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1-1N�ÚC�

1-1NNN���ÚÚÚ1-1CCC������½½½ÂÂÂ �φ�l��8ÜM�,��8ÜN�
��N�§XJφòM¥?¿ü�ØÓ���N�NSØÓ��
�§Kφ¡�l8ÜM�N���1-1N�"XJM = N§K
¡φ�8ÜMþ���C�"ù�!Úe�!§·�ò©O�Ä
²¡Ú�m�C�"
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²¡þ��åC��½Â

²²²¡¡¡þþþ������åååCCC������½½½ÂÂÂ ²¡πþ���C�φ, XJ�±?¿
ü:�ål3N��ØC§K¡C�φ�²¡πþ��åC�"
Pd�²¡πü:m�ål¼ê§K

d(x , y) = d(φ(x), φ(y)),

ùpx , y´²¡πþ?¿ü�:"

~~~1 �Ñ²¡þ:'uL�:���L���úª§¿y²ù´
���åC�"

))) Xã§�−→u´R�u��L�ü �þ§P

−→u = (cos θ, sin θ).
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²¡þ��åC��½Â

3²¡þ?��:M(x , y), P²¡þ'u��L����σ§¿P

σ(M) = (x∗, y∗).

w,k

−−−−→
Oσ(M) =

−−→
OM +

−−−−−→
Mσ(M).

|^−→u´ü �þ§k
−−−−−→
Mσ(M) = 2π−→u

−−→
OM(−−→u )

= 2(
−−→
OM · −→u )(−−→u )

= −2(x cos θ + y sin θ)(cos θ, sin θ).
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²¡þ��åC��½Â

dd�

x∗ = x − 2(x cos θ + y sin θ) cos θ = −x cos 2θ − y sin 2θ,

y∗ = y − 2(x cos θ + y sin θ) sin θ = −x sin 2θ + y cos 2θ.

ùÒ´¤�¦���úª"

�²¡þ,k�:M ′(x ′, y ′), ²L�����σ(M ′)(x ′∗, y ′∗). w
,k

(d(M,M ′))2 = (x ′ − x)2 + (y ′ − y)2.

(d(σ(M), σ(M ′)))2 = (x ′∗ − x∗)2 + (y ′∗ − y∗)2.

|^��úª§N´O��

x ′∗ − x∗ = (x − x ′) cos 2θ + (y − y ′) sin 2θ.

y ′∗ − y∗ = (x − x ′) sin 2θ − (y − y ′) cos 2θ.
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²¡þ��åC��½Â

l


(d(σ(M), σ(M ′)))2 = · · · = (d(M,M ′))2.

σ´���åC�"y.

÷÷÷������½½½ÂÂÂ ��8ÜM�,��8ÜNS�N�φ§XJé
uNS?���y§7kMS����x§¦�φ(x) = y§K¡N
�φ��þ�§½¡�÷�"
5¿µ�!¥¤ã/C�0�½Â§vk÷�ù�^�§Ï
'

��Öþ�½Â�/f0"
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²¡þ��åC��5�

´�²¡þ�åC�kXe5�µ

555���1 ²¡þ�åC�ò�^���þ/N��^��þ"

555���2 ²¡þ�åC�òü^²1��N�²1��"
dd��²¡þ�²1o>/3�åC�eC�²1o>/"Ï


�Ñ�þ�N�

φ(
−→
AB) =

−−−−−−→
φ(A)φ(B).

