called the stochastic exponential of X .

Dt2
Example 2.5.1 The stochastic exponential of aB(t) is e*PO=7,

Example 2.5.2 (Stock processes and its return process.) Let S(t) denotes the price of
stock and assume that it has a stochastic differential. Return on stock R(t) is defined

by the relation

Thus
dS(t) = S(t)dR(t).

The return is the value of $1 invested at time t after a unit time.

If return is a constant rate v, then dS(t) = S(t)rdt is the ordinary differential
equation and the solution is S(t) = S(0)e".

In Black-Scholes model, the return is uncertain and assumed to be a constant rate
r plus a white noise, that is

R(t) =r+oB(t),

which means that

R(t)At ~ 1At + o(B(t + At) — B(t)).

So
dR(t) = rdt + odB(t).

The stock price S(t) is the stochastic exponential of the return R(t),

S(t) =5(0) exp{ R(t) — S[R, R](1)}

=S5(0) exp {B(t) + (r - %oﬂ) t} :

| —
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2.5.2  Definition of the stochastic differential equations

Definition 2.5.1 A equation of the form
dX(t) = w(X(t),t)dt + o(X(t),t)dB(t), (2.5.6)

where p(x,t) and o(x,t) are given and X (t) is the unknown process, is called a s-
tochastic differential equation (SDE) driven by Brownian motion.

X(t) is called a strong solution of the SDE (2.5.6) with initial value X (0) if for
all t > 0, X(t) is a function F(t,X(0),(B(s),s < t)) of the given Brownian motion
B(t) and X(0), integrals fotu(X(s), s)ds and fOtO'(X(S), s)dB(s) exist, and the integral

equation is satisfied
X(t) = X(0) —I—/O n(X(s),s)ds —i—/o o(X(s),s)dB(s).

Example 2.5.3 (Kabgevin equation and Ornstein-Uhlenbeck process). Find the so-
lution of the SDE
dX(t) = —aX(t)dt + odB(t).

Solution. If o = 0, then the solution is X (¢) = X (0)+o fot dB(s) = X(0)+0oB(t).
If 0 = 0, then the solution is X (¢) = X(0)e~*". Now, let Y (¢) = X (t)e**. Then

dY (t) =e™dX (t) + X (t)ae™dt + dX (t)de™
=—e™aX(t)dt + e*odB(t) + X (t)ae®dt + 0

=oe™dB(t).

This gives
Hence

Integration by parts yields

/0 t oce*dB(s) = oe™B(s) — /O t B(s)d (oe™).

Hence X (t) is a function of B(s),s <t and so a strong solution of the equation.
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Suppose X (0) = 0. Then X (¢) is a mean zero Gaussian process with

Cov{X(t), X (s)} =c?e e *E { /0 t e dB(u) /0 s ea“dB(v)]

SAL
:026—a(t+s) / €2audu
0

o2
=—2ct
2w
o2

2w

—a(t+s) 6204(5/\t)

6—o¢|t—s|.

So, X (t) is a stationary Gaussian process.

2.5.3 Existence and uniqueness of strong solution
Theorem 2.5.2 (Existence and Uniqueness) For the SDE

dX(t) = p(X(t),t)dt + o (X (t),t)dB(t), (2.5.7)
iof the following conditions are satisfied

1. Coefficients are locally Lipschitz in x uniformly in t, that is for every T and N,
there is a constant K depending only on T and N such that for all |x|, |y| < N
and all 0 <t < T,

[z, t) — p(y, O] + |o(z, 1) —o(y, 1) < K|z —yl,
2. Coefficients satisfy the linear growth condition
[z, )] + lo(z, )] < K(1+ [x]),

3. X(0) is independent of (B(t),0 <t <T), and EX?*(0) < oo,

then there exists a unique strong solution X (t) of the SDE. X (t) has continuous paths,

moreover

E[ sup XQ(t)] < C(1+ EX?(0)), (2.5.8)

0<t<T

where constant C depends only on K and T

If the coefficients depend on x only, the conditions can be weakened.
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Theorem 2.5.3 (Yamada-Watanabe) Suppose that j(x) satisfies Lipschitz condition
and o(x) satisfies a Holder condition of order a, a > 1/2, that is, there is constant
K such that

o(z) —o(y)| < Klz —yl|*

Then the strong solution exists and is unique.

