er 2 Brownian motion calculus

> differential equation with examples
2.5.1 Stochastic exponential

2.5 Stochastic differential equation with examples

2.5.1 Stochastic exponential

Let X have a stochastic differential. Find U satisfy

dU(t) = U(t)dX(t), U(0) = 1. (2.5.1)
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2.5 Stochastic differential equation with examples

2.5.1 Stochastic exponential

Let X have a stochastic differential. Find U satisfy
dU(t) =U(t)dX(t), U(0)=1. (2.5.1)
If X (t) is of finite variation, then the equation is the ordinary

differential equation (ODE) and the solution is U(t) = e*X®
and log U(t) = X (¢).
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2.5 Stochastic differential equation with examples

2.5.1 Stochastic exponential

Let X have a stochastic differential. Find U satisfy

dU(t) = U(t)dX(t), U(0) = 1. (2.5.1)

If X (t) is of finite variation, then the equation is the ordinary
differential equation (ODE) and the solution is U(t) = e*X®
and log U(t) = X(t). Now, let f(z) =logw, then f'(z) = 1,
f"(x) = —2%. From (2.5.1), it follows that

dU,U(t) = U*(t)d[X, X](t).
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2.5.1 Stochastic exponential

So

1 1

dlogU(t) = Y]

dU (t) d[U, U](¢)

U(t)
—dX(t) — %d[X, X](t) = d (X(t) - %[X, X](t)) |



'nian motion calculus

differential equation with examples

2.5.1 Stochastic exponential

So
Alog U (1) =g dU () - %U%)d[U, U)®)

—dX(t) — %d[X, X](t) = d (X(t) - %[X, X](t)) |
Hence

log U (£)—log U(0) = X(t)—%[X, X](6)— (X(O) _ %[X, X](O)) |
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2.5.1 Stochastic exponential

So
Alog U (1) =g dU () - %U%)d[U, U)®)
—dX(t) — %d[X, X](t) = d (X(t) - %[X, X](t)) |
Hence
log U(1)~log U(0) = X ()3 [X, X]()- (X(O) - 51, X](O)) .
That is
log U(t) = X (1) — 5[X, X](0),

) — e {X(t) _ %[X, X](t)} |
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2.5.1 Stochastic exponential

On the other hand, if U(t) = exp {X(t) — 3[X, X](t)}, then

by Itd formula with f(x) = e?,

dU(t) = exp {X(t) . %[X, X] (t)} d(X(t) - %[X, X]())
+% exp {X(t) - %[X, X](t)} d[X - %[X, X], X — %[X, X))

=U(t)dX(t) — %U(t)d[X X](t) + U( )d[ X, X](t)

=U(t)dX(t).

Indeed, U(t) = exp { X (¢) — 5[X, X](¢)} is a solution of
(2.5.1).
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2.5.1 Stochastic exponential

Finally, if V(¢) is also a solution. Then by It formula with

—z Of _ 1 8f _ _ =z o2 f z
f(x’y)_y'ax_y’ay_ y2 8;182_0 2_2
2f 1
oxdy ~—  y?!

AVOIU) = —av () — LD gy

U(t) U2(t)
+ % L0d[V, V() + 22U3((t))d[U, U(t) - Uj(t)d[W Ult)
:ﬁV(t)dX(t) - [‘]/2(3) U($)dX(t)
%2 ;(3) U2(1)d[X, X](t) — Uj(t) VU)X, X](¢)

=0. Hence the solution is unique.
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2.5.1 Stochastic exponential

Theorem
Let X(t) be an Ité process. The equation

dU(t) = U@)dX (t), U(0) =1

has an unique solution

U(t) = £(X)(t) = exp {X(t) -, X](t)} ,

this process is called the stochastic exponential of X .
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Example

a2
The stochastic exponential of aB(t) is e*BHO~7 1,
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5.1 Stochastic exponential

Example

(Stock processes and its return process.) Let S(t) denotes
the price of stock and assume that it has a stochastic

differential. Return on stock R(t) is defined by the relation

dR(t) = %(t";)

Thus
dS(t) = S(t)dR(t).
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2.5.1 Stochastic exponential

The return is the value of $1 invested at time ¢ after a unit
time.
If return is a constant rate r, then dS(t) = S(t)rdt is the

ordinary differential equation and the solution is

S(t) = S(0)e™.



differential equation with examples

stic exponential

In Black-Scholes model, the return is uncertain and assumed

to be a constant rate r plus a white noise, that is
R(t) =1+ oB(t),
which means that
R(t)At = rAt + o(B(t + At) — B(t)).

