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���mmm���åååCCC������½½½ÂÂÂ �m�g����C�§XJ�±?¿ü

:m�ål3N��ØC§K¡ù�C���m����åC

�"XJ�m����åC�φ��k��ØÄ:§=���3
�:O¦�φ(O) = O, Kù��åC�¡�����C�"

aqu²¡�åC�§�m�åC�kXe5�µ

555���1 �m�åC�ò�^��N��^��þ"
555���2 �m�åC�òü²1��N�ü^²1��"
dd�±p�Ñ�þ�C�

φ(
−→
AB) =

−−−−−−→
φ(A)φ(B).

��¬



Outline
1. �m��åC�
2. �m���C�
3. �m���C�

�m��åC�

555���3�m��åC��±�þSÈØC"
555���4�m��åC�´���5C�"
3���IX{O;−→e1 ,−→e2 ,−→e3}¥§�φ´���åC
�§φ(−→e1), φ(−→e2), φ(−→e3)´3�p�R��ü �þ"�

φ (e1) = a11e1 + a12e2 + a13e3,
φ (e2) = a12e1 + a22e2 + a23e3,
φ (e3) = a13e1 + a23e2 + a33e3.

=

(φ (e1) , φ (e2) , φ (e3)) = (e1, e2, e3) A
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�m��åC�

Ù¥

A =

 a11 a21 a31

a12 a22 a32

a13 a23 a33


´����Ý
"P

−−−−→
Oφ (O) = b1e1 + b2e2 + b3e3.

éu�mS?�:M(x , y , z), :φ(M)3���I
X{O;−→e1 ,−→e2 ,−→e3}¥��I´(x∗, y∗, z∗).
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aqu²¡�/§N´���IC�úª

x∗ = b1 + a11x + a21y + a31z ,
y∗ = b2 + a12x + a22y + a32z ,
z∗ = b3 + a13x + a23y + a33z .

|^Ý
L«§

�X = (x , y , z)T ,X ∗ = (x∗, y∗, z∗)T , α = (b1, b2, b3)
T , K

X ∗ = α + AX .
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�m���C�

�φ��m�����C�§O���ØÄ:"�:O��IX
��:"|^�åC���IC�úª§·�k�A���C�

e��IC�úªµ

x∗ = a11x + a21y + a31z ,
y∗ = a12x + a22y + a32z ,
z∗ = a13x + a23y + a33z .

½

X ∗ = AX .

�A�A��§�∣∣∣∣∣∣
a11 − λ a21 a31

a12 a22 − λ a32

a13 a23 a33 − λ

∣∣∣∣∣∣ = 0
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�m���C�

duþã�§´'uλ�¢Xê3g�§§��k��¢�λ0§

ÏdkØ��"��|¢ê)(x , y , z)÷v
a11x + a21y + a31z = λ0x ,
a12x + a22y + a32z = λ0y ,
a13x + a23y + a33z = λ0z .

(1)

�:M��I�(x , y , z), K:φ(M)��I´(λ0x , λ0y , λ0z). d
uφ´���åC�§K

d(O,M) = d(φ(O), φ(M)) = d(O, φ(M)),

Ï
k

x2 + y2 + z2 = (λ0)
2(x2 + y2 + z2).

l


λ2
0 = 1, λ0 = ±1.
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�m���C�

PÏL:OÚM�ë��L§d(1)��§éu?¿ρ ∈ R§k
a11 (ρx) + a21 (ρy) + a31 (ρz) = λ0 (ρx) ,
a12 (ρx) + a22 (ρy) + a32 (ρz) = λ0 (ρy) ,
a13 (ρx) + a23 (ρy) + a33 (ρz) = λ0 (ρz) .

(2)

ùL²µ�λ0 = 1�§��Lþ?�:3�åC�φeÑ´ØÄ
:¶�λ0 = −1�§:M∗(ρx , ρy , ρz)�N
�−M∗(−ρx ,−ρy ,−ρz)":−M∗E3��Lþ"ØØλ0 = 1�
´λ0 = −1§Ñkφ(L) = L. ù^��L¡��m��C�e�Ø
Ä��"
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±þy²


½½½nnn �m���C�e�½�3�^ØÄ��"

y3�ù^ØÄ��L��#�z¶§ïá#����I
XOxyz"�3#�IXe§���IC�φúªEd

x∗ = a11x + a21y + a31z ,
y∗ = a12x + a22y + a32z ,
z∗ = a13x + a23y + a33z .