The proof of the above theorems can be found in L.C.G. Rogers and D. Williams
(1990), Diffusion, Markov Processes, and Martingale. Volume 2 Ité Calculus, Wiley.
Here we give the proof of Theorem 2.5.2.

Lemma 2.5.1 Let p and o satisfy the locally Lipschitz condition. Let X and Y be
adapted processes, and define X and Y as follows:

X(t):£+/0 u(X(u),u)du—l—/O o (X (u),u)dB(u),

Y(t):n—i-/o /,L(Y(u),u)du—i—/o o (Y (u), u)dB(u)

Then there is a constant C such that
t
(X - < of e+ £ [ (o) booses,
0
where f = sup{|f(s)]: s < t}.

Proof. Let a(u) = p(X(u),u) — pn(Y (u),u), b(u) = o(X(u),u) — o (Y (u),u).
Then

So
E[(X - Y)Y

<3E[|¢ —n|*] + 3E [/Ot |a(u)|du] 2 + 3E

ap(f wwazco) |
<3E[|€ — n|*] + 3tE [/Ot a"’(u)du} + 6E [/Ot bg(u)du]
<3E[|¢ —n|*] + 3TK’E (/Ot(X — Y);fdu) + 3K*E (/Ot(X - Y);;?du) :

The proof is completed. [
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Proof of Theorem 2.5.2. Define

Xo(t) =X(0), 0<t<T,

X1 (t) =(ZX0)(1)
t ¢
=X(0) +/ (X (), w)du +/ o (X, (u),u)dB(u), 0<t<T.
0 0
By the condition in the theorem, X, and X; are in L[QO’T]. Now, define
An+1<t) — E |:(Xn+1 - Xn)za] - E [(%Xn - %anl>:2:| .
By Lemma 2.5.1, we find that
t
Apia(t) < C’/ A, (u)du,
0
and, by induction, it follows that, for all 0 <t < T,
A, (t) < nC™"t"/nl,
where 7 = Ay(7T") with

Ao(t) <2K*t*(1+ E[X?(0)]) 4+ 2K°t(1 + E[X?(0)])

=2K*(t* + t) (1 + E[X?*(0)]) < o0

by Condition 2. Hence, for m > n > 0,

m—1 1/2
(> (X1 — Xk)*T)QI )

(Bl — X)F) " < (E

m—1 1/2 00 Ck+1Tk+1 1/2
< Z (Ak+1(T)) < Z <HW> — 0 as n — oo.
k=n k=n ’

63

Hence, on [0, T, the sequence X,, converges uniformly in L to a adapted process X.

Since

o0 kb 1kl /2 2
E[(X — X)) <n (Z (%) > — 0 as n — oo, (2.5.9)

k=n

it follows by Lemma 2.5.1 that

E[(ZX — Xn1)7]) = E(ZX — #X,)37] < CE[(X — X,,)3%] = 0as n — oo.
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Hence, X = ZX, and X is a solution of the SDE. Since the integrals are continuous,
so X is continuous. (2.5.8) follows from (2.5.9) with n = 0.
Next, we show the uniqueness of the solution. Let X and X’ be two solutions. By

Lemma 2.5.1 it follows that
t
E[(X — X')1%] < C’/ E[(X — X)du 0<t<T,
0

which implies that E[(X — X”);?] = 0 for all 0 < ¢ < T, and hence that X = X’ on
[0, 7).

In fact, let w(t) [y E[(X —X"):2]du and f(t) = w(t)e *. Then 0 < Lw(t) < Cuw(t)
and £ f(t) < 0. It follows that f(t) < f(0), w(t) < w(0)e =0, Lw(t) =0. O

v ar W
Example 2.5.4 (Gisanov’s SDE)
dX(t) =|X()|"dB(t), X(0)=0,1/2<r <1

By Yamada- Watanabe theorem, this SDE has a unique solution. Obviously, X (t) =0

1s the solution.