So
dR(t) = rdt + odB(t).
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2.5.1 Stochastic exponential

The stock price S(t) is the stochastic exponential of the
return R(t),

(1) =S(0) exp{R(t) - 3[R, Fl(9)

_5(0) exp {aB(t) + (7“ _ %oﬂ) t} |
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2.5.2 Definition of the stochastic differential
equations

Definition
A equation of the form

dX (1) = p(X(t), t)dt + o (X (), )dB(t), (2.5.2)

where u(x,t) and o(z,t) are given and X (¢) is the unknown

process, is called a stochastic differential equation (SDE)

driven by Brownian motion.
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2.5.2 Definition of the stochastic differential equations

Definition
X () is called a strong solution of the SDE (2.5.2) with

initial value X (0) if for all ¢ > 0, X(¢) is a function
F(t, X(0),(B(s),s <t)) of the given Brownian motion B(t)
and X (0), integrals fotu(X(s), s)ds and fot o(X(s),s)dB(s)

exist, and the integral equation is satisfied

X(t):X(0)+/O ,u(X(s),s)ds+/O o (X (s), 5)dB(s).




pter 2 Brownian motion calculus
,ochastic differential equation with examples

2.5.2 Definition of the stochastic differential equations

Example

(Kabgevin equation and Ornstein-Uhlenbeck process). Find
the solution of the SDE

dX(t) = —aX (t)dt + odB(t).

Solution. If o = 0, then the solution is
X(t) = X(0) + 0o [, dB(s) = X(0) + 0 B(t). If o = 0, then
the solution is X () = X (0)e=**. Now, let Y'(¢t) = X (¢)e*".
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2.5.2 Definition of the stochastic differential equations

Then

dY (t) =e“dX (t) + X (t)ae™dt + dX (t)de*
= —e™aX (t)dt + e*odB(t) + X (t)ae™dt + 0
=ae™dB(t).

This gives

Hence
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.5.2 Definition of the stochastic differential equations

Integration by parts yields

/0 t oe**dB(s) = oe™ B(t) — /O t B(s)d (0e*) .

Hence X () is a function of B(s),s <t and so a strong

solution of the equation.
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2 Definition of the stochastic differential equations

Suppose X (0) = 0. Then X () is a mean zero Gaussian

process with

Cov{X (1), X(s)} =c%e e *E /0 edB(u) /0S e*’dB(v)

SAE
:0_26—a(t+s) / 62audu
0

0.2
:_e—a(t+s)62a(s/\t)
2c¢
2
_0 —alt—s|
2c¢

So, X(t) is a stationary Gaussian process.
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2.5.3 Existence and uniqueness of strong solution

Theorem
(Ezistence and Uniqueness) For the SDE

dX(t) = p(X(t),t)dt + o (X(t), t)dB(t),

if the following conditions are satisfied
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2.5.3 Existence and uniqueness of strong solution

Theorem
@ Coefficients are locally Lipschitz in x uniformly in t, that

is for every T and N, there is a constant K depending only

on T and N such that for all |z|,|y| < N and all0 <t <T,
(@, ) = ply, 1) + o(z,t) — oy, t)| < K|z —yl,
@ Cocfficients satisfy the linear growth condition
(@, )] + [o(z, )] < K(1+ |z]),

@ X(0) is independent of (B(t),0 <t <T), and
EX2(0) < oo,
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Theorem

then there ezists a unique strong solution X (t) of the SDE.

X(t) has continuous paths, moreover

E| sup X*(t)| <C (1+ EX?*0)),

0<t<T

where constant C depends only on K and T
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If the coefficients depend on z only, the conditions can be

weakened.

Theorem
(Yamada- Watanabe) Suppose that u(x) satisfies Lipschitz

condition and o(z) satisfies a Hélder condition of order a,

a > 1/2, that is, there is constant K such that

lo(2) = o(y)| < Kz —y[*.

Then the strong solution exists and is unique.
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The proof of the above theorems can be found in L.C.G.
Rogers and D. Williams (1990), Diffusion, Markov Processes,
and Martingale. Volume 2 It6 Calculus, Wiley.

Here we give the proof of the first Theorem.
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2.5.3 Existence and uniqueness of strong solution

Lemma

Let v and o satisfy the locally Lipschitz condition. Let X
and Y be adapted processes, and define X andY as follows:

)?(t):5+/0 ,u(X(u),u)dqu/o o (X (u),u)dB(u),

Y (t) :77+/0 u(Y(u),u)du—i—/O o (Y (u), u)dB(u)

Then there is a constant C' such that

EX-7) < gl -+ £( [ -vzau) b o<e<ip

where fF = sup{|f(s)|: s < t}.




2.5.3 Existence dllj uniqueness of tung Llutl)ll

Proof. Let a(u) = pu(X (u),u) — p(Y (u),u),
b(u) = o (X (u),u) — o (Y (u),u). Then

X)) -Y@#)=¢—n +/0 a(u)du —I—/0 b(u)dB(u),

K-V <le— 77|+/\a e

s<t

/0 " b(u)dB(w)] .
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2.5.3 Existence and uniqueness of strong solution

So
E[(X - 1)

<3E[|¢ — n*] + 3E Uot |a(u)|du] 2 + 3E

ap ([ o) |
<3E[|¢ — ] + 3tE Uot a2(u)du} + 6E Uot b%u)du}

<3E[|¢ — n|?] + 3TK’E (/t(x - Y);;?du)
0

+3K’E </0t(X — Y);?du) :

The proof is completed. O
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Proof of the Theorem. Define
Xo(t) =X(0), 0<t<T,

Xnt1(t) = (ZX,)(¢)

= (O)—i—/otu(Xn(u),u)du—i—/Ota(Xn(u),u)dB(u), 0<t<T.



