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In Riemannian geometry, geodesics and minimal submanifolds play im-
portant roles in studying the geometry and topology of manifolds. In this
section we study the length, energy and area functions for paths and sub-
manifolds.

1 First variation of arc length.

Given a path v : [a,b] — M™, its length is defined by

b
L= [ bl
The distance function is defined by

dp = d(.]f,p) = lnfL (7) )
Y

where the infimum is taken over all paths v : [0,1] — M" with ~(0) = p
and v (1) = z. A geodesic segment is minimal if its length is equal to the
distance between the two endpoints.

We recall the first and second variation of arc length formulas. Let ~, :
la,b] = M" s € (—¢,e) C R, be a 1-parameter family of paths. From this
we may define the map « : [a,b] X (—¢,&) — M™ by

al(t,s) = ().



We define the vector fields 7" and V' along 7, by

0 0
T = o, (0_t) and V = a, <%>

We call V' the variation vector field and 7' the tangent vector field. The
length of v, is given by

L(v) = / T (s (1)) dt.

The first variation of arc length formula is given by
Lemma 4.1 (First variation of arc length). If vy is parametrized by arc
length, that is |T (v (t))| = 1, then

Ll oL (vs) = — [V, VT dt + (V,T) V.

(4.1)

Proof. Since

d 1 b b
Sren=g [rrvema= [

b
- / T (T, Ve V) dt (4.2)
where we have used the fact VoV — VT = [T, V] = a, [%, %} = (0. Using
|T'| = 1 and integrating by parts yields the desired formula. QED

Corollary 4.1. If ~,:[0,b] = M", s € (—e,e) C R, is a I-parameter
family of paths emanating from a fized point p € M (i.e. v5(0) =p) 70 is a
geodesic parametrized by arc length, then

%LSOL (’75) = <d;ds|8078 (b) ) % (b)> .

2 Second variation of arc length.
Now suppose we have a 2-parameter family of paths 7, ., : [a,0] — M™ v €
(—e,e) CR and w € (—6,0) C R. Define a : [a,b] x (—¢,¢) x (=9,6) — M™

by
a(t,v,w) = Yo,w ()
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and T = «, (%) JV = ay (%) and W = a, (%). The second variation of
arc length formula is given by

Lemma 4.2 (Second variation of arc length). If vy is parametrized by
arc length, then

82
mkv,w):(o,m

= [ (V. 90W) — (9T (90,1 — (R (T W) V)

L (Vo)

b
— / (VyW, N T dt + (Vy W, T) | (4.3)

Proof. Differentiating (4.2), we compute that
o2
Dodw | (w,0)=(0,0) L (Yo,w)

0

b
= e T/|T|, VoV dt
8w|(’)(0’0)/a</| |, VoV)

= /bW(T/\T\ VoV dt
— /b (<R (W, T) V,T/ |T|> + <T/ |T| »VTVWV» dt

b b
+ / T~ (VwT,VV)dt — / T2 (VwT, T) (T, VV) dt

and the result follows from an integration by parts. QED
Corollary 4.2. If v, is a 1-parameter family of piecewise smooth paths
with fized endpoints and such that o is a geodesic parametrized by arc length,

then
leat 6= [ ([@w) = wovny ) a, aa)

where (VTI/V)L is the projection of VW onto T+, i.e., (VTI/V)L =VrW-—
(VoW T) T.
A geodesic is stable if the second variation of arc length, with respect to

variation vector fields which vanish at the endpoints, is nonnegative. In the
case of negative curvature we have the following
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Corollary 4.3. If in addition, (M", g) has nonpositive sectional curva-
ture and the paths v, are smooth and closed, then 88—822|520L (7s) > 0. That is,
any smooth closed geodesic ~yy s stable.