Example 2.5.5 (Tanaka’s SDE)

dX (t) = sign(X (t))dB(t), (2.5.10)
where
sign(z) = 1 if © >0, |
-1 ifx<O.

Since o(z) = sign(z) is discontinuous, it is not Lipschitz, and conditions for strong
existence fail. It can be shown that a strong solution to Tanaks’s SDE does not exist,
for example, one can refer to Gihman I. I. and Skorohod A. V. (1982), Stochastic
Differential Equations, Springer-Verlag.

Consider the case X (0) = 0. Here we show that if the Tanaka’s SDE has a strong
solution, then the solution is not unique.

Suppose X (t) is an unique strong solution, then

X(t):/o sign (X (s))dB(s)
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is a function of B(s),s < t. Also the solution is a continuous martingale with
(X, X](t) = fot (sign(X(s)))2d3 = t. So by Levy’s theorem X(t) is a Brownian
motion. Let Y(¢) = —X(t). Then

t

Y(t)= [ —sign(X(s))dB(s)

t

/
/0 sign( — X(s))dB(s) +2/Ot Tiop (X (s))dB(s).

Notice

2

E sup ( /0 oy (X(s))dB(s))

t<T

<te ([ 1o (xe))as ()
—4E /0 ' Iy (X (s))ds

—4EN({s € [0,T] : X(s) = 0}) = 0.

2

Here ) is the Lebegue measure. It follows that

P(/0 Loy (X(8))dB(s) = 0 Vt) = 1.

Hence
t
Y(t) = / sign(Y (s))dB(s),
0
which means that Y'(t) = —X(¢) is also a solution. By the uniqueness, we must have

P(X(t) = —X(t)) = 1 which is impossible because X (t) is a Brownian motion.

Markov property of the solution

Theorem 2.5.4 Under the theorem for the existence and uniqueness, the strong so-

lution of the SDE
dX (t) = p(X(t),t)dt + o(X(t),t)dB(t), X(0) = Xo,
is a Markov process.
Proof. Let f(z) be a bounded function, s,¢ > 0. It is sufficient to show that

E[f(X(s+1)|F] =E[f(X(s+1)|(X(s)] .
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Let B(u) = B(s+u) — B(s). Then B is independent of F,. Denote X**(t) be the
unique solution of the SDE

dX(t) = p(X(t),s +t)dt + o (X(t),s +1)dB(t), X(0) =z,

i.e.,
t

X (t) =$+/0 M(Xs’x(u),s—l—u)dujt/o o (X% (u), s + u)dB(u).

Then X*7*(t) is independent of F;. Denote F(x,s,t) = X*%(t). Note
X(s+1t) —X(s)

s+t
/ (X du+/ o (X (u),u)dB(u)

/o# (s +u) s+u)du+/0t (X (s +u), s +u)dB(u).

So
X(s+1t)= XS’X(S)(t) = F(X(s),s,1).

Let G(x) = f (F(x,s,t)). Then G(z) is independent of .Z.
It follows that

The proof is completed. [

Strong Markov property of the solution

Theorem 2.5.5 Under the theorem for the existence and uniqueness, the strong so-

lution of the SDE
dX(t) = p(X(t))dt + o(X(t))dB(t), X(0)= X,

1s a strong Markov process.
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Proof. Let f(x) be a bounded function, 7 is a stopping time, ¢ > 0. It is sufficient
to show that
E[f(X(r+1)|Z] =E[f(X(T+t)][(X(7)].
Let B(u) = B(r +u) — B(7). Then B is independent of F,. Denote X(t) be the

unique solution of the SDE

dX(t) = p(X(t))dt + o(X(£))dB(t), X(0) =z,

X () =z + /Otu(xw(u))du + /Ota(Xf(u))dé(u).
Then X*(t) is independent of F,. Denote F(z,t) = X*(t). Note
X(T41) — X(7)
:/TT+tp(X(u))du + /TTHJ(X(U))dB(u)
= /Ot (X (7 +u))du + /Ot o (X (7 +u))dB(u).
So

X(r+t) = X¥O(t) = F(X(7),¢).
Let G(z) = f (F(z,t)). Then G(z) is independent of .Z%,. It follows that

E[f(X(T+1)|Z] =E[f(F(X(1),t)|-Z]

=E [G(X(7)|X(7)] =E[f(X(r+1))|X(7)] .