Proof of the Theorem. Define

Xo(t) = X(0), 0<t<T,
Xnt1(t) = (ZX,)(¢)
=X (0) —l—/o u(Xn(u),u)du+/0 o(X,(u),u)dB(u), 0<t<T.

By the condition in the theorem, X, and X are in L[20,T]-

Now, define

Ant1(t) = E [(Xnp1 — X0)/?] = E[(ZX,, — #X,-1);7] .

By the Lemma, we find that

t
Aea(t) < C / An(u)du,
0
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2.5.3 Existence and uniqueness of strong solution

and, by induction, it follows that, for all 0 <t < T,
A, (t) < nC"™"t"/nl,
where n = Ag(T') with

Ao(t) <2K*t*(1+ E[X?(0)]) + 2K*¢(1 + E[X?(0)])

=2K*(t* 4+ t) (1 + E[X?(0)]) < o0

by Condition 2.
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Hence, for m > n > 0,

m—1 1/2
(EL(Xm — X)) < [ E | (Xiwr — Xi)3)?

m—1 1/2 [e’s) Ck+1Tk+1 1/2
< Z (Apa(T)) ™ < Z (UW) — 0 as n — oo.
k=n k=n

Hence, on [0, T, the sequence X,, converges uniformly in Lo

to a adapted process X.
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2.5.3 Existence and uniqueness of strong solution

Since

0 kb1k41y 172\ 2
E[(X — X.):2] <7 (Z <%> ) 0, (2.5.3)

k=n

it follows by the Lemma that

E[(2X —Xo41)7] = E(@X ~2X,)7] < CE[(X—X)7] = 0.
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2.5.3 Existence and uniqueness of strong solution

Since

2

) ©  /Ok+HLITR+L 1/2
k=n )

it follows by the Lemma that
E[(«%X_Xn+1)*T2] = E[(%X_‘%Xn)?] < CE[(X_Xn)}Q] — 0.

Hence, X = #ZX, and X is a solution of the SDE. Since the

integrals are continuous, so X is continuous.
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stence and uniqueness of strong solution

Next, we show the uniqueness of the solution. Let X and X’

be two solutions. By the Lemma it follows that

E[(X — X')12] < c/t E[(X — X')"Ydu 0<t<T,
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2.5.3 Existence and uniqueness of strong solution

Next, we show the uniqueness of the solution. Let X and X’

be two solutions. By the Lemma it follows that
t
E[(X — X')12] < o/ E[(X — X')"Ydu 0<t<T,
0

which implies that E[(X — X");?] =0 for all 0 < ¢ < T, and
hence that X = X’ on [0, 7.
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2.5.3 Existence and uniqueness of strong solution

Next, we show the uniqueness of the solution. Let X and X’

be two solutions. By the Lemma it follows that
t
E[(X — X')12] < o/ E[(X — X')"Ydu 0<t<T,
0

which implies that E[(X — X");?] =0 for all 0 < ¢ < T, and
hence that X = X’ on [0, 7.
In fact, let w(t) = [ E[(X — X'):2]du and f(t) = w(t)e "
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2.5.3 Existence and uniqueness of strong solution

Next, we show the uniqueness of the solution. Let X and X’

be two solutions. By the Lemma it follows that
t

E[(X — X')12] < o/ E[(X — X')"Ydu 0<t<T,

0

which implies that E[(X — X");?] =0 for all 0 < ¢ < T, and
hence that X = X’ on [0, 7.

In fact, let w(t) = [ E[(X — X'):2]du and f(t) = w(t)e "
Then 0 < Ew( ) < Cw(t) and Lf(t) <0
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2.5.3 Existence and uniqueness of strong solution

Next, we show the uniqueness of the solution. Let X and X’

be two solutions. By the Lemma it follows that

E[(X — X')12] < c/t E[(X — X')"Ydu 0<t<T,

0
which implies that E[(X — X");?] =0 for all 0 < ¢ < T, and
hence that X = X’ on [0, 7.

In fact, let w(t) = [ E[(X — X'):2]du and f(t) = w(t)e "
Then 0 < —w( ) < Cw(t) and L f(t) < 0. It follows that

f(t) < £(0), w(t) < w(0)e” =0, Fu(t) =0. O
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Example
(Gisanov’s SDE)

dX(t) = | X (®)['dB(t), X(0)=0,1/2<r < 1.

By Yamada-Watanabe theorem, this SDE has a unique
solution. Obviously, X (¢) = 0 is the solution.
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Markov property of the solution:

Theorem

Under the theorem for the existence and uniqueness, the

strong solution of the SDE
dX (t) = p(X(¢),t)dt + o (X(t),t)dB(t), X(0)= X,

18 a Markov process.
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Proof. Let f(z) be a bounded function, s,z > 0. It is

sufficient to show that

E[f(X(s+1))|#] =E [f(X(s +1))|(X(s)] -
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2.5.3 Existence and uniqueness of strong solution

Proof. Let f(z) be a bounded function, s,z > 0. It is

sufficient to show that
E[f(X(s+1)|F] =E[f(X(s+1)]|(X(s)].