L«"duφò:(0, 0, z)N�(0, 0,±z), |^�IC�úª§�
�

a31 = 0, a32 = 0, a33 = λ0 = ±1.

du

a2
13 + a2

23 + a2
33 = 1,

k

a13 = a23 = 0.
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3. �m���C�

�m���C�

ù��IC�z{�

x∗ = a11x + a21y ,
y∗ = a12x + a22y ,
z∗ = λ0z , λ0 = ±1.

2|^

a2
11 + a2

21 + a2
31 = 1,

a2
12 + a2

22 + a2
32 = 1,

a11a12 + a21a22 + a31a32 = 0,

��

a2
11 + a2

21 = 1,

a2
12 + a2

22 = 1,

a11a12 + a21a22 = 0,
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�m���C�

|^²¡�åC��(Ø��

a11 = cos θ, a21 = sin θ, a12 = − sin θ, a22 = cos θ. (3)

½ö

a11 = cos θ, a21 = sin θ, a12 = sin θ, a22 = cos θ. (4)

Ï
��C�úª§�L«�
x∗ = x cos θ + y sin θ,

y∗ = −x sin θ + y cos θ,
z∗ = λ0z , λ0 = ±1;

or


x∗ = x cos θ + y sin θ,
y∗ = x sin θ − y cos θ,
z∗ = λ0z , λ0 = ±1.
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�m���C�

���mmm���������CCC������½½½ÂÂÂ �m�g�����þ�C�§XJò

?�²¡�þ/N��Ü²¡§K¡ù�C���m�����

C�"

��aqu²¡��C���/§�m��C�kXe5�µ

555���1 �m��C�ò�^���þ/N�,�^��þ"
555���2 �m��C�òü^²1��N¤ü^²1��"
dd��§�m��C�p�
���þ�C�§�k

555���3 �m��C�´���5C�"
555���4 �m��C��±��3:�©'ØC"
555���5 �m��C��±�m«��NÈ'"
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1. �m��åC�
2. �m���C�
3. �m���C�

�m���C�

��m���IX{O,−→e1 ,−→e2 ,−→e3}, �φ´�m���C�§P

−−−−→
Oφ (O) = b1

−→e 1 + b2
−→e 2 + b3

−→e 3,

φ (e1) = a11
−→e 1 + a12

−→e 2 + a13
−→e 3,

φ (e2) = a21~e1 + a22
−→e 2 + a23

−→e 3,

φ (e3) = a31
−→e 1 + a32

−→e 2 + a33
−→e 3.

duφ(−→e1), φ(−→e2), φ(−→e3)Ø3Ó�²¡þ§Kk∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ 6= 0.
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3. �m���C�

�m���C�

3���IX{O,−→e1 ,−→e2 ,−→e3}S§�m?�:M(x , y , z)§²L�
m��C��N�:φ(M). :φ(M)3���I
X{O,−→e1 ,−→e2 ,−→e3}S��I´(x∗, y∗, z∗). |^

−−−−−→
Oφ (M) =

−−−−→
Oφ (O) +

−−−−−−−−→
φ (O) φ (M)

= ......

=
−−−−→
Oφ (O) + xφ

(−→e 1

)
+ yφ

(−→e 2

)
+ zφ

(−→e 3

)
,
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1. �m��åC�
2. �m���C�
3. �m���C�

�m���C�

�±�Ñ���IXe�m��C���IC�úª

x∗ = b1 + a11x + a21y + a31z ,
y∗ = b2 + a12x + a22y + a32z ,
z∗ = b3 + a13x + a23y + a33z .

e-

A =

 a11 a21 a31

a12 a22 a32

a13 a23 a33

 , α =

 b1

b2

b3

 ,X =

 x
y
z

 ,X ∗ =

 x∗

y∗

z∗


Kþª�±�¤Ý
/ªµ

X ∗ = AX + α, φ(X ) = X ∗.
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éuþãÝ
A§·�Ú\��N�T§3���I
X{O,−→e1 ,−→e2 ,−→e3}S§ò�m?¿�:M(x , y , z)N¤
:T (M)(x ′, y ′, z ′)§=

X ′ = TX = AX .