The proof is completed. []

2.5.4 Solutions to linear stochastic differential equations
Consider the general linear SDE in one dimension:
dX(t) = (a(t) + Bt)X (1))dt + (y(t) + 6(t) X (t))dB(¢), (2.5.11)

where functions «(+), 8(-), v(-) and §(¢) are given adapted processes, and are contin-

uous functions of t.
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Stochastic exponential SDE’s

First, consider the case when «(t) = 0 and (¢) = 0. The SDE becomes
dU(t) = p(t)U(t)dt + 6(t)U(t)dB(t). (2.5.12)

This SDE is of the form

dU(t) = U(t)dY (t),
where the Ito process Y (t) is defined by
dY (t) = B(t)dt + 6(t)dB(t).
So, the uniqueness solution of (2.5.12) is the stochastic exponential of Y'(t) given by

_U(0) exp {m) YO - i) <t>}

exp{/o ds+/ s)dB(s —-/52 }

exp{ B(s —-52 ))ds+/05( ()} (2.5.13)

General linear SDE’s

e=]

To find a solution in the general case with nonzero «(t) and 7(¢), look for a solution

of the form
X(t)=U)V(t), (2.5.14)
where
dU(t) = p)U(t)dt + 6(t)U (t)dB(t) (2.5.15)
and

dV (t) = a(t)dt + b(t)dB(t). (2.5.16)
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Set U(0) = 1 and V(0) = X(0). Note that U is given by (2.5.13). Taking the
differential of the product it is easy seen that
dX(t) =U(t)dV (t) + V(t)dU(t) + dU(t)dV (t)
=U(t)(a(t)dt + b(t)dB(t)) + V(t)U(t)(B(t)dt + 6(t)dB(t))
+ (U ()b(t)dB(t)
- <a(t)U(t) LU () + X(t)ﬁ(t))dt + (U(t)b(t) + X(t)é(t))dB(t).
By comparing the coefficients in the above equation and the equation (2.5.11), it

follows that
b)U(t) =~(t) and a(t)U(t) = a(t) — 6()7(t).

Hence
V(t) —V(0) :/0 a(s)ds—i—/o b(s)dB(s)

[T als) = (s)y(s) ) L y(s) )
‘/o 0ls) +/o () B

Thus, X (t) is found to be

X () = U(t) (X(O)+ /O a(s) ;?25)7(8)d5+ /0 ;((Z))dB(s)),

U(t) = exp { /0 t (8() - %52(3))@ + /0 t 5(s)dB(s)} |

To show the uniqueness, suppose X; and X3 are solutions of (2.5.11) with X;(0) =
X2(0)7

where

dX1(t) =(at) + B)X1(t))dt + (v(t) + 0(¢) X1(t))dB(2),
dXo(t) =(alt) + B)Xa())dt + (y(t) + 6(t) Xo(t))dB(t).
Then Z(t) = X1 (t) — X»(t) satisfies
dZ(t) = B Z(t)dt + 5(t) Z(t)dB(t), Z(0) = 0.
So Z(t) satisfies the equation (2.5.16). Z(t) = 0 is the unique solution. In fact,
dZ(t) =Z(t)dY (t), Z(0) =0,
dU(t) =U(t)dY (t), U(0) =1,

U(t) = exp {Y(t) _ %[U, U](t)} |
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Then
Z(t
dL = 0.
(t)
So
Z(t) =CU(t).
Letting ¢t = 0 yields C' = 0. It follows that
Z(t)=0

2.5.5 Examples

I. Interest models

Example 2.5.6 (Vasicek interest rate model) The vasicek model for the interest rate
process R(t) is
dR(t) = (a - 6R(t)>dt + odB(t), (2.5.17)

where o, B and o are positive constants.