Let B(u) = B(s +u) — B(s). Then B is independent of F,.



2.5.3 Existence and uniqueness of strong solution

Proof. Let f(z) be a bounded function, s,z > 0. It is

sufficient to show that
E[f(X(s+1)|F] =E[f(X(s+1)]|(X(s)].

Let B(u) = B(s +u) — B(s). Then B is independent of F,.

Denote X**(t) be the unique solution of the SDE
dX(t) = p(X(t),s +t)dt + o (X(t),s +t)dB(t), X(0) =z,
i.e.,

X5%(t) = x+/0 (X" (w), s+u)du—|—/0 o (X*"(u), s+u)d§(u).
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Then X*7(t) is independent of F;. Denote
F(z,s,t) = X5*(t).



2.5.3 Existence dllj uniqueness of tung Llutl)ll

Then X*7(t) is independent of F;. Denote
F(z,s,t) = X**(t). Note

X(s+1t)—X(s)
/ (X (u), u)du + /S o (X (u),u)dB(u)

/Ou (s +u) s+u)du+/0t (X (s +u),s +u)dB(u).

X(s+1t) = XX (1) = F(X(s),s,1).
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2.5.3 Existence and uniqueness of strong solution

Let G(z) = f (F(z,s,t)). Then G(z) is independent of .Z;.



Let G(z) = f (F(z,s,t)). Then G(z) is independent of .Z;.

It follows that

The proof is completed.
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Strong Markov property of the solution:

Theorem

Under the theorem for the existence and uniqueness, the

strong solution of the SDE
dX(t) = p(X(t))dt + (X (t))dB(t), X(0) = Xo,

15 a strong Markov process.
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2.5.3 Existence and uniqueness of strong solution

Proof. Let f(z) be a bounded function, 7 is a stopping time,

t > 0. It is sufficient to show that

E[f(X(T+1)|Z] =E[f(X(+1)|(X(7)] .



2.5.3 Existence and uniqueness of strong solution

Proof. Let f(z) be a bounded function, 7 is a stopping time,

t > 0. It is sufficient to show that
E[f(X(T+1)|Z] =E[f(X(+1)|(X(7)] .

Let B(u) = B(r + u) — B(7). Then B is independent of F,.
Denote X*(t) be the unique solution of the SDE

dX(t) = p(X(@t))dt +o(X(t))dB(t), X(0)=u,

Xz(t):x—i-/o M(X”(u))du—i-/o J(X’”(u))dé(u).
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Then X*(¢) is independent of F,. Denote F(z,t) = X*(t).



2.5.3 Existence and uniqueness of strong solution

Then X*(¢) is independent of F,. Denote F(z,t) = X*(t).

Note
X(r+1t) - X(7)
_/TTH,u(X(u))dunL/TTHU(X(u))dB(u)
:/Otu(X(T+u))du+/Ota(X(T—i—u))dé(u).
So
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2.5.3 Existence and uniqueness of strong solution

Let G(z) = f (F(x,t)). Then G(z) is independent of .Z..



Let G(z) = f (F(z,t)). Then G(z) is independent of .Z.. It

follows that

The proof is completed.
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Example
(Tanaka’s SDE)

dX (t) = sign(X(t))dB(t),

where

1 if x >0,
sign(x) =

-1 ifx<0.

(2.5.4)
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Since o(z) = sign(z) is discontinuous, it is not Lipschitz, and
conditions for strong existence fail. It can be shown that a
strong solution to Tanaks's SDE does not exist, for example,
one can refer to Gihman I. |. and Skorohod A. V. (1982),

Stochastic Differential Equations, Springer-Verlag.
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2.5.3 Existence and uniqueness of strong solution

Consider the case X (0) = 0. Here we show that if the
Tanaka's SDE has a strong solution, then the solution is not
unique.

Suppose X () is an unique strong solution, then

X(t):/o sign (X (s))dB(s)

is a function of B(s),s < t. Also the solution is a continuous
martingale with [ X, X|( fo (sign(X (s )))2d5 =t. So by

Levy's theorem X (t) is a Brownian motion.
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2.5.3 Existence and uniqueness of strong solution



:4E/0 Ify (X (s))ds

cie ([ o xiopancs)

—4EA({s € [0,T] : X(s) = 0}) = 0.

Here \ is the Lebegue measure. It follows that

P(/Ot Loy (X(s))dB(s) = 0 Vt) = 1.
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Hence
t
Y(t) = / sign(Y (s))dB(s),
0
which means that Y (t) = —X(¢) is also a solution. By the
uniqueness, we must have P(X (t) = —X(¢)) = 1 which is

impossible because X () is a Brownian motion.
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2.5.4. Solutions to linear stochastic differential equations

2.5.4. Solutions to linear stochastic differential
equations

Consider the general linear SDE in one dimension:

dX (t) = (at) + B(O)X(8))dt + (v(t) + 6(t) X (t))dB(2),
(2.5.5)
where functions «(-), 5(+), ¥(+) and 4(t) are given adapted

processes, and are continuous functions of ¢.
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Stochastic exponential SDE’s

First, consider the case when a(t) =0 and ~(t) = 0. The
SDE becomes

dU(t) = B)U(t)dt + 6(t)U(t)dB(t). (2.5.6)
This SDE is of the form
dU(t) = U(t)dY (),
where the Itd process Y'(t) is defined by

dY (t) = B(t)dt + 5(t)dB(t).
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Stochastic exponential SDE’s

So, the uniqueness solution of (2.5.6) is the stochastic

exponential of Y'(¢) given by

:U(O)exp{Y(t)—Y( ——YY }

exp{/ ds+/ 5(s)dB(s) — %/52( )ds}
eXp{ B(s —-52 ))ds+/0 5(s)dB(s )}.