�S´��²£§÷v

S(X ) = X + α.

u´

S(T (X )) = S(A(X )) = A(X ) + α = φ(X ).

Ïd

φ = ST .

N�Tò�:N��:"
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�m���C�

-

B = ATA,

K

BT = (ATA)T = B.

ùL²B´��é¡Ý
"|B| = |A|2 > 0. P

B =

 b11 b12 b13

b21 b22 b23

b31 b32 b33

 .

3�g­¡©a�!¥·�®²y²
§éAÝ
B�A��§
kn�¢�A��λ1, λ2, λ3. éAz�A��§k�A�p��

��ü Ì��
−→
e∗i = (xi , yi , zi )(i = 1, 2, 3)§
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�m���C�

÷v 
b11xi + b21yi + b31zi = λixi ,
b12xi + b22yi + b32zi = λiyi ,
b13xi + b23yi + b33zi = λizi .

(i = 1, 2, 3)

P

T (−→ei
∗) =

−→
ẽi , i = 1, 2, 3.

−→
ẽi = (x̃i , ỹi , z̃i ), i = 1, 2, 3.
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·��±��

ẽi · ẽj = (x̃i , ỹi , z̃i )

 x̃j

ỹj

z̃j

 = (xi , yi , zi ) ATA

 xj

yj

zj


= (xi , yi , zi ) B

 xj

yj

zj

 = (xi , yi , zi ) λj

 xj

yj

zj


= λje

∗
i .e∗j = λjδij .

¤±ẽ1, ẽ2, ẽ3´üüp�����þ§
�

ẽj · ẽj = λj , j = 1, 2, 3.
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duλj > 0, -

gj =
ẽj√
λj

, j = 1, 2, 3.

Kg1, g2, g3´3�p����ü �þ"
PC´ò�:ON�O��5C�§÷vC (e∗j ) = gj , j = 1, 2, 3,
Ï


C (xe∗1 + ye∗2 + ze∗3) = xg1 + yg2 + zg3.

dd��§C´��ò���IX{O,
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}S�

:(x , y , z)N¤���IX{O,−→g1,
−→g2,

−→g3}S�:(x , y , z), ¤
±C´���åC�"du�±�:§¤±´����C�"
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�m���C�

-D´���±�:OØÄ��5C�§�÷

vD(−→gi ) =
−→
ẽi , i = 1, 2, 3, KD(O) = O, �

D(xg1 + yg2 + zg3) = · · · = xẽ1 + y ẽ2 + zẽ3.

D¡��±�:ØÄ�©O÷3�p�R����� C��
È"|^þã§��

DC = T .

Ïdk

φ = SDC .
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�d§·�y²


½½½nnn �m��C�φ�±�¤φ = SDC§ùpC´�±���I
X�:ØC��åC�£=����C�¤§D´���±�:
ØÄ§©O÷3�p�R����� C��È§S´��²
£"
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3. �m���C�

�m���C�

~~~1 ®����ð�C����C�
x ′ = a11x + a12y + a13z ,
y ′ = a21x + a22y + a23z ,
z ′ = a31x + a32y + a33z .

� ∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ = 1,

¦3ù�C�e§z:Ñ�±ØC�������þ"ù�C�

�±d7��ØÄ��^=α�5¢y§¦Ñù��α.
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yyy²²²µ1�Úµw,�:´ØÄ:§ØÄ��L�:"

1�Úµ3ØÄ��þ,	��:(x , y , z) 6= O, Kk
(a11 − λ) x + a12y + a13z = 0,
a21x + (a22 − λ) y + a23z = 0,
a31x + a32y + (a33 − λ) z = 0.

Ù¥λ± 1.
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�m���C�

1nÚµ©ü«�¹?Øµ

(1) λ = 1, dua11, a22, a33Ø��1£ÄK�ð�C�¤§Ø�
�a11 6= 1, �ØÄ������þ�

~n = (a11 − 1, a12, a13)× (a21, a22 − 1, a23)

(2) λ = −1, dua11, a22, a33Ø��-1, Ó���

~n = (a11 + 1, a12, a13)× (a21, a22 + 1, a23)

éu1��K§Ñ"
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�m���C�

~~~2 ¦�m�����C�§ò²¡xyþ�:N�²¡xyþ�
:§ò²¡yzþ�:N�²¡x=1þ�:"
))) �¤¦���C��

X ′ = AX + B,

Ù¥

A =

 a11 a12 a13

a21 a22 a23

a13 a23 a33

 ,B =

 b1

b2

b3

 .

