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3þ�!§®²��§F (x , y , z) = Ax + By + Cz + D = 0L«�
m�Ü²¡"T²¡�§q�L�ëê/ª

−→r (u, v) = (x(u, v), y(u, v), z(u, v)) = −→r0 + u−→a + v
−→
b .

Ù¥−→r0 = (x0, y0, z0),
−→a = (X1,Y1,Z1),

−→
b = (X2,Y2,Z2), l
·

�k 
x (u, v) = x0 + uX1 + vX2,
y (u, v) = y0 + uY1 + vY2,
z (u, v) = z0 + uZ1 + vZ2.

Ù¥u, v�ëê"
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��/§3R3S�½��n�¼êF (x , y , z). �§

F (x , y , z) = 0 (2.1.1)

��|)(x , y , z)3R3SL«��:§Ù�I�(x , y , z). ÷v�
§(2.1.1)�¤k)3R3S¤�¤�ã/¡�÷v�§(2.1.1)�­
¡"T�§¡�­¡��§"

XJx(u, v), y(u, v), z(u, v)Ñ´u, v�¼ê"Kd

−→
X (u, v) = (x(u, v), y(u, v), z(u, v)) (2.1.9)

(½�R3¥�ã/�¡�­¡"��3(2.1.1)¥�FÚ(2.1.9)¥
�x , y , z÷v�½���5^�e§ü��§�±pz£|^ê
Æ©Û¥�Û¼ê½n¤"�§(2.1.9)¡��§(2.1.1)�ëê/
ª"
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���mmm­­­¡¡¡���~~~fff

~~~1 ¦±:M0(x0, y0, z0)�¥%!±�~êR��»�¥¡��
§"

�Yµ

(x − x0)
2 + (y − y0)

2 + (z − z0)
2 = R2. (2.1.2)

~~~2 ¦±z¶�¶�!�»�R > 0���Î¡��§"
�Yµ

x2 + y2 = R2. (2.1.4)

~~~3 ¦±�� x−1
1 = y−2

1 = z−1
1 �¶�!�»�5���Î¡�

�§"

�Yµ

(y − z − 1)2 + (z − x)2 + (x − y + 1)2 = 75. (2.1.7)
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�x(t), y(t), z(t)Ñ´t�¼ê§ùpt ∈ [a, b],

−→r (t) = (x(t), y(t), z(t)) (2.1.8)

¡�R3S�^­�"

~~~4 −→r (t) = (R cos t,R sin t, 0), ùpR´�~ê§t ∈ [0, 2π]. ù
^­�´²¡z = 0þ�^±�:��%!±R��»��±"

~~~5 −→r (t) = (a sec t, b tan t, c), ùpa, b, cÑ´�~
ê§t ∈ (−π

2 ,
π
2 ), ù^­�´²¡z = cþ��|V­�"

~~~6 −→r (t) = (a cos wt, a sin wt, vt), ùpa,w , vÑ´�~
ê§−∞ < t <∞, ù^­�¡�Ú^�"§á3��Î
¡x2 + y2 = a2þ"
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±e0�A«^ëê�§L«�­¡"

���!!!ÎÎÎ¡¡¡

�−→r (u) = (x(u), y(u), z(u))´R3S�^­�C§Xã§ù

pu ∈ [a, b].
−→
l = (l1, l2, l3)´���"�~�þ"�

−→
X (u, v) = −→r (u) + v

−→
l , (2.1.10)

ùpu ∈ [a, b],−∞ < v <∞. d(2.1.10)(½
�­¡¡���Î¡"­�C¡�Î¡�O
�"(2.1.10)L«±

−→
l ����þ���÷X

­�C²1£Ä¤��­¡"
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~X§�−→r (u) = (R cos u,R sin u, 0), u ∈ [0, 2π],
−→
l = (0, 0, 1),

−→
X (u, v) = (R cos u,R sin u, v)TÐ´~2¥��Î¡�ëê�
§"

±e·�r~3�¤ëê�§�/ª"'�´·�/À�O�"
U��P38-39��{§À�O�§Këê�§���

−→
X (u, v) = (x(u, v), y(u, v), z(u, v)) = −→r (u) + v(

√
3−→e3),

Ù¥u ∈ [0, 2π], v ∈ (−∞,∞),
x (u, v) = 1 + 5√

2
cos u − 5√

6
sin u + v ,

y (u, v) = 2 + 10√
6
sin u + v ,

z (u, v) = 1− 5√
2
cos u − 5√

6
sin u + v .

