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L�m�:M0¿�R�u�^��L�²¡π´��(½�§?
ÛR�u²¡���¡�T²¡�{�"�Tuy²1�?��

"�þ§¡�²¡π�{�þ"
3���m���IX{O;−→e1 ,−→e2 ,−→e3}¥§®
���²¡πL:M0(x0, y0, z0),−→n = {A,B,C}�²¡����"{�þ"X
ã§3²¡þ?��:M§Ù�I

�M(x , y , z),
−−→
OM = −→r = (x , y , z). �

þ
−−−→
M0M��þ

−→nR�"u´k

−→n · (−→r −−→r0 ) = 0. (1.2.1)
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d(1.2.1)�µ

A(x − x0) + B(y − y0) + C (z − z0) = 0, (1.2.2)

=

Ax + By + Cz + D = 0, (1.2.3)

Ù¥D = −(Ax0 + By0 + Cz0). �§(1.2.3)¡�²¡π��§"
��§·��±y²?Û/X(1.2.3)��§§ÑL«��²¡µ
duA,B,CØ��"§Ø��A 6= 0§�§(1.2.3)�±U��

A(x +
D

A
) + By + Cz = 0. (1.2.4)

P�I�(−D
A , 0, 0)�:�M0. qP

−→n = (A,B,C ), l�
§(1.2.4)�±wÑ

−→n ·
−−−→
M0M = 0.

ùL²:M(x , y , z)3L:M0, �±
−→n�{�þ�²¡πS"�

y"
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²¡��±d�:M0Úü�Ø���þ
−→a ,

−→
bû½§ù��²

¡πL:M0��
−→a ,

−→
b²1"ù�−→a ,

−→
b¡�²¡π�½ �þ"

�M(−→r )�²¡πþ�?¿�:§K
−−−→
M0M��þ

−→a ,
−→
b�¡§¤±

−−−→
M0M = u−→a + v

−→
b , (a− 1)

Ù¥u, v�ëê"�§(a− 1)´²¡π�¥þª�§"
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�A��Iªëê�§�

x = x0 + uX1 + vX2

y = y0 + uY1 + vY2

z = z0 + uZ1 + vZ2 (a-2)

Ù¥−→r = (x , y , z) ,−→r 0 = (x0, y0, z0) ,−→a = (X1,Y1,Z1) ,
−→
b =

(X2,Y2,Z2). (a− 2)¡�²¡π��Iªëê�§"
3(a− 1), (a− 2)¥©O��ëêu, v , ��²¡��§©O�(−→r −−→r 0,

−→a ,
−→
b

)
= 0 (a-3)

��¬



²¡

½ ∣∣∣∣∣∣
x − x0 y − y0 z − z0

X1 Y1 Z1

X2 Y2 Z2

∣∣∣∣∣∣ = 0 (a-4)

�§(a− 4)�±z�/XAx + by + Cz + D = 0£=(1.2.3)¤�
/ª"��(1.2.3)ª��±U�¤/X(a− 4)��§§l
L«
²¡"