555���3 ²¡þ�åC��±�þSÈØC"
�åC�¢Sþ�y
�þ��ÝÚY�Ñ�±ØC"
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²¡þ��åC��5�

½½½ÂÂÂ XJ²¡þ��C�φ÷v

φ(λ−→a + µ
−→
b ) = λφ(−→a ) + µφ(

−→
b ),

ùpλ, µ´ü�?¿¢ê§−→a ,
−→
b´²¡þ?¿ü��þ§Kφ¡

�²¡þ����5C�"

555���4 ²¡þ�åC�´���5C�"

éu²¡þ����åC�φ, �²¡þ�����I
X{O,−→e1 ,−→e2}, ùü�*d���ü �þ§3φe�

�φ(−→e1) =
−→
e∗1 , φ(−→e2) =

−→
e∗2�´*d���ü �þ, Ïd�±L

«� −→
e∗1 = a11

−→e1 + a12
−→e2 ,

−→
e∗2 = a21

−→e1 + a22
−→e2 .

Ù¥a11, a12, a21, a22�´¢ê"

��¬



Outline
0. 1-1N�ÚC�

1. ²¡þ��åC�
2. ²¡þ���C�
3. ��þ3:�©'
4. ²¡���IX

5. ²¡þ��C���IL«

²¡þ��åC��5�

|^
−→
e∗1 ,

−→
e∗2*d���´ü �þ�5�§k

−→
e∗1 ·

−→
e∗1 = 1,

−→
e∗1 ·

−→
e∗2 = 0,

−→
e∗2 ·

−→
e∗2 = 1,

�±��

a2
11 + a2

12 = 1, a11a21 + a12a22 = 0, a2
21 + a2

22 = 1.

-

a11 = cos θ, a12 = sin θ, θ ∈ [0, 2π)

·��±)�{
a21 = sin θ,

a22 = − cos θ,
or

{
a21 = − sin θ,
a22 = cos θ.

��¬



Outline
0. 1-1N�ÚC�

1. ²¡þ��åC�
2. ²¡þ���C�
3. ��þ3:�©'
4. ²¡���IX

5. ²¡þ��C���IL«

²¡þ��åC��5�

l
k

−→
e∗1 = cos θ−→e1 + sin θ−→e2 ,

−→
e∗2 = sin θ−→e1 − cos θ−→e2 .

½ −→
e∗1 = cos θ−→e1 + sin θ−→e2 ,

−→
e∗2 = − sin θ−→e1 + cos θ−→e2 .

�

φ(O) = O∗,
−−→
OO∗ = b1

−→e1 + b2
−→e2 .

éu²¡S?�:M(x , y), ·�F"éÑ3�åC�φe�
�φ(M)3���IX{O,−→e1 ,−→e2}¥��I(x∗, y∗)�(x , y)�'X
ª"
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²¡þ��åC��5�

|^

−−−−→
Oφ(M) =

−−→
OO∗ +

−−−−−→
O∗φ(M) = · · · =

−−→
OO∗ +

−−−−→
φ(OM),

·��� −−−−→
Oφ(M) =

−−→
OO∗ + x

−→
e∗1 + y

−→
e∗2 ,

l
k {
x∗ = b1 + x cos θ + y sin θ,
y∗ = b2 + x sin θ − y cos θ;

½ö {
x∗ = b1 + x cos θ + y sin θ,
y∗ = b2 − x sin θ + y cos θ.

ùÒ´·���úª"
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²¡þ���C�

²²²¡¡¡þþþ������CCC������½½½ÂÂÂ ²¡π�π��þ���C�§XJò?
¿�^���þ/N��^��þ§Kù�C�¡�²¡þ��

���C�"