A closed geodesic is a smooth map v : S — M which is a geodesic.
Next we consider the case of positive curvature. With the idea of minimizing
in a homotopy class of an element of 71 (M™) and some simple linear algebra,
one also obtains

Theorem 4.1 (Synge). If (M™,g) is an even-dimensional, orientable,
closed Riemannian manifold with positive sectional curvature, then M"™ is
simply connected.

Proof. Suppose © is a nontrivial free homotopy class of loops. Then
since M"™ is compact, there exists a smooth closed geodesic v representing
© with minimal length among all such loops (see Cheeger-Ebin for a proof).
Fix a point p € ~ and consider parallel translation around v to obtain a

linear isometry of an even-dimensional vector space: ¢ : T,M — T,M. Now
. . : L
L (’y) = v because 7 is a geodesic. Since M" is orientable, 1 : v — ~ is an

orthogonal transformation with determinant 1 of an odd-dimensional vector
space with an inner product. Now the eigenvalues of an orthogonal matrix
are complex numbers with length 1 coming in conjugate pairs. Since the

L
dimension of v is odd and the determinant of ¢ is 1, we conclude that 1 is
an eigenvalue. Hence there exists a smooth parallel unit vector field W along
v normal to 7. The second variation formula (4.4) implies that

82

b
@|5:0L (7s) = —/ (ROW, T)T,W)dt <0

since the sectional curvatures are positive. This contradicts the fact that ~
has minimal length in its free homotopy class. Hence M™ is simply connected.
QED

3 Long stable geodesics.

Let ~ : [O,Z] — M"™ be a stable unit speed geodesic in a Riemannian n-
manifold with Re < (n—1) K in B(y(0),r) and B (v () ,r) where K > 0
and 2r < t. Let {Ei}?:_ll be a parallel orthonormal frame along v perpendic-



ular to 7. By the second variation of arc length formula (4.4) we have
n—1 7 n . .
0§§:/mO<VA¢ED —<R(%wE)w&/O>dt
i=1 70
t d 2 o
= / ((n —1) (_(p) — ¢*Re (”y,’y)) dt
B dt

for any function ¢ : [0, E] — R. Now consider the piecewise smooth function

2

Lot o<t<r,
e (t) = 1 ifr<t<t-—r,
Lo <t<l

We then have |22 (t)| =1 for t € [0,r] and ¢ € [t —r,?], and

[ e (33) e < M+/ (1-¢") Re(3.3) ai

b [0 Re ()
<2(n—1) <%+Kr) |

where Rc ('y, 7) ‘= max {Rc (7, 7) ,O}. Here we used
+

T t
/(1—@2)dt:/ (1—g02)dt:§r§7’.
0 t—r

Proposition 4.1 If v : [0,L] — M" is a stable unit speed geodesic in a
Riemannian n-manifold with

Re<(n—1)K i B(y(0),1/VE)UB (1), 1/VE),

where K > 0, then

/Rc<7,7> dt <4(n—-1)VK.



Let (M™; g) be a complete Riemannian manifold with nonnegative Ricci
curvature. Let p € M be a given point and assume that v : [-2R,2R] — M
is a unit speed stable geodesic with 7 (0) = p. Define ¢ : R — [0, 1] so
that ¢ (t) = 1 for t € [~ R, R] and ¢ changes linearly to 0 on both intervals
[—2R, —R] and [R, 2R]. Then the second variation formula (4.4) implies that

/_ZRc(y,y) dt < Z(H—R—l).

From this one can see that if there is a stable geodesic with infinite length
(for example a line), the Ricci curvature must vanish on such a geodesic.

4 Jacobi fields in relation to the index form
and the Laplacian and hessian of the dis-
tance function.

Recall that a Jacobi field J is a variation of geodesics and satisfies the
Jacobi equation:
VrVrd =R(T,J)T, (4.5)

which is derived immediately from the geodesic equation VT = 0 since
0=V, VT =V, T -R(T,J)T

and [T, J] = 0. Given p € M™ and V,W € T,M, define a 1-parameter family
of geodesics
vs ¢ [0,00) — M™
by
Ys (t) = exp, t (V +sW) = yvraw (1) .