To solve the equation, we first solute dR(t) = —BR(t)dt. Obviously, the solution is
R(t) = R(0)eP!. Then write

R(t) = e P'V(t), with V(0) = R(0).

Then
dR(t) = —Be PV (t)dt + e P'dV (t) = —BR(t)dt + e 'dV (t).
So
e PV (t) = adt 4 odB(t).
Hence

It follows that

— e P @ —e P ge Pt teﬁs s).
R(t) R(0) + 6(1 )+ /0 dB(s)
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¢ . . . .
The term | e?*dB(s) is a normal random variable with mean zero and variance

5 1
28s _ 20t
/0 e“7’ds = _25 (e 1).

Therefore, R(t) is normally distributed with mean
Bt Q1 =Pt
e P'R(0) + 3 (1—e)

and variance
o’ 28t
— (1 —e7%7").
T
Desirable property The Vasicek model has the desirable property that the in-

terest rate is mean-reverting.

1. When R(t) = §, the drift term in (2.5.17) is zero.

2. When R(t) > §, this term is negative, which pushes R(t) back toward §.
3. When R(t) < §, this term is positive, which again pushes R(t) back toward §.

If R(0) = 3, then ER(¢) = § for all ¢. If R(0) # §, then lim; o ER(t) = 5.
Undesirable property Note that R(t) is normal distributed, no matter how the
parameter o > 0, 8 > 0 and ¢ > 0 are chosen, there is positive probability that R(t)

is negative, an undesirable property for an interest rate model.

Example 2.5.7 (Coz-Ingesoll-Ross (CIR) interest rate model). The Coz-Ingesoll-
Ross model the interest rate R(t) is

dR(t) = (a - 5R(t)>dt +o\/R)dB(t), (2.5.18)
where o, B and o are positive constants.

Like the Vasicek model, the CIR model is mean-reverting. The advantage of the
CIR model over the Vasicek model is that the interest rate in the CIR model does
not become negative. If R(t) reaches zero, the term multiplying dB(t) vanishes and
the positive drift term adt in the equation (2.5.18) drives the interest rate back into
positive territory.

Unlike the Vasicek equation (2.5.17), the CIR equation (2.5.18) does not have a

closed-form solution. However, the distribution of R(¢) for each positive t can be
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determined. That computation would take us too far afield. We derive the mean and
variance of R(t) instead.

To do so, we also write

R(t) = e P'V(t), with V(0) = R(0).

Then
dR(t) = —Be PV (t)dt + e P'dV (t) = —BR(t)dt + e P'dV (t).
So
e PtV (t) = adt + o/ R(t)dB(t).
Hence

It follows that

t
R(t) = e PR(0) + %(1 —e ) + e / e’ \/R(s)dB(s).
0
Notice the expectation of an Ito integral is zero, we obtain
ER(t) = e P'R(0) + %(1 —e ),

This is the same expectation as in the Vasicek model.

Also, by the Isometry property of the It integral, we obtain

Var{R(t)} =o?e *"Var {/Ot GBSMCIZB(S>}
=g 2! /Ot ¢*P*E[R(s)]ds

t
:026—2&/ e?Ps {e‘ﬁsR(O) + %(1 — 6_68):| ds
0

2

:%R(O) (7P —e™?) + Oé—UQ

e (1 — 2Pt 4 e*mt) .

In particular,

ao?

tlgilo Var{R(t)} = 2
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Let m(u,t) = Ee*f®) be the moment generating function of R(¢). Then, it seem

that we shall have

om 0
_ 2 ,uR(t)
ot Eat ’

9 euR(t) ghall be understood as a stochastic derivative. By Itd’s formula,

However, £

1
deuBO) — euR(t)udR(t) + §GUR(t)u2(dR(t))2

—euR )y [(a—ﬂR ))dt + o/R(t)dB(t ] RO 252 R(E)dt
|
—aue ™ dt + <§ uﬁ) wROR(t)dt
+ e“BOq\/R(t)dB(t)

It follows that

t
cUR(t) _ JuR(0) :/0 (-) (s )d5+/0 m/R )dB(s

Taking the expectation yields

m(u,t) —m(u,0) = /o [E(-) (s)] ds.