~~~2 ²¡þ��åC�´����C�"£�åC�5�1¤
~~~3 ®�k´���"¢ê"²¡π�π��þ�N�φdeª�
½£����IXOxy¤

φ(x , y) = (x , ky), ∀(x , y) ∈ π.

éu²¡S?���L : Ax + By + D = 0, Px∗ = x , y∗ = ky , ò
��L�§ü>Ó¦k§��§µAkx∗ + By∗ + kD = 0. ùE,´
�^����§§P�L∗. éu��L∗þ?¿�:(x∗, y∗)§3�
�Lþk�:(x∗, y∗/k), ¦�φ(x∗, y∗/k) = (x∗, y∗)"Ï
C
�φ´����C�"
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²¡þ���C�

~~~4 k 6= 0, φ : π → π, φ(x , y) = (kx , ky) ´��C�"
~~~5 k 6= 0, φ : π → π, φ(x , y) = (x + ky , y) ´��C�"

du��C�´1¨1�§ò��N���§Ïdò²1�N�²
1�§ò²1o>/N�²1o>/§l
p�
���þ�C

�

φ(
−→
AB) =

−−−−−−→
φ(A)φ(B).

½½½nnn1 ²¡þ���C�´²¡þ��5C�"
yyy²²² 111���ÚÚÚ

φ(−→a +
−→
b ) = φ(−→a ) + φ(

−→
b ).

111���ÚÚÚ y²éu?¿λ ∈ RÚ?¿�þ−→a , k

φ(λ−→a ) = λφ(−→a ).
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²¡þ���C�

�
y²1�Ú§I��Äe−→a =
−→
0 , �ªw,¤á§¤±�I

�Ä−→a 6= −→
0��ÿ�ª¤á"

(1)|^�±²15y²µφ(λ−→a ) = µφ(−→a ). 2y²µ��þ−→aÃ
'§��λk'§dd�-

φ(λ−→a ) = f (λ)φ(−→a ).

(2)y²

f (λ + µ) = f (λ) + f (µ) ,

f (λµ) = f (λ) f (µ) ,

f (λ) 6= 0, for λ 6= 0.
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²¡þ���C�

(3)y²
f (λ) = λ.

ùpI�ù�AÚµ

1)f (0) = 0;
2)f (1) = 1;
3)f (m) = m for m ´?¿��ê¶
4)f (m) = m for m´?¿�ê¶
5)f (p) = p for p = m/n´?¿knê¶
6)f (λ) = λ for λ´?¿Ãnê"
½ny.
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��þ3:�©'

������þþþ3:::���©©©'''���½½½ÂÂÂ 3�^��Lþ?�3�ØÓ�
:p, q, r§ù3:�©'(p, q, r) = pr

pq , �ªm>´ü�k��ã
�'�"XJq, r3:p�Ó�ý§ù�'���¶XJq, rü:
©O3p:�üý§ù�'��K"

555���5 ²¡þ���C��±���3:�©'ØC"
555���6 ²¡þ���C��±²¡ã/�¡È'"
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²¡���IX

Xã¤«§3²¡þ�ü�Ø����þ−→e1 ,−→e2 ,

�
−→
OA = −→e1 ,

−→
OB = −→e2 . éuù²¡þ?�:M§�3ü�¢

êx , y§¦�
−−→
OM = x−→e1 + y−→e2 .

{O;−→e1 ,−→e2}�¤��²¡��Ie£²¡
���IX¤§(x , y)¡�:M3²¡�
��IX{O;−→e1 ,−→e2}e��I"
²¡���IX����IX�«O3u

�þ−→e1 ,−→e2Ø�½´p�R��ü �

þ"
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²¡���IX

²¡���IX����IX�«O�éX§�le¡�~f�

�`²"

~~~6 3²¡���IX{O;−→e1 ,−→e2}S§kü:A(x1, y1),B(x2, y2).
¦��AB��§§¿¦�ãAB��Ýd .
))) N´¦���AB��§�

x − x1

x2 − x1
=

y − y1

y2 − y1
.

ù�²¡���IX¥����§����"

du −→
AB = (x2 − x1)

−→e1 + (y2 − y1)
−→e2 .

¤±

d2 =
−→
AB ·

−→
AB
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²¡���IX

d =

√
(x2 − x1)

2 g11 + 2 (x2 − x1) (y2 − y1) g12 + (y2 − y1)
2 g22

Ù¥

g11 = −→e 1 · −→e 1, g12 = −→e 1 · −→e 2, g22 = −→e 2 · −→e 2

ù�ålúªw,����IX¥�ålúªØÓ"�

�−→e1 ,−→e2´ü���ü �þ�§g11 = g22 = 1, g12 = 0, þãú
ª����IX¥�����"
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²¡þ��C���IL«

²¡���IX{O;−→e1 ,−→e2}S§?��:M(x , y), φ´ù²¡þ
�����C�"·�F"�Ñ:φ(M)3{O;−→e1 ,−→e2}¥��I"
P

φ
(−→e 1

)
= a11

−→e 1 + a12
−→e 2,

φ
(−→e 2

)
= a21

−→e 1 + a22
−→e 2,

ùpaij , i = 1, 2; j = 1, 2Ñ´¢ê"
(1) ÄkI�`²φ(−→e1), φ(−→e2)Ø´���þ"dd��Ñ

a11a22 − a12a21 6= 0.