(2.1.16)
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w,(2.1.16)÷v(2.1.7). lþãO��±wÑ§æ^ÊÏ�§/
ª�´ëê�§/ª§�ÀäN¯K
½§~X§~3^ÊÏ�
§5L«§�{ü�õ"
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Xã§®��m�^­�CÚØ3Cþ��:M0§dM0ÚCþ�
:�ë�¤�¤�­¡¡�9I¡:":M0¡�I¡�º

:§C¡�I¡�O�"

III¡¡¡���ëëëêêê���§§§ �­�C : −→r (u) =

(x(u), y(u), z(u)),
−−→
OM0 = −→r0 = (x0, y0, z0),

I¡�ëê�§�

−→
X (u, v) = −→r0 + v(

−−−−−−→
r(u)−−→r0 ). (2.1.17)
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~~~7 ¦I¡�§§¦�O��§´{
x2 + y2 = R2,
z = C ,

ùpR,CÑ´�~ê§º:��:"

))) 1�Ú§·�òO���Xe�ëê�§�/ª

−→r (u) = (R cos u,R sin u,C ), u ∈ [0, 2π].

1�Ú§�ÑI¡�¥þªëê�§

−→
X (u, v) = (x(u, v), y(u, v), z(u, v)) = v−→r (u).

1nÚ§�Iªëê�§µ

x(u, v) = Rv cos u, y(u, v) = Rv sin u, z(u, v) = Cv ,

u ∈ [0, 2π], v ∈ (−∞,∞).
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þã�§q��¤ÊÏ�§/ªµ

x2 + y2 =
R2z2

C 2
.

555 �^O�´�§I¡º:�ù����%�ë�R�uù�

�¤3�²¡§ù�I¡¡��I¡"þ~¥�­¡Ò´�I

¡"
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~~~8 ¦±�:�º:§O��{
f (x , y) = 0,
z = h,

�I¡�§§ùph´���"~ê"

))) 1�Ú§�ÑO��ëê�§"ùp�±ÀJ­��l

�u��ëê£ÀJ­�þ?¿���½:��å:§/�c0
�§u > 0, /��0�§u < 0.¤ù�§O��§�±/Ä�
/0�¤

−→r (u) = (x(u), y(u), h), f (x(u), y(u)) = 0.

1�Ú§�ÑI¡��þªëê�§"

−→
X (u, v) = (x(u, v), y(u, v), z(u, v)) = v−→r (u).
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l
k,1nÚ§�Iªëê�§
x(u, v) = x∗ = vx(u),
y(u, v) = y∗ = vy(u),
z(u, v) = z∗ = hv ,

��ëêµ

x(u) = x∗/v = hx∗/z∗, y(u) = y∗/v = hy∗/z∗,

�\�§f (x , y) = 0, ��

f (
hx∗

z∗
,
hy∗

z∗
) = 0.
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^̂̂===¡¡¡���½½½ÂÂÂ �m�^­�C : −→r (u) = (f (u), g(u), h(u)), ù
pu ∈ [a, b]. ­�C7�^��l^=�±
���­¡§¡�
±l�¶�^=¡"Xã§­�C7Xz¶^=�±
��^=
¡"

y3·�Ò�Ä­�C7z¶^=
¤�^=
¡"3­¡þ?��:M(x , y , z), §´d­
�Cþ�:M∗(f (u), g(u), h(u))7z¶^=

¤"u´z = h(u). L:M∗��R�uz¶�
²¡§�z¶u:A(0, 0, h(u))§�ãAM∗�
�Ý=�ãAM��Ý, Ï
k

x2 + y2 = (f (u))2 + (g(u))2.
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l
7z¶�^=¡��§�

X (u, v) = (

√
(f (u))2 + (g (u))2 cos v ,

√
(f (u))2 + (g (u))2 sin v , h (u))

aq§��Ñ7x¶�^=¡�§�

X (u, v) = (h (u) ,

√
(g (u))2 + (h (u))2 cos v ,

√
(g (u))2 + (h (u))2 sin v)

7y¶�^=¡�§�

X (u, v) = (

√
(f (u))2 + (h (u))2 cos v , h (u) ,

√
(f (u))2 + (h (u))2 sin v)
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±e§·�ò�Ñ±­�C :

{
F (y , z) = 0,

x = 0
7z¶^=¤��

^=¡�§"aquþã�{§3^=¡þ?��:M(x , y , z),
§d­�Cþ�:M∗(x∗, y∗, z∗)7z¶^=
�"Ïd·�k

x2 + y2 = (x∗)2 + (y∗)2, z = z∗.