So

1
—auEe Y 4 (§u202 — uﬁ) E[e"FOR(t)]

=aum + (; o —uﬁ)

We arrive the equation that

p
om
ot

m(0,t) =1,

= aum + (1 u?c? — uﬁ) %%L,

m(u,0) = e,

\

I1. Black-Scholes-Merton Equation

Evolution of portfolio value

Consider an agent who at each time ¢ has a portfolio valued at X (¢). This portfolio

invests in a money market account paying a constant rate of interest r and in stock
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modeled by
dS(t) = aS(t)dt + o S(t)dB(t).

Suppose at each time ¢, the investor holds A(t) shares of stock. The position A(t)
can be random but must be adapted to the filtration associated with the Brownian
motion B(t). The remainder of the portfolio value, X (¢) — A(¢)S(t), is invested in the
money market account.

The differential dX (¢) is due to two factors,
1. the capital gain A(t)dS(t) on the stock position and
2. the interest earnings r (X (t) — A(t)S(t))dt on the cash position.

In the other words
dX (t) =A()dS(t) + (X (t) — A(t)S(t))dt
=A(t)(aS(t)dt + oS(t)dB(t)) + r(X(t) — A(t)S(t))dt
=rX(t)dt + A(t)(a —r)S(t)dt + A(t)oS(t)dB(t). (2.5.19)
The three terms appearing in the last line above can be understood as follows:

1. any average underlying rate of return r on the portfolio, which is reflected by

the term rX (t)dt,

2. a risk premium « — r for investing in the stock, which is reflected by the term

A(t)(a —7)S(t)dt, and

3. a volatility term proportional to the size of stock investment, which is the term

A(t)oS(t)dB(t).

Discount. We shall often consider the discounted stock price e "*S(¢) and the

discounted portfolio value of agent, e X (t). According the It6 formula,
d(e*”S(t)) =S(t)de " + e " dS(t) + d[e”"*, S(s)](¢)

=—re "S(t)dt + e "dS(t)
=(a — r)e " S(t)dt + oe "t S (t)dB(t)
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and
d(e™"X (1)) =X (t)de ™™ + e " dX (t) + dle”", X (s)](¢)
=—re "X (t)dt + e " dX (t)
=A(t)(a —r)e " S(t)dt + A(t)oe " S(t)dB(t)
=A(t)d(e " S(1)).

The last line shows that change in the discounted portfolio value is solely due to

change in the discounted stock price.

Evolution of option value

Consider a European call that pays (S(T) — K)* at time 7. Black, Scholes and
Merton argued that the value of this call at any time should depend on the time
(more precisely, on the time to expiration) and on the value of the stock price at that
time. Following this reasoning, we let V (¢, x) denote the value of the call at time ¢ if
the stock price at that time is S(¢) = z. So the value of the call is V'(t) = V (¢, S(t)).
According to the It6 formula, the differential of V' (¢) is
1
dV (t) =Vi(t, S)dt + V,(t, S)dS + §Vm(t, S)(dS)?
1
=V,(t, S)dt + V,(t,S)(aSdt + aSdB) + 5Vm(t, S)o?S?dt
1
=[Vi(t,S) + aSV,(t, S) + 50252%@, S)|dt + o SV,(t, S)dB. (2.5.20)

Equating the Evolutions

A (short option) hedging portfolio starts with some initial capital X (0) and invests
in the stock and money market account so that the portfolio value X (t) at each time

t € [0, T] agrees with V'(¢,.5(¢)). This happens if and only if
dX(t) =dV(t,S(t)) (2.5.21)
and X (0) = V(0,5(0)). Comparing (2.5.19) and (2.5.19), (2.5.21) holds if and only if

[V (t,S) + At) (o — 1) S)dt + A(t)oSdB

1
=[Vi(t,S) + aSV,(t, S) + 50252%(@ S)]dt + oSV, (t, S)dB.
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It follows that
A(t) = Va(t,9),
rV(t,S) + A(t) (e —1)S = Vi(t, ) + aSV,(t,S) + 1025V, (¢, 9).
So, V(t,z) satisfies the Black-Scholes-Merton partial differential equation:
Vi +raV, + %a%?v;m =rV forallt€l0,T), x>0, (2.5.22)
and that satisfies the terminal equation

Vt,z) = (x— K)".