��¬



Outline
0. 1-1N�ÚC�

1. ²¡þ��åC�
2. ²¡þ���C�
3. ��þ3:�©'
4. ²¡���IX

5. ²¡þ��C���IL«
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(2) Ùg|^

−−−−−→
Oφ (M) =

−−−−→
Oφ (O) +

−−−−−−−−→
φ (O) φ (M)

=
−−−−→
Oφ (O) + φ

(−−→
OM

)
=
−−−−→
Oφ (O) + φ

(
x−→e 1 + y−→e 2

)
=
−−−−→
Oφ (O) + xφ

(−→e 1

)
+ yφ

(−→e 2

)
P −−−−→

Oφ (O) = b1
−→e 1 + b2

−→e 2

¿�φ(M)3{O;−→e1 ,−→e2}¥��I�(x∗, y∗).
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N´�Ñ��C���IC�úª�{
x∗ = b1 + a11x + a21y ,
y∗ = b2 + a12x + a22y .
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~~~KKK ¦²¡S­� x2

4 + y2 = 1'u��y = 3x���¤�#­
���§"

))) 3�­�þ?��:(x∗, y∗)§§'u��y = 3x�����
�:�(x , y). ùü:ë����y = 3xR�§Ïd�Ç�-1/3.
ùü:ë��¥:( x∗+x

2 , y∗+y
2 )3��y = 3xþ§¤±k{

y∗ − y = −1
3 (x∗ − x) ,

y∗+y
2 = 3

(
x∗+x

2

)
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²¡þ��C���IL«

dd)� {
x∗ = 3

5y − 4
5x ,

y∗ = 3
5x + 4

5y .

�\��§§�

13

25
x2 +

18

25
xy +

73

100
y2 = 1.

ùÒ´���­���§"
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~~~KKK 3���IXI¥§��C�fr��x + y − 1 = 0C
�2x + y − 2 = 0, r��x + 2y = 0C�x + y + 1 = 0§r
:(1, 1)C�(2, 3)§¦f3I¥�C�úª"
))) (�{�)�½Xê{µb�¤¦C�úª�{

x ′ = a11x + a12y + b1,
y ′ = a21x + a22y + b2.

du��2x + y − 2 = 0����x + y − 1 = 0, l
��

2(a11x + a12y + b1) + (a21x + a22y + b2)− 2 = 0

Ò´��x + y − 1 = 0§u´

(2a11 + a21) : (2a12 + a22) : (2b1 + b2 − 2) = 1 : 1 : (−1). (1)
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aq/§fr��x + 2y = 0C�x + y + 1 = 0��

(a11 + a21) : (a12 + a22) : (b1 + b2 + 1) = 1 : 2 : 0. (2)

2dfr:(1, 1)C�(2, 3)§��

a11 + a12 + b1 = 2, (3)

a21 + a22 + b2 = 3. (4)

dþã(1), (2), (3), (4)�)Ñ

a11 = 3, a12 = 1, a21 = −1, a22 = 3, b1 = −2, b2 = 1,

u´¤�¦�C�úª�{
x ′ = 3x + y − 2,

y ′ = −x + 3y + 1.
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ù��{�":´O�þ�"

£){�¤r:(x , y)²LC�������Ix ′, y ′w¤´x , y�
¼ê"��2x + y − 2 = 0���´x + y − 1 = 0§l

2x ′ + y ′ − 2 = 0Úx + y − 1 = 0´Ó�^����§§Ïd�
3ês§

2x ′ + y ′ − 2 = s(x + y − 1).

2dfr:(1, 1)C�(2, 3)§^x = 1, y = 1, x ′ = 2, y ′ = 3�\§
¦Ñs = 5.
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Ón§��x + y + 1 = 0���´x + 2y = 0§�3êt§¦�

x ′ + y ′ + 1 = t(x + 2y).

¦�t = 2"u´�¦ÑC�úª�{
x ′ = 3x + y − 2,

y ′ = −x + 3y + 1.
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