(2.5.7)

o
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General linear SDE’s

To find a solution in the general case with nonzero a(t) and

7(t), look for a solution of the form

X(t) = UMV (), (2.55.8)
where
dU(t) = B)U(t)dt + 5(t)U(t)dB(2) (2.5.9)
and
dV (t) = a(t)dt + b(t)dB(1). (2.5.10)

Set U(0) =1 and V(0) = X(0). Note that U is given by
(2.5.7).
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Taking the differential of the product it is easy seen that

dX(t) =U()dV (£) + V()dU (1) + dU (1)dV (¢)
=U(t)(a(t)dt + b(t)dB(t)) + V(t)U(t)(B(t)dt + 6(t)dB(t))
+3()U()b(1)(dB(t))*
—(al)U®) + 3BpOU(E) + X (D) ) dt

+ (U(t)b(t) + X(t)d(t))dB(t).
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By comparing the coefficients in the above equation and the

equation (2.5.5), it follows that

b(H)U(t) =~(t) and a()U(t) = a(t) = 6(t)(?).
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General linear SDE’s

To show the uniqueness, suppose X; and X5 are solutions of

(2.5.5) with X;(0) = X»(0),

dX:(t) =(a(t) + B X1 (t))dt + (v(t) + 6(t) X1 (¢))dB(¢),
dXs(t) =(a(t) + B()Xa(t))dt + (y(t) + 6(¢) X2(t))dB(t).

Then Z(t) = Xi(t) — Xo(t) satisfies
dZ(t) = B(t)Z(t)dt + 6(t)Z(t)dB(t), Z(0)=0.

So Z(t) satisfies the equation (2.5.10). Z(t) = 0 is the unique

solution.
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2.5.5 Examples

I. Interest models

Example

(Vasicek interest rate model) The vasicek model for the

interest rate process R(t) is
dR(t) = (a - ﬁR(t))dt + 0dB(t), (2.5.11)

where «,  and o are positive constants.
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To solve the equation, we first solute dR(t) = —R(t)dt.
Obviously, the solution is R(t) = R(0)e~?t. Then write

R(t) = e PV (t), with V(0) = R(0).
Then
dR(t) = —Be PV (t)dt+e7PtdV (t) = —BR(t)dt +e PtV (t).

So
e PdV (t) = adt + odB(t).
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Hence

It follows that

R() = e RO) + 2(1 — ) + 0 [ Pap(s).
(t)=e (O)+5(1 e ) +oe /Oe (s)
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The term fot e’*dB(s) is a normal random variable with mean

zero and variance

s 1
e2Psds = — (2Pt — 1).
/ (&= 1)
Therefore, R(t) is normally distributed with mean

e P*R(0) + %(1 — 6_’8t)

and variance
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Desirable property The Vasicek model has the desirable

property that the interest rate is mean-reverting.

@ When R(t) = <, the drift term in (2.5.11) is zero.

I

@ When R(t) > 3, this term is negative, which pushes R(t)
back toward 3.
@ When R(t) < 3, this term is positive, which again pushes
R(t) back toward 5.
If R(0) = &, then ER(t) = § for all t. If R(0) # %, then

limy o0 ER(t) = 5.
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Undesirable property Note that R(t) is normal
distributed, no matter how the parameter a > 0, 8 > 0 and
o > 0 are chosen, there is positive probability that R(t) is

negative, an undesirable property for an interest rate model.
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Example
(Cox-Ingesoll-Ross (CIR) interest rate model). The

Cox-Ingesoll-Ross model the interest rate R(t) is

dR(t) = (a - ,@R(t))dt +o/R@AB(E),  (25.12)

where «, § and o are positive constants.
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Like the Vasicek model, the CIR model is mean-reverting. The
advantage of the CIR model over the Vasicek model is that
the interest rate in the CIR model does not become negative.
If R(t) reaches zero, the term multiplying dB(t) vanishes and
the positive drift term adt in the equation (2.5.12) drives the

interest rate back into positive territory.
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Unlike the Vasicek equation (2.5.11), the CIR equation
(2.5.12) does not have a closed-form solution. However, the
distribution of R(t) for each positive ¢ can be determined.
That computation would take us too far afield. We derive the

mean and variance of R(t) instead.
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To do so, we also write
R(t) = e P'V(t), with V(0) = R(0).
Then
dR(t) = —Be PV (t)dt + e PtdV (t) = —BR(t)dt +e PtV (t).