We may define a Jacobi field Jy, along vg = vy by

0
Jw (t) = $|8:07(V+3W) (t) :

Definition 4.1. A point © € M" is a conjugate point of p € M"
if x is a singular value of exp, : T,M — M. That is v = exp,(V), for
some V € T,M, where (expp)* Ty (T,M) — Texp,(vyM is singular (i.e. has
nontrivial kernel).



Equivalently, v (r) is a conjugate point to p along - if there is a nontrivial
Jacobi field along vy vanishing at the endpoints. Given a geodesic 7 : [0, L] —
M™ without conjugate points and vectors A € T, )M" and B € T,)M"
with (A,T) = 0 and (B,T) = 0, there exists a unique Jacobi field J with
J(0)=Aand J(L) = B.

If v : [a,b] — M™ is a geodesic and V and W are vector fields along ~,
we define the index form by

b
1V, W) = / (V2V. Ve W) — (V2V.T) (Vo W, T) — (R (V.T) T, W) dt.
Note that if either (V, T> =0 on v or (VV, T) =0 on 7, then
b
1V, W) = / (VoV, VW) — (R(V.T) T, W)) dt.

It 7y, is a 1-parameter family of paths with fixed endpoints and if 7 is a
unit speed geodesic, then

o2
Ovow

Lemma 4.3 (Index Lemma). Suppose v : [0,L] — M"™ is a geodesic
without conjugate points. In the space © 4 p of vector fields X along v with
(X,T) =0,X(0) = A, (L) = B, the Jacobi field minimizes the (modified)

index form:

| ww)=0,0) L (Vo) = T (V, W)

I(X):=1(X,X):= /L (Ve X[ = (R(X,T)T, X)) dt.

Proof. Note that if X and Y are vector fields along -, then

1d
2ds
Here we used the fact X (0) = A and X (L) = B, and (X +sY)(0) =
A (X +sY)(L)=B. Then Y (0) = Y (L) = 0. Hence the critical points of

7 on O 4 p are the Jacobi fields. We will see below that if v has no conjugate
points, then

oL (X + sY) = — /L (VeVrX + R(X,T)T),Y) dt.

1 d?

ez =0l (X +sY) = /OL (VoY = (R(,T)T,Y))dt >0  (4.6)
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when Y (0) = Y (L) = 0 and Y # 0, so that the index form Z is convex.
(Note that the tangent space Tx© 4 p is the space of all vector fields along
which vanish at its endpoints.) Hence the Jacobi fields minimize Z in © 4 .
we now give a variational proof of inequality (4.6).

Given a unit speed geodesic v : [0, L] — M™ without conjugate points
and a vector field Y along v, define

7, (Y) = /t (IV2Y]? = (R(Y,T)T,Y)) dt

0

for t € [0, L]. Normalize the index by defining

7, (%)

L(t) ==  inf
() <)OZ<t>oijs)12ds

We claim that lim;_o4 ¢ (t) = co. First note
d 2

and

M ([0, 4) = 7,
where ); is the first eigenvalue of d*/ds? with Dirichlet boundary conditions
(we omit the discussion of eigenvalues and boundary conditions.) Thus the
claim follows from

L(t) > inf f()t((i‘ZDZ—CIZE)dS

T Z(0)=0,Z(t)=0
(0) Zﬂ)(t) fo \Z \ ds

7T.2

> t_2 - C.