2.5.6 Weak solutions to the stochastic differential equations

Definition 2.5.2 If there exist a probability space with filtration, Brownian motion
B\(t) adapted to that filtration, a process )A((t) adapted to that filtration, such that )A((O)
has distribution Fy, and for all t integrals below are defined, and )A((t) satisfies

~

X(t) = X(0)+ /Otu()?(s),s)ds + /Ota()?(s), s)dB(s),
then X (t) is called a weak solution to the SDE

dX (t) = (X (1), t)dt + o(X(t),t)dB(t), (2.5.23)
with tnitial distribution Fy.

Definition 2.5.3 Weak solution is called unique if whenever X (t) and X'(t) are two
solutions ( perhaps on different probability spaces) such that the distributions of X (0)
and X'(0) are the same, then all finite dimensional distributions of X (t) and X'(t)

are the same.
Example 2.5.8 (Tanaka’s SDE)
dX (t) = sign(X(t))dB(t), (2.5.24)
where
1 if x >0,

sign(z) = :
-1 ifx<O.
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It can be shown that a strong solution to Tanaks’s SDE does not exist, for example,
one can refer to Gihman I. I. and Skorohod A. V. (1982), Stochastic Differential
Equations, Springer-Verlag.

We show that Brownian motion is the unique weak solution of Tanaka’s SDE. Let
X, be the initial value and B(t) be some standard Brownian motion defined on the

same probability space. Consider the Processes
X(t) =X, + B(t),

~ t 1 _ L _
B(t) :/0 MC[B(S) :/0 sign (X (s))dB(s).

Then B(t) is a continuous martingale with

)

B, ](t)_/o lsign (X ())]* ds = 1.

So by Levy’s theorem B (t) is a Brownian motion, different to the original one B(t).

Then

J— ~

dX (t) = dB(t) = sign(X(¢))dB(t), X(0) = Xo.

Levy’s Theorem implies also any weak solution is a Brownian motion.

Existence and uniqueness of weak solution

Theorem 2.5.6 If for each t > 0, functions p(z,t) and o(z,t) are bounded and
continuous then the SDE (2.5.23) has at least one weak solution starting at time s
and point x, for all s and x.

If in addition their partial derivatives with respect to x up to order two are also
bounded and continuous, then the SDE (2.5.23)has unique weak solution starting at

time s and point x, for all s and x.

Theorem 2.5.7 If o(z,t) is positive and continuous and for any T > 0 there is Kr
such that for allz € Z and 0 <t < T,

(@, )] + |o(z,t)] < Kr(1+|a]),

then the SDE (2.5.23) has unique weak solution starting at time s and point x, for all

s>0 and x.
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The proof of the above two theorems can be found in D. Stroock and S.R.S.

Varadhan (1979), Multidimensional Diffusion Processes, Springer-Verlag.

2.5.7 Martingale Problem and Heat Equation

Let X (t) solve the stochastic differential equation
dX (t) = p(X(t),t)dt + o(X(t),t)dB(t), t>0. (2.5.25)

Then X (t) is a Markov process. Suppose f(z,t) € C*!. Then

df (X (t),1) _WCM@) + %dt + %éﬂ]c(;(%’t)(d)((t)f

_ (%0 et IO e, p X009 ()gff)’t)) at

Co(x )Y ();S)’ D an )

— (,g@f(X(t),t) + %(X(t),t)) dt + o (X(),1) f();it>’t) dB(t),

where
2(1) = 20w ) IS ¢ 0D

So,

S0 — F(x(0),0) = [ <$uf+ %) (X (u), u)du

) ot
Of (X (u), )

Example 2.5.9 If
dX(t) = aX(t)dt + o X (t)dB(t),

then
Lfat) = %a%ﬁ%(;ﬁ,w + ax%(w,t).
Let
M) = F(X(0),0) — /0 <$uf+ %) (X(w), u)du.
Then

M50 = 550.0) + [ o0 T a
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is a local martingale.