So
e PV (t) = adt 4+ o/ R(t)dB(t

Hence

V(t +a/0 eﬁsds%—cr/teﬁSMdB(s)
(€7 —1) + / o /RG)AB(s)

0+
3
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It follows that

t
R(t) = e P'R(0) + %(1 —e ) + ae_ﬁt/ e’/ R(s)dB(s).
0
Notice the expectation of an Itd integral is zero, we obtain
ER(t) = e P R(0) + %(1 — e P,

This is the same expectation as in the Vasicek model.
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Also, by the Isometry property of the It integral, we obtain

Var{R(t)} =oe**"Var { /O t e \/mczB(s)}
—g2e™ 2 /0 t e’PE[R(s)]ds

¢

20'26_2Bt/ e?hs {B_BSR(O) + g(1 — e_ﬁs)] ds
0 B

e

Ve (1 —2e Pt 6_2&) .

_ 7 R(0) (e — 2 +
B

In particular,

060'2

tlgglo Var{R(t)} = 25
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The moment generating function of R(t):
Let m(u,t) = Ee"®® . Then

om _ -0 urwsg

ot ot
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2.5.5 Examples

The moment generating function of R(t):

Let m(u,t) = Ee"®® . Then

om 0
— F— uR(t) ?
ot ot

1
deuBO) — euR(t)udR(t) 4+ §GUR(t)U2(dR<t))2
=0y [( — BR)dt + o/ REAB()] + RO R(t)dt
1
:aueuR(t)dt + (511,202 _ Uﬁ) 6uR(t)R(t)dt

+ e*BOq\/R(t)dB(t)
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2.5.5 Examples
It follows that
Ul _ guR(0) — /Ot () (s)ds +/0 ) /R(s)dB(s)
Taking the expectation yields
must) = m(u0) = [ (B () () ds
So
2 =B
=aquEe* ) 4 (; uﬁ) Ele i) R(t)]

_ L2o? _ug) O™
—aum+<2ua uﬁ) 5
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We arrive the equation that

0 . 1,2 2 0
8—T—aum+(§ua —uﬁ)ﬁ,

m(0,t) = 1.
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I1. Black-Scholes-Merton equation

Evolution of portfolio value

Consider an agent who at each time ¢ has a portfolio valued at
X(t). This portfolio invests in a money market account paying

a constant rate of interest  and in stock modeled by

dS(t) = aS(t)dt + oS(t)dB(t).
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Suppose at each time t, the investor holds A(t) shares of
stock. The position A(t) can be random but must be adapted
to the filtration associated with the Brownian motion B(t).
The remainder of the portfolio value, X (t) — A(¢)S(¢), is

invested in the money market account.
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The differential dX (¢) is due to two factors,
Q the capital gain A(¢)dS(t) on the stock position and

O the interest earnings (X (t) — A(¢)S(t))dt on the cash

position.

In the other words

dX (t) =A(t)dS(t) + r(X () — A®)S(t))dt
=A(t)(aS(t)dt + oS(t)dB(t)) + r(X(t) — A()S(¢))dt
=rX (t)dt + A(t)(a — r)S(t)dt + A(t)oS(t)dB(t).
(2.5.13)
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The three terms appearing in the last line above can be

understood as follows:

@ any average underlying rate of return r on the portfolio,

which is reflected by the term rX (¢)dt,

© a risk premium « — r for investing in the stock, which is

reflected by the term A(t)(a — r)S(¢)dt, and

@ a volatility term proportional to the size of stock

investment, which is the term A(¢)oS(t)dB(t).
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Discount. We shall often consider the discounted stock price
e "S(t) and the discounted portfolio value of agent,

e " X (t). According the Itd formula,

d(eS(t)) =S(t)de " + e "'dS(t) + d[e"*, S(s)](t)
=—re ""S(t)dt + e "'dS(t)
=(a—1r)e ""S(t)dt + oe 'S (t)dB(t)
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d(e "X (t)) =X (t)de " + e "dX (t) + d[e™"*, X (s)](¢)
= —re "X (t)dt + e dX (1)
=A(t)(a—r)e " S(t)dt + A(t)oe " S(t)dB(t)
=A(t)d(e " S(1)).

The last line shows that change in the discounted portfolio

value is solely due to change in the discounted stock price.
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Evolution of option value

Consider a European call that pays (S(7) — K)* at time 7.
Black, Scholes and Merton argued that the value of this call at
any time should depend on the time (more precisely, on the
time to expiration) and on the value of the stock price at that
time. Following this reasoning, we let V' (¢, x) denote the value
of the call at time ¢ if the stock price at that time is S(t) = x.
So the value of the call is V(t) = V (¢, S(t)).
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According to the It6 formula, the differential of V() is

dV(t, S)
=Vi(t, S)dt + V,(t,S)dS + %Vm(t, S)(dS)?
=Vi(t, S)dt + V,(t,S) (aSdt + aSdB)

+ %Vm(t, S)o?S2dt
=[Vi(¢,5) + aSV,(¢,S) + 30252%(@ S)]dt

+ oSV, (t, S)dB. (2.5.14)
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Equating the Evolutions