dux∗ = 0, ¤±y∗ = ±
√

x2 + y2, ¤�¦�^=¡��§�

F (±
√

x2 + y2, z) = 0.

aq��Ù¦�A«^=¡��§"
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Xã§3��²¡S§ïá���IX{xOy}, �A���5�
Ie�{O;−→e1 ,

−→e2}"XJx¶Úy¶7XOU_����^

=θ�§��#��IX{x∗Oy∗}Ú��5�Ie{O;
−→
e∗1 ,

−→
e∗2}"

KkXe'Xª:{ −→
e∗1 = −→e1 cos θ +−→e2 sin θ,
−→
e∗2 = −−→e1 sin θ +−→e2 cos θ.

(2.2.1)
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�IC�–²¡�I¶^=

éu²¡þ?�:M, 3ùü��IXe��I©O
�(x , y)Ú(x∗, y∗). @o

−−→
OM = x−→e1 + y−→e2 = x∗

−→
e∗1 + y∗

−→
e∗2 . (2.2.2)

|^(2.2.1)Ú(2.2.2),��

x−→e1 + y−→e2 = x∗(−→e1 cos θ +−→e2 sin θ) + y∗(−−→e1 sin θ +−→e2 cos θ)

= (x∗ cos θ − y∗ sin θ)−→e1 + (x∗ sin θ + y∗ cos θ)−→e2 .

l
�� {
x = x∗ cos θ − y∗ sin θ,
y = x∗ sin θ + y∗ cos θ.

(2.2.4)

(2.2.4)¡�²¡���IX��I^=úª"
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~~~1 ò­�2xy = a27�:U_����^=π
4 , ¦^=��#

­���§"

))) ­�7�:U_����^=π
4 , ��u�±­�ØÄ§ò�

I¶U^����^=π
4"ù�^=���IX´{xOy}, 
�k

��IX´{x∗Oy∗}. �IC�ª�{
x∗ = x cos(−π

4 )− y sin(−π
4 ) =

√
2

2 (x + y),

y∗ = x sin(−π
4 ) + y cos(−π

4 ) =
√

2
2 (−x + y).

�\�§2x∗y∗ = a2, k

y2 − x2 = a2.

ùÒ´¤¦�­��#�§"
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�½�mmÃX���IX{Oxyz}§�A���5�I
e{O,−→e1 ,

−→e2 ,
−→e3}"XJ,k�mmÃX���I

X{O∗x∗y∗z∗}§�A���5�Ie{O∗,
−→
e∗1 ,

−→
e∗2 ,

−→e3
∗}, kXe'

Xª 
−−→
OO∗ = a1

−→e1 + a2
−→e2 + a3

−→e3 ,
e∗1 = a11

−→e1 + a12
−→e2 + a13

−→e3 ,−→
e∗2 = a21

−→e1 + a22
−→e2 + a23

−→e3 ,−→
e∗3 = a31

−→e1 + a32
−→e2 + a33

−→e3 .

(2.2.7)
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Ú\PÒ

δij =

{
1, if i = j ,
0, if i 6= j .

du −→
e∗i ·

−→
e∗j = δij , 1 ≤ i , j ≤ 3,

·�k

(Σ3
k=1aik

−→ek ) · (Σ3
l=1ajl

−→el ) = δij .

|^−→ek · −→el = δkl , 1 ≤ k, l ≤ 3, ��

Σ3
k=1aikajk = δij , 1 ≤ i , j ≤ 3. (2.2.12)
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eP

A =

 a11 a12 a13

a21 a22 a23

a31 a32 a33


K(2.2.12)�du

AAT = I . (2.2.12′)

Ù¥AT�Ý
A�=�§I�ü Ý
"÷
v(2.2.12)£½(2.2.12)’¤�Ý
A¡���Ý
"´�§

det A = |A| = ±1

|^

(
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 ) = (−→e1 ,

−→e2 ,
−→e3) = 1

Ú(2.2.7), ·���det A = 1. ¤±A¡�1�ª�1���Ý

"
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éu�m?¿�:M§§3ü��IX(Oxyz)Ú(O∗x∗y∗z∗)e�
�I©O�(x , y , z)Ú(x∗, y∗, z∗)§K

−−→
OM = x−→e1 + y−→e2 + z−→e3 ,
−−−→
O∗M = x∗

−→
e∗1 + y∗

−→
e∗2 + z∗

−→
e∗3 ,

−−→
OM =

−−→
OO∗ +

−−−→
O∗M.