If f solves the partial differential equation

Ffw 1)+ P t) =0

Then f(X(t),t) is a local martingale. If

E /OTJQ(X(u),u) (W)Qdu < 0,
then f(X(t),t) is a martingale. In such case,
F(X@).t) =E[f(X(T),T)|#] =E[f(X(T),T)|X(®)],
f(z,t) =E[f(X(T),T)|X(t) =] .

Theorem 2.5.8 Let f(x,t) solve the backward equation

of

v%tf(‘r?t) + a

(x,t) =0, with f(x,T) = g(z).

Suppose the following conditions are satisfied

79

1. Coefficients are locally Lipschitz in x uniformly in t, that is for every T and N,

there is a constant K depending only on T and N such that for all |x|, |y| < N

and all 0 <t <T,
|, 1) — py, O] + lo(z, ) — o(y, 1) < Kz —yl,
2. Coefficients satisfy the linear growth condition
()] + lo(z, )] < K(1+ |z)),
3. X(0) is independent of (B(t),0 <t <T), and EX?*(0) < oo,
and %(m,t) is bounded. Then

f(z,t) = E[g(X(T))|X(t) =2].
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Proof.

E [/OTO'Q(X(U),U) (W) du]

<CE [/OT UQ(X(u),u)du} <C [1 + /OT E[Xg(u)]du}

<C(1+ TE[X?*(0)]) < oc.
So, f(X(t),t) is a martingale.

Theorem 2.5.9 (Feynman-Kac Formula) Let X (t) be a solution of the SDE (2.5.25)
Let C(xz,t) denote

C(x,t) =E eftT”(X(“)’“)d“g(X(T))‘X(t) = x] : (2.5.26)

for given bounded functions r(x,t) and g(x). Assume that there is a solution to

Lif(x,t)+ %(z, t) =r(x,t)f(x,t), with f(x,T) = g(x). (2.5.27)

Then the solution is unique and C(x,t) is that solution.
(2.5.26) is equivalent to
e fgr(x(“)’“)duC(x,t) =E {e_ fOTT(X(“)’“)d“g(X(T))‘X(t) = x} .
Sketch of the proof. By It0’s formula,
of

df (X (t),t) = (.th(X(t),t) + E(X(t),t)) dt + o (X(t),1)

af (X (t),1)
o ‘B0

of (X(t),t

=r(X(t),t) f(X (), t)dt + o (X(t),t) o >dB(t).

Write hy = e i r(X@u)au and ry = r(X(t),¢). Then

dhf (X (8),t)] =hed [f(X(2),0)] + f(X(2),t)dhy + d[h]d [f(X(¢),1)]

Of (X(t),t) 1Bl

=her (X (1), £) (X (1), t)dt + huo (X (1), 1) == (t)

+ F(X (@), t) b (= r(X(0),1))dt

of (X(t), 1)

=ho (X (t),1) o

dB(t).
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So, hef (X (t),t) is a martingale. It follows that

hf (X(t),t) = E[hef(X(T),T)|F] .

So

F(X(0).8) =E [hhe f(X(T), T) | 7]
—F {Q—LTT(X(“%“)d“g(X(T))‘9}}

=E {e_ﬂT’"(X(“)’“)d“g(X(T))’X(t)} :
by the Markov property. That is
a0y = €[ £ty (x0))[x(0) =] O
Example 2.5.10 If
dX (1) = aX (t)dt + o X (D)dB(t) = X (t)(adt + 0dB(t)),

then

Lif(x,t) = a x %(w t) +a:v%(x t),

and

C(x,t) = E [e‘T(T_t)g(X(T)) )X(t) - m} ,
15 a solution to

g{Jr gf+ a_f—rf, with f(z,T) = g().

C(z,t) satisfies the Black-Scholes-Merton partial differential equation
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