For t € (0, L] where 7|j is minimizing (e.g. for ¢ > 0 small enough),
we have ¢ (t) > 0 since Z, (Z) is a second variation of 7|, vanishing at the
endpoints 0 and ¢. Since ¢ (t) continuous, if the lemma is not true, then there
exists to € (0, L] such that ¢ (ty) = 0. Then Z, (Zy) = 0 for some vector
field Zy with Zy (0) = Zy (t) = 0, and ZO 7é () By considering the Euler-
Lagrange equation for E (Z) := 7, (Z) / f s)|? ds at Z,, we have for all



W vanishing at 0 and ¢,

1d

— LB (Z
0= 3 of (o ulV)

1 t
fgo |Z (3)|2 s /0 <(VTVTZ() + R (Zo, T) T) y W> dS7

since Zy, (Zp) = 0. Thus Z, is a nontrivial Jacobi field along 7|4, with

Zp(0) = 0 and Z (tp) = 0. This contradicts the assumption that there are

no conjugate points along v. Hence ¢ () > 0 for all ¢ € (0, L]. QED
Remark. Since in the definition of ¢ () we may take Z to e piecewise

smooth, we see that ¢ () is nonincreasing in t.

5 Energy.
Analogous to the length functional is the energy functional of a path:
b 2
dy
E = —| dt.
——

Given a l-parameter family of paths ~, : [a,b] — M" s € (—¢,e) C R, the
first variation formula is given by (V and T defined the same as above)

1d b b
saplmEneray (o) = [V Ty b=~ [Ty e (VD)

Note we have not assumed that =, is parameterized by arc length. Hence the
critical points of the energy functional, among all paths fixing two endpoints,
are the constant speed geodesics 7, which satisfy

12
The speed of v is constant since ‘7‘ =0.

Now let 7,4 @ [a,b] = M"™,v € (—¢,¢) CR and w € (—6,0) C R, be a 2-
parameter family of paths. A similar computation as in the proof of Lemma



4.2 shows that the second variation is given by

82

b
Soa =00 Energy (vow) = /a W (T, VV) dt

- /b (T, VwVV) + (Vi T, V7V)) dt
= / b (VoW VoV) + (R(T, W)V, T)) dt

b
— / (VVW, VTT> dt + <Vw‘/, T> ‘Z

6 First and second variation of area.

Similar to computing the first and second variation of the length of a path,
we may compute the first and second variation of the area of a hypersurface.
Let x; : S — M™ be a parametrized hypersurface in M"™ evolving by % = fv,
where (3 is some function on S; := x; (S). In terms of local coordinates {x’}
on S, the area element of .S; is

do = +/det g;;dz' A ... Adx"

Then
0
5% = 20h;;.
Hence 9
ada = (fHdo.
Thus the first variation of Area (S;) := [, do is
d
—Area (Sy) = | [Hdo.
dt s,

Under the hypersurface flow g—‘f = [v, we have the equation

%H = —AB—|h|*3 - Re(v,v) B, (4.7)
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where H is the mean curvature of the hypersurface, and H = g h;;. By (4.7)
we can compute the second variation of area:

2

%Area (Sy) = / B(-AB— \h]> 8 — (Rew) (v, v) B+ H?B3) do
St

:/S (VB + (B2 — |h> = (Rews (v.v))) B2) do.

In particular, if % =v (i.e. f=1),then

d2
@Area (Sy) = / (H* - \h|> = (Rew) (v, v)) do.
St
Since
Rs = Ry — 2(Rey) (v, v) + H> — |h>. (Gauss Equation)

Therefore if % = v then the second variation of area is given by

2 1
d—Area (Sy) = —/ (Rs — Ry + H> — |h|2) do. (4.8)
e 2 /s,

As an application, we have the following result of Schoen and Yau.

Theorem 4.2. If S is an orientable closed stable minimal surface in
a 3-dimension manifold (M3, g) with positive scalar curvature, then S is
diffeomorphic to a 2-sphere.

Proof. Let S; be a variation of S with Sp = S and f =1. By (4.8), H =0
and the Gauss-Bonnet formula, we have

d? 1
0 < limoArea (S) = 5 / (Rs — Ry + H? — 1) do
S

=2mx (S) — = /S (Ru + |h|2) do.

Since Ry > 0 and |h> > 0, we conclude x (S) > 0. Since S is orientable,
S~ 52 QED
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