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LLL««« 3���IX{O;−→e1 ,−→e2 ,−→e3}¥§
d3�2g�§

F (x , y , z) = a11x
2 + 2a12xy + a22y

2 + 2a13xz + 2a23yz (2.3.1)

+ a33z
2 + 2b1x + 2b2y + 2b3z + C = 0

L«�­¡¡��g­¡"ùpXêaij´Ø��"�¢

ê§b1, b2, b3ÚC�Ñ´¢ê"-Ý


D =

 a11 a12 a13

a21 a22 a23

a13 a23 a33


KÝ
D = DT , =D´���"�é¡Ý
"
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q-

Φ(x , y , z) = a11x
2 + 2a12xy + a22y

2 + 2a13xz + 2a23yz + a33z
2.

(2.3.3)
K

Φ (x , y , z) =
(

x y z
)
D

 x
y
z


�A = (bij)3×3´����Ý
£|A| = ±1¤, §´��l��I

e{O;−→e1 ,−→e2 ,−→e3}���Ie{O;
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}�C�Ý
"=k/

ªL�ª

(
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 ) = (−→e1 ,−→e2 ,−→e3)AT ,
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½�¤ 
−→
e∗1−→
e∗2−→
e∗3

 = A

 −→e1−→e2−→e3


Kdþ!����I^=C�úª��¤Ý
/ª

X = ATX ∗,XT = (X ∗)TA.

555 ùp�AO5¿§·�y3#N−→e1
∗,−→e2

∗,−→e3
∗�¤�ÃX"
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X{O;−→e1 ,−→e2 ,−→e3}�{O;
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}�C�'X§N´O�Ñ

Φ (x , y , z) = (x , y , z) D

 x
y
z


= (x∗, y∗, z∗) ADAT

 x∗

y∗

z∗


= (x∗, y∗, z∗) D∗

 x∗

y∗

z∗

 + Φ∗ (x∗, y∗, z∗)

Ù¥

D∗ = ADAT
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du

(D∗)T = D∗ +

 a∗11 a∗12 a∗13

a∗12 a∗22 a∗23

a∗13 a∗23 a∗33


·�Òk

Φ (x , y , z) = a∗11x
∗2 + 2a∗12x

∗y∗ + a∗22y
∗2

+ 2a∗13x
∗z∗ + 2a∗23y

∗z∗ + a∗33z
∗2

x2 + y2 + z2 = (x , y , z)

 x
y
z

 = (x∗, y∗, z∗) AAT

 x∗

y∗

z∗


= (x∗, y∗, z∗)

 x∗

y∗

z∗

 = x∗2 + y∗2 + z∗2.
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dd·���

(
x y z

)  a11 − λ a12 a13

a21 a22 − λ a23

a13 a23 a33 − λ

  x
y
z


= (a11 − λ) x2 + (a22 − λ)y2 + (a33 − λ)z2

+ 2a12xy + 2a13xz + 2a23yz

= Φ(x , y , z)− λ
(
x2 + y2 + z2

)
= Φ∗ (x∗, y∗, z∗)− λ

(
x∗2 + y∗2 + z∗2

)
= (x∗, y∗, z∗)

 a∗11 − λ a∗12 a∗13

a∗12 a∗22 − λ a∗23

a∗13 a∗23 a∗33 − λ

  x∗

y∗

z∗


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2|^

(x∗, y∗, z∗) =
(

x y z
)
AT x∗

y∗

z∗

 = A

 x
y
z


·���

(
x y z

)  a11 − λ a12 a13

a12 a22 − λ a23

a13 a23 a33 − λ

  x
y
z


=

(
x y z

)
AT

 a∗11 − λ a∗12 a∗13

a∗12 a∗22 − λ a∗23
a∗13 a∗23 a∗33 − λ

 A

 x
y
z


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l
k  a11 − λ a12 a13

a12 a22 − λ a23

a13 a23 a33 − λ


= AT

 a∗11 − λ a∗12 a∗13

a∗12 a∗22 − λ a∗23

a∗13 a∗23 a∗33 − λ

 A

�ªü>�1�ª§�∣∣∣∣∣∣
a11 − λ a12 a13

a21 a22 − λ a23

a13 a23 a33 − λ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a∗11 − λ a∗12 a∗13

a∗12 a∗22 − λ a∗23
a∗13 a∗23 a∗33 − λ

∣∣∣∣∣∣
(2.3.38)
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�½���


A =

 a11 a12 a13

a21 a22 a23

a13 a23 a33


·�½Â

|A− λI | =

∣∣∣∣∣∣
a11 − λ a12 a13

a21 a22 − λ a23

a13 a23 a33 − λ

∣∣∣∣∣∣
�Ý
A�A�õ�ª"(2.3.38)L²é¡Ý
D�A�õ�ª3
�I���C�X ∗ = AXeC�é¡Ý
D∗ = ADAT�A�õ

�ª"
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Ðm(2.3.38)ª§Òk

λ3 − I1λ
2 + I2λ− I3 = λ3 − I ∗1 λ2 + I ∗2 λ− I ∗3

Ù¥

I1 = a11 + a22 + a33 = trD,

I ∗1 = a∗11 + a∗22 + a∗33 = trD∗ ,

I2 = (a11a22 + a11a33 + a22a33)