(2.2.15)

|^(2.2.7), ·�k

x−→e1 + y−→e2 + z−→e3 = (a1
−→e1 + a2

−→e2 + a3
−→e3)

+x∗(a11
−→e1 + a12

−→e2 + a13
−→e3)

+y∗(a21
−→e1 + a22

−→e2 + a23
−→e3)

+z∗(a31
−→e1 + a32

−→e2 + a33
−→e3).
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dd·���
x = a1 + a11x

∗ + a21y
∗ + a31z

∗,
y = a2 + a12x

∗ + a22y
∗ + a32z

∗,
z = a3 + a13x

∗ + a23y
∗ + a33z

∗.
(2.2.17)

½�¤Ý
/ª

X = X0 + ATX ∗. (2.2.17)′

ùÒ´�m���IX{O,−→e1 ,
−→e2 ,

−→e3}��m���I
X{O∗,

−→
e∗1 ,

−→
e∗2 ,

−→
e∗3}��IC�úª"ùp�A´��Ý
"
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XJaij = δij , =
−→
e∗1 = −→e1 ,

−→
e∗2 = −→e2 ,

−→
e∗3 = −→e3 , k

x = a1 + x∗, y = a2 + y∗, z = a3 + z∗. (2.2.18)

ù�C�úª¡�²£úª"

XJ:O∗�O­Ü§Kúª£2.2.17¤C�
x = a11x

∗ + a21y
∗ + a31z

∗,
y = a12x

∗ + a22y
∗ + a32z

∗,
z = a13x

∗ + a23y
∗ + a33z

∗.
X = ATX ∗ (2.2.19)
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nnn!!!Euler���
3þ¡��IC�úª¥§C�Ý
A¥9�Xê§d(2.2.12)¥
�6�Õá�§§��§ù9�Xê¢Sþd3�ÕáCþû½"
e¡·�^�Ý5�Oaij . Xã§�²¡xy�²¡x∗y∗(kú�
:O)���´L.

111���ÚÚÚ �±z¶ØÄ§òx¶7z¶^=��
�L� �"ù´y¶��A^=§��LÞ
5����IXOx̃ỹz . x̃¶���L­Ü"
�x¶7z¶U_��=ψ�§Kk�IC�
úª {

x = x̃ cosψ − ỹ sinψ,
y = x̃ sinψ + ỹ cosψ.

(2.2.20)

��¬



Outline
­¡�­��½Â

�IC�

�IC�–Euler�

111���ÚÚÚ �±x̃¶ØÄ"òz¶7x̃¶U_��^=θ��z∗¶§l

ỹ¶�A/=�ȳ¶"ïáLÞ5���IXOx̃ȳz∗§�IC�
úª� {

ỹ = ȳ cos θ − z∗ sin θ,
z = ȳ sin θ + z∗ cos θ.

(2.2.21)
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111nnnÚÚÚ �±z∗¶ØÄ"òx̃¶7z∗¶U_��^=φ��x∗¶§
l
ȳ¶�A/=�y∗¶"ïá���IXOx∗y∗z∗§�IC�
úª� {

x̃ = x∗ cosφ− y∗ sinφ,
ȳ = x∗ sinφ+ y∗ cosφ.

(2.2.22)
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|^(2.2.20), (2.2.21)±9(2.2.22),·��±ò���IXOxyzC
�����IXOx∗y∗z∗. ÙC�úª�

X = ATX ∗,

Ù¥

X =

 x
y
z

 ,X ∗ =

 x∗

y∗

z∗

 ,A =

 a11 a12 a13

a21 a22 a23

a31 a32 a33



AT =

 a11 a21 a31

a12 a22 a32

a13 a23 a33

 (2.2.26)
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±9

a11 = cosϕ cosψ − sinϕ cos θ sinψ, a21 = − sinϕ cosψ − cosϕ cos θ sinψ

a13 = sin θ sinψ, a12 = cosϕ sinψ + sinϕ cos θ cosψ

a22 = − sinϕ sinψ + cosϕ cos θ cosψ, a32 = − sin θ cosψ

a13 = sinϕ sin θ, a23 = cosϕ sin θ, a33 = cos θ.

¿��÷v

Σ3
k=1aikajk = δij .

ùÒ`²A´����Ý
"þ¡3��ψ, θ, φ¡�Euler�"
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