��¬



Outline
1. �m��åC�
2. �m���C�
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�m���C�

²¡xyþ�:(x , y , 0)N�²¡xyþ�:(x∗, y∗, 0), �\�IC�
L�ª§� 

x∗ = b1 + a11x + a12y ,
y∗ = b2 + a21x + a22y ,
0 = b3 + a31x + a32y .

d1n��§��µ�§éu¤k�x , yÑ¤á§¤±k

b3 = 0, a31 = 0, a32 = 0
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3. �m���C�

�m���C�

|^C�òyz²¡þ�:(0, y , z)N�²¡x = 1þ�
:(1, y∗, z∗)�� 

1 = b1 + a12y + a13z ,
y∗ = b2 + a22y + a23z ,

z∗ = a33z .

|^1���§�

a12 = 0, a13 = 0, b1 = 1.

l
��C��µ
x∗ = 1 + a11x ,
y∗ = b2 + a21x + a22y + a23z ,
z∗ = a33z .

Ù¥a11a22a33 6= 0.
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A��m���IX����IX�m�IC��~f, �5¿
����IC��«Oµ

~~~1 ®����IXI’�3��I²¡3���IXI¥��§�

y ′O ′z ′ : 3x + 2y − 2z + 1 = 0,

x ′O ′z ′ : 2x + y − z − 2 = 0,

x ′O ′y ′ : x − 2y + z + 2 = 0.

¿�I��:O3I’¥��I�(1,−4,−2)§¦�IC�úª"
))) �¤¦��IC�úª�

X ′ = AX + B,

Ù¥

A =

 a11 a12 a13

a21 a22 a23

a13 a23 a33

 ,B =

 1
−4
−2

 .
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�m���C�

�âK¿§y ′O ′z ′²¡§=x ′ = 03I¥��§�

a11x + a12y + a13z + 1 = 0.

ù��§�®��§3x + 2y − 2z + 1 = 0 �éì§�
�a11 = 3, a12 = 2, a13 = −2; aq/§�¦
Ña21 = 4, a22 = 2, a23 = −2, a31 = −1, a32 = 2, a33 = −1. l
�
�IC�úª� 

x ′ = 3x + 2y − 2z + 1,
y ′ = 4x + 2y − 2z − 4,
z ′ = −x + 2y − z − 2.
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3. �m���C�

�m���C�

~~~2 �(a1, b1, c1)Ú(a2, b2, c2)Ø¤'~§y²3?¿���I
XI¥§/X

f (a1x + b1y + c1z , a2x + b2y + c2z) = 0

��§�ã/S´Î¡"
yyy²²² �±é��#��IXI’§¦�ã/S3#�IXe��§
�f (x ′, y ′) = 0, ù�Ò�wÑS´Î¡"
d^�(a1, b1, c1)Ú(a2, b2, c2)Ø¤'~��§�±é��|
ê(a3, b3, c3)§÷v

C =

 a1 b1 c1

a2 b2 c2

a3 b3 c3


��¬
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2. �m���C�
3. �m���C�

�m���C�

´�_Ý
"�

C−1 =

 d11 d12 d13

d21 d22 d23

d31 d32 d33


����IXI ′[O; e ′1, e

′
2, e

′
3]§¦�e ′1, e

′
2, e

′
33I¥��I�g

�C−1¥�����þ"KlI�I ′��IC�úª�

X = C−1X ′,X ′ = CX .

u´ã/S3IÚI ′e��§©O
�f (a1x + b1y + c1z , a2x + b2y + c2z) = 0Úf (x ′, y ′) = 0§l

´Î¡"
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