−
(
a2
12 + a2

13 + a2
23

)
=

∣∣∣∣ a11 a12

a12 a22

∣∣∣∣ +

∣∣∣∣ a11 a13

a13 a33

∣∣∣∣ +

∣∣∣∣ a22 a23

a23 a33

∣∣∣∣ ,

I ∗2 = · · · · ··
I3 = |D| , I ∗3 = |D∗|
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duλ´?�¢ê§Ïdk

I1 = I ∗1 , I2 = I ∗2 , I3 = I ∗3 . (2.3.41)

(2.3.41)L²3�±�:����IC�e§éA�I1, I2, I3Ø
C"
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���!!!AAA������§§§ÚÚÚAAA������ �Ä�5�§|
a11x + a12y + a13z = λx ,
a12x + a22y + a23z = λy ,
a13x + a23y + a33z = λz .

(2.3.42)

þã�§|�du
(a11 − λ) x + a12y + a13z = 0,
a12x + (a22 − λ) y + a23z = 0,
a13x + a23y + (a33 − λ) z = 0.

(2.3.43)

'uλ���ng�§

|D − λI | =

∣∣∣∣∣∣
a11 − λ a12 a13

a12 a22 − λ a23

a13 a23 a33 − λ

∣∣∣∣∣∣ = 0 (2.3.44)
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|^þ!Ú\�A�ØCþ§Ý
D�A��§���

λ3 − I1λ
2 + I2λ− I3 = 0. (2.3.45)

÷v�§(2.3.45)��λ¡�Ý
D�A��"du(2.3.45)´��
ng¢Xê�§§Ï
��k��¢�λ3, éAuλ3, ÷v�§
|(2.3.42)��")(x , y , z)¡�éAuA��λ3�A��þ§�

¡�A��λ3�Ì��"

r(2.3.42)�¤Ý
/ª

D

 x
y
z

 = λ

 x
y
z


DAT

 x∗

y∗

z∗

 = λAT

 x∗

y∗

z∗


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ü>Ó��¦A�

D∗

 x∗

y∗

z∗

 = λ

 x∗

y∗

z∗

 (2.3.48)

ù��§|�,�L�/ª�
a∗11x

∗ + a∗12y
∗ + a∗13z

∗ = λx∗,
a∗12x

∗ + a∗22y
∗ + a∗23z

∗ = λy∗,
a∗13x

∗ + a∗23y
∗ + a∗33z

∗ = λz∗.
(2.3.49)
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lþãí��±wÑ§3���IX{O,−→e1 ,−→e2 ,−→e3}¥§éAu
A��λ3�Ì��(x , y , z), 3,����IX{O,

−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}¥

C��éAuÓ�A��λ3�Ì��(x∗, y∗, z∗). du

(x∗, y∗, z∗)


−→
e∗1−→
e∗2−→
e∗3

 = (x , y , z)

 −→e1−→e2−→e3


l�þ
ó§Ì��E´Ì��§�´3ØÓ��IXe§Ù�

IØ��
®"
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½½½nnn1 ²L·��IC�§Φ(x , y , z)o�±z�IO/
ªλ1x

∗2 + λ2y
∗2 + λ3z

∗2§Ù¥¢êλ1, λ2, λ3´éAÝ
D�3�
A��"

yyy²²² 1�Ú À�A��λ3éA�Ì��(x , y , z) 6= O²1u#

����IX{O,
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}¥��þ

−→
e∗3 . ù�3#����I

X{O,
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}¥�AuA��λ3�A��þ�(0, 0, 1). dd�

�

a∗13 = 0, a∗23 = 0, a∗33 = λ3.

l


Φ(x , y , z) = Φ(x∗, y∗, z∗) = a∗11x
∗2 + 2a∗12x

∗y∗ + a∗22y
∗2 + λ3z

∗2.
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1�Ú ÚÚÚnnn1 �"¢é¡Ý
D�A���´¢ê"

y3®²À�

−→
e∗3��Ì���§A�õ�ªC�∣∣∣∣∣∣
a∗11 − λ a∗12 0

a∗12 a∗22 − λ 0
0 0 λ3 − λ

∣∣∣∣∣∣ = 0

Ðm�

(λ3 − λ)
[
(a∗11 − λ) (a∗22 − λ)− (a∗12)

2
]

= 0

l
,	ü�A��λ1, λ2����g�§

(a∗11 − λ) (a∗22 − λ)− (a∗12)
2 = 0

�ü��"
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Ù�Oª�

∆ = (a∗11 − a∗22)
2 + 4a∗212 ≥ 0.