A (short option) hedging portfolio starts with some initial
capital X (0) and invests in the stock and money market
account so that the portfolio value X (¢) at each time

t € [0,T] agrees with V(¢,S(t)). This happens if and only if
dX(t) =dV(t,S(t)) (2.5.15)

and X (0) = V(0,5(0)). Comparing (2.5.13) and (2.5.14),
(2.5.15) holds if and only if
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[V (t,S) + A(t) (o — ) S]dt + A(t)oSdB
=[Vit, 8) + aSVu(t, ) + %JQSQV;I(t, S)dt + oSV, (t, S)dB

It follows that

(

A(t) = Vx(ta S)a

rV(t,S)+A(t)(a—r)S

= Vi(¢, ) + aSV,(¢, S) + 20252V, (¢, 9).
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So, V(t, x) satisfies the Black-Scholes-Merton partial

differential equation:

1
Vi +rzV, + 502:102‘/3“ =rV forallte€[0,T), x>0,
(2.5.16)

and that satisfies the terminal equation

V(T,z)=(z— K)".
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5.6 Weak solutions to the stochastic differential equations

2.5.6 Weak solutions to the stochastic differential

equations
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2.5.6 Weak solutions to the stochastic differential equations

Definition

If there exist a probability space with filtration, Brownian
motion B(t) adapted to that filtration, a process X (t)
adapted to that filtration, such that X (0) has distribution
Fy, and for all t integrals below are defined, and X (1)

satisfies

A~

t t
X(t) = X(0) +/ (X (s),s)ds +/ o(X(s),s)dB(s),
0 0
then X (¢) is called a weak solution to the SDE

dX(t) = p(X(t),t)dt + o(X (), )dB(t), (2.5.17)
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Definition

Weak solution is called unique if whenever X (¢) and X'(t)
are two solutions ( perhaps on different probability spaces)
such that the distributions of X (0) and X’(0) are the same,
then all finite dimensional distributions of X (¢) and X'(¢)

are the same.




Example
(Tanaka’s SDE)

dX(t) = sign (X(t)) dB(t),

where

1 if x >0,
sign(x) =

~1 ifz<o.

(2.5.18)
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It can be shown that a strong solution to Tanaks's SDE does
not exist, for example, one can refer to Gihman I. I. and
Skorohod A. V. (1982), Stochastic Differential Equations,
Springer-Verlag.
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We show that Brownian motion is the unique weak solution of
Tanaka's SDE. Let X be the initial value and B(t) be some
standard Brownian motion defined on the same probability

space. Consider the Processes
X (t) =X + B(t),

R t 1 t
B(t) :/0 mdﬁ?(s) :/0 sign(X (s))dB(s).
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Then B(t) is a continuous martingale with
t
B, Bl(t) = / [sign(X ()] ds = .
0

So by Levy's theorem ]§(t) is a Brownian motion, different to

the original one B(t). Then

Levy's Theorem implies also any weak solution is a Brownian

motion.
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Existence and uniqueness of weak solution

Theorem

If for each t > 0, functions p(x,t) and o(x,t) are bounded
and continuous then the SDE (2.5.17) has at least one weak

solution starting at time s and point x, for all s and x.

If in addition their partial derivatives with respect to x up
to order two are also bounded and continuous, then the
SDE (2.5.17)has unique weak solution starting at time s

and point x, for all s and x.
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Theorem

If o(x,t) is positive and continuous and for any T > 0 there

is Kr such that for allx € Z and 0 <t < T,
|z, t)| + |o(2,8)| < Kr(1+ |z]),

then the SDE (2.5.17) has unique weak solution starting at

time s and point x, for all s > 0 and x.
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The proof of the above two theorems can be found in D.
Stroock and S.R.S. Varadhan (1979), Multidimensional

Diffusion Processes, Springer-Verlag.
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2.5.7 Martingale Problem and heat equation

Let X (¢) solve the stochastic differential equation
dX(t) = p(X(t),t)dt + o (X (t),t)dB(t), t>0. (2.5.19)

Then X (t) is a Markov process.
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2.5.7 Martingale Problem and heat equation

Let X (¢) solve the stochastic differential equation
dX(t) = p(X(t),t)dt + o (X (t),t)dB(t), t>0. (2.5.19)

Then X (t) is a Markov process.
Suppose f(z,t) € C*'. Then

df (X (t),t) = W(M(t) +

1O2f(X(1),t)
R g 0x?

of (X(t),t)

5 dt

(dx(t))?
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= (;UQ(X(t),t)W + u(X(t),t)W
*W) dt "’U(X(t)at)WdB(t)

= (ﬁf(X(t),t) - gf:(X(t),t)> dt + U(X(t),t)WdB(t%

where
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So,
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2.5.7 Martingale Problem

So,
F(X(t),t) — £(X(0),0)
_ Ot (%H% (X (u), u)du
i /0 o (x(w,w) Y ();? ) 4B ()
Bl

If dX (t) = aX (t)dt + o X (t)dB(t), then

Lif(z,t) = a 7 ;é(az t) +oz:cg—£(a: t).
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is a local martingale.
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2.5.7 Martlngale Problem

If f solves the partial differential equation

of

Lif @.0) + 5 (@.1) =0

Then f(X(t),t) is a local martingale. If

E [/OTJZ(X(U),U) (W) du] < 00,

then f(X(t),t) is a martingale. In such case,
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2.5.7 Martingale Problem
Theorem

Let f(z,t) solve the backward equation

of

(z,t) =0, with f(z,T) = g(z).
Assume that SL(x,t) is bounded. Then

f(z,t) = E[g(X(D))|X(t) =]
if the SDE

dX(t) = p(X(t),t)dt + o(X(t),t)dB(t)

satisfies the following conditions
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Theorem
@ Coefficients are locally Lipschitz in x uniformly in t, that

is for every N, there is a constant K depending only on T

and N such that for all |z|,|y] < N and all0 <t <T,
(@, ) = ply, 1) + [o(z,t) — oy, t)| < K|z —yl,
@ Cocfficients satisfy the linear growth condition
(@, )] + [o(z, )] < K(1+ |z]),

@ X(0) is independent of (B(t),0 <t <T), and
EX2(0) < oo.
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Proof.

E /0 o* (X (u),u) (W) du

<CE UOTU2(X<U>,u)du] <C {1+/0T E[X?(u)]du]

<C(1+ TE[X?(0)]) < oo.

So, f(X(t),t) is a martingale.
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Theorem
(Feynman-Kac Formula) Let X (t) be a solution of the SDE
(2.5.19) Let C(z,t) denote

O(z,t) = E eftTr(X(U)»U)d“g(X(T))‘X(t) - J,} . (2.5.20)

for given bounded functions r(x,t) and g(x). Assume that

there is a solution to

Lif(x,t)+ g(x,t) =r(x,t)f(x,t), with f(x,T) = g(z).

ot
(2.5.21)

Then the solution is unique and C(z,t) is that solution.
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(2.5.20) is equivalent to

¥

e_fotr(X(u),u)duC<x’t) —F e_foTr(X(u)7u)dug(X(T))‘



culus
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(2.5.20) is equivalent to

e f()tr(X(u)7u)d“C<$,t) —E |:e_ fOTr(X(u),u)dug(X(T)) ‘yt:| )

Sketch of the proof. By It6's formula,

df (X (¢t),t) = (.th(X( ),t) + ?9_{( (t),t)) dt

Of (X(#),1)
ox

=r(X(t),t) f(X(t),t)dt + o (X (t),t)

+o(X(t),t) dB(t)

of (X(t),1)

5 dB(1).

Write hy = e~ Ji (X)) and r, = r(X(t),1).
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Then
d [hef (X(0),1)]
=h.d [f(X(8),1)] + f(X(t),t)dhe + d[h]d [£ (X (2), )]
=hr (X (t),t) F(X(8), t)dt + heo (X (t), 1) Wﬂ?(w
+ (X (@), 6)he( = r(X(2),t))dt
=hio (X (), OF(X(®).Y) dB(t)
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So, hyf(X(t),t) is a continuous martingale. That is, there is
an increasing sequence of stopping times o,, /" oo a.s. such

that ht/\gnf(X(t Aayp), t A O'n>, t >0, is a martingale.
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2.5.7 Martingale Problem

So, hyf(X(t),t) is a continuous martingale. That is, there is
an increasing sequence of stopping times o,, /" oo a.s. such
that ht/\gnf(X(t Aayp), t A O'n>, t >0, is a martingale.

It follows that

hinon f (X (tAGH), tAGw) = E [hrne, f(X (T AN oy), T A ayn)| ] -
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2.5.7 Martingale Problem

So, hyf(X(t),t) is a continuous martingale. That is, there is
an increasing sequence of stopping times o,, /" oo a.s. such
that ht/\gnf(X(t Aayp), t A O'n>, t >0, is a martingale.

It follows that
hinon f (X (tAGH), tAGw) = E [hrne, f(X (T AN oy), T A ayn)| ] -
Letting n — oo yields

hef (X (2),8) = E [hef (X(T),T)| 7] -
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2.5.7 Martlngale Problem

So

f(X(®).t) =E [h; hrf (X(T), T)|F]
— {e s (X(“ )“g(X(T))’ﬁt}

¢ | bl ey o)

by the Markov property.



5 Stochas ferential equation with examples

2.5.7 Martlngale Problem

So

F(X(6),t) =E [hi 'he f(X(T), T) | 7]

efe o]
g | rlxen)e ug(X<T>))X<t>} ,
by the Markov property. That is

flz,t) = E[ (X )dug X(T))‘X(t) :;1:1 . O
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Example

If
dX (1) = aX(8)dt + o X (H)dB(t) = X (t)(adt + 0dB(t)),

then
1, L0 of
%f(x,t) = 50’ x @(ZE,?‘J) + Q(I&(.T,t)
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is a solution to

I W P .
5t +(m8x + 20 T 922 =rf, with f(x7T) —9(37)-

C(x,t) satisfies the Black-Scholes-Merton partial differential

equation
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