¤±kü�¢�"=D�A���Ü´¢ê"
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1nÚ ÚÚÚnnn2 �"¢é¡Ý
D�3�A����k��Ø�
""£^�y{´y¤

1oÚ ÚÚÚnnn3 �±À�éA3�A���Ì��§¦�§��
pR�"

1ÊÚ �#����IX{O,
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}§¦�

−→
e∗1 ,

−→
e∗2 ,

−→
e∗3©O�

A��λ1, λ2, λ3�Ì��§dd��µ

a∗12 = 0, a∗11 = λ1, a
∗
22 = λ2,

¤±k

Φ(x , y , z) = Φ(x∗, y∗, z∗) = λ1x
∗2 + λ2y

∗2 + λ3z
∗2.

½n1y."
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nnn!!!���ggg­­­¡¡¡���§§§���zzz{{{������ggg­­­¡¡¡©©©aaa |^½n1§�#�

���IX{O,
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}§¦�

−→
e∗1 ,

−→
e∗2 ,

−→
e∗3©O�A�

�λ1, λ2, λ3�Ì��§

F (x , y , z) = λ1x
∗2 + λ2y

∗2 + λ3z
∗2

+ 2b∗1x
∗ + 2b∗2y

∗ + 2b∗3z
∗ + C = 0

e¡Ò´��âλ1, λ2, λ3¥�u"��ê©O?1?Ø"

1. AAA������λ1, λ2, λ3ÑÑÑØØØ���"""

A. λ1, λ2, λ3ÓÒµ

(1)
x2

a2
+

y2

b2
+

z2

c2
= 1

éA�­¡¡�ý¥¡"ùp9eã�a, b, cÑ´�~ê"
��¬



Outline
0!Ý
$�ÐÚ

1!�g­¡�^=ØCþ
2!A��§ÚA��

3!�g­¡�§�z{��g­¡©a

�g­¡�§�z{��g­¡©a

(2)
x2

a2
+

y2

b2
+

z2

c2
= −1

éA�­¡Ø�3§¡�Jý¥¡"

(3)
x2

a2
+

y2

b2
+

z2

c2
= 0

­¡òz���:£�:¤"
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B.λ1, λ2, λ3ØÓÒ£ü��K½üK��¤µ

(4)
x2

a2
+

y2

b2
− z2

c2
= 1

éA�­¡¡�ü�V­¡"

(5)
x2

a2
+

y2

b2
− z2

c2
= −1

éA�­¡¡�V�V­¡"

(6)
x2

a2
+

y2

b2
− z2

c2
= 0

éA�­¡¡��gI¡"
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2. λ1, λ2, λ3¥¥¥kkk���������0£££ØØØ������λ3 = 0¤¤¤
(1) λ1, λ2ÓÒ§

x2

a2
+

y2

b2
− 2z = 0

x2

a2
+

y2

b2
+ 2z = 0

éA�­¡¡�ý��Ô¡"

x2

a2
+

y2

b2
− 1 = 0

éA�­¡¡�ý�Î¡"

x2

a2
+

y2

b2
+ 1 = 0

éA�­¡¡�Jý�Î¡"

x2

a2
+

y2

b2
= 0

éA�­¡òz��^��z¶"
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(2) λ1, λ2ÉÒ§
x2

a2
− y2

b2
− 2z = 0

éA�­¡¡�V­�Ô¡"

x2

a2
− y2

b2
− 1 = 0

éA�­¡¡�V­Î¡"

x2

a2
− y2

b2
= 0

éA�­¡òz�üÜ���z¶�²¡"
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3. λ1, λ2, λ3¥¥¥kkküüü������0£££ØØØ������λ2 = λ3 = 0¤¤¤
(1)

x2 − 2py = 0

éA�­¡¡��ÔÎ¡"

(2)
x2 − a2 = 0

éA�­¡���é²1²¡"

(3)
x2 + a2 = 0

éAÃ­¡§¡��éJ²1²¡"

(4)
x2 = 0

éA�­¡��é­Ü²¡x = 0"
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~~~KKK1 ¦e�­¡�IOz�§

x2 + y2 + z2 − xy + xz − yz − 2y − 2z + 2 = 0
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2 , λ2 = 1

2 , λ3 = 2.
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