��¬



²¡

~~~KKK1 ®��²¡ÏL3:(a, 0, 0), (0, b, 0), (0, 0, c), ¿
�abc 6= 0§¦§��§"
�Yµ

x

a
+

y

b
+

z

c
= 1. (1.2.9)

�åª�§"
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~~~KKK2 ®��mn:M1(x1, y1, z1),M2(x2, y2, z2),M3(x3, y3, z3)Ø
��"¦Lùn:�²¡�§"

)µ{���
−→n =

−−−→
M1M2 ×

−−−→
M1M3.

dd�

(
−−−→
M1M2 ×

−−−→
M1M3) ·

−−−→
M1M = 0

ÊÏ�§� ∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1

x3 − x1 y3 − y1 z3 − z1

x − x1 y − y1 z − z1

∣∣∣∣∣∣ = 0. (1.2.10)
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~~~KKK2 ®�²¡π��§´Ax + By + Cz + D = 0. ü
:M1(x1, y1, z1),M2(x2, y2, z2)Ø3²¡πþ"®�ë�M1ÚM2�

��L�²¡πu:M. ¦¢êk��§¦�
−−−→
M1M = k

−−−→
MM2.

)))µ1�Ú§|^
−−−→
M1M = k

−−−→
MM2§òM:��I^:M1ÚM2�

�IÚkL«Ñ5"
1�Ú§òM:��I�\π��§§dd¦
Ñk = −Ax1+By1+Cz1+D

Ax2+By2+Cz2+D .
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L:M0(x0, y0, z0)�±����^��L²1u�"�
þv = (l ,m, n).

Xã§�:M(x , y , z)´��Lþ?¿�:§
Kk −−−→

M0M = tv, (1.2.13)

Ù¥t´¢ê"
−−→
OM0 = r0 = (x0, y0, z0),−−→

OM = r = (x , y , z). d(1.2.13)ª§�±��

−→r = −→r0 + t−→v . (1.2.14)

£�þ/ª����§¤
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���§��I�§�

x = x0 + tl , y = y0 + tm, z = z0 + tn, (1.2.15)

(ëê�§)
þª��z�

x − x0

l
=

y − y0

m
=

z − z0

n
. (1.2.16)

£��L�:�ª£é¡ª¤�§¤
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�§£1.2.16¤�±U�¤/X{
A1x + B1y + C1z + D1 = 0
A2x + B2y + C2z + D2 = 0

(1.2.17)

ùp§�"�þ(A1,B1,C1)Ú(A2,B2,C2)Ø²1"ù��uòù
^��w¤´ü�²¡���"�L5§l�§£1.2.17¤,��
±��/X£1.2.16¤��§"�§(1.2.17)¡����ÊÏ�
§"
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~~~KKK1 ®��^��ÏLü�½
:M1(x1, y1, z1)ÚM2(x2, y2, z2)§¦ù^���ëê�§Ú:�
ª�§"

���YYYµëê�§�

x = x1 + t(x2 − x1), y = y1 + t(y2 − y1), z = z1 + t(z2 − z1).

���:�ª�§�

x − x1

x2 − x1
=

y − y1

y2 − y1
=

z − z1

z2 − z1
.
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~~~KKK2 ¦L:(1, 0,−2), �²¡3x − y + 2z + 2 = 0²1§���
� x−1

4 = y−3
−2 = z

1������§"

)))µ�±dü«�{§��þ´Ù¥�«",�«�{µk¦Ñ

L:(1, 0,−2)�²1�®�²¡�²¡§P�π1. 2¦ÑL®�
��Ú(1, 0,−2)�²¡§P�π2. Kπ1, π2���Ò´¤�¦�

��"
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~~~KKK3 ¦L:(11, 9, 0)���l1 : x−1
2 = y+3

4 = z−5
3 Ú�

�l2 : x
5 = y−2

−1 = z+1
2 Ñ������§"

)))µÓ��±dü«�{§��þ´Ù¥�«",�«�{´©

O¦ÑL:(11, 9, 0)Úü���ü�²¡§ùü�²¡���Ò
´¤�¦�"

ggg���KKK ¦�e�n^��Ó������¤�¤�­¡{
x = 1,
z = y ,

{
x = −1,
y = −z ,

x − 2

−3
=

y + 1

4
=

z + 2

5
.
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ü����p'X

ü^�m��� �'Xk3«µ²1£�)­Ü¤!��½É
¡"XÛ�äº

�ü��©O�

L1 : −→r = −→r 0 + t−→v ,

L2 : −→r = −→r ∗0 + t∗−→v ∗,

that is

L1 : (x , y , z) = (x0, y0, z0) + t (l ,m, n) ,

L2 : (x , y , z) = (x∗0 , y∗0 , z∗0 ) + t∗ (l∗,m∗, n∗) .

���äää ��L1²1u��L2 ⇐⇒ −→v ‖
−→
v∗.

XJÓ�qk−→w =
−→
r∗ −−→r ‖ −→v , KL1�L2­Ü"
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ü����p'X

���äää(YYY) XJ−→v �
−→
v∗Ø²1§K��L1Ø²1u��L2"

XJ�k
(−→v ,

−→
v∗,−→w

)
= 0, K��L1�L2�¡§@o�

�L1�L27��"XJ
(−→v ,−→v ∗,−→w

)
6= 0, K��L1�L2�ü^É

¡��"

y3k¦ü^²1��m�ålµ

b�ü��L1�L2²1§:M0ÚM∗
0©O�ùü^��þ�ü

:§Xã§ü��L1�L2m�ål��u:M∗
0���L1�å

l"Ïdù�ål�dXeúªO�

d =

∣∣∣−−−−→M0M
∗
0 ×

−→v
∣∣∣∣∣−→v ∣∣ .
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üüüÉÉÉ¡¡¡������mmm���ååålll üÉ¡��L1�L2m�ål��u�

þ
−−−−→
M0M

∗
03úR�þ�ÝK�ýé�§½ö�w¤±

−→v ,−→v ∗,−→wÜ
¤�²18¡N��^p��§ù^pR�u±−→v ,−→v ∗Ü¤�.
¡§Ï
k

d =

∣∣(−→v ,−→v ∗,−→w
)∣∣∣∣−→v ×−→v ∗

∣∣ .
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üüüÉÉÉ¡¡¡���������úúúRRR��� üÉ¡���úR��±w¤úR��ü

É¡��©OÜ¤�ü²¡π1Úπ2���§Xã"

~~~1 �äXeü��� �§e²1§¦§��m�ål¶eÉ
¡§¦ålÚúR��§"

L1 : x − 2 =
y + 1

−2
=

z − 3

−1
,

L2 :
x

2
=

y − 1

−1
=

z + 1

−2
.

))) ü��´É¡��§Ù{Ñ"
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���²¡��p'X

���������²²²¡¡¡������ppp'''XXX kü«µ��²1u²¡£�)��3

²¡þ¤§½���²¡��u�:"XXXÛÛÛ���äääººº

���L : −→r = −→r0 + t−→v , ²¡π : −→n · (−→r −
−→
r∗0 ) = 0.

�−→n · −→v = 0, ��L�²¡π²1"XJ�k(
−→
r∗0 −

−→r0 ) · −→n = 0,
Kù^��3²¡þ"

XJ−→n · −→v 6= 0, Kù^���²¡��"XJ−→n ‖ −→v , K���
²¡R�"
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���²¡��p'X

XJ��L�²¡π��§Xã§P§��Y��φ (0 ≤ φ ≤ π
2 ).

l�þSÈ�½Â§

cos
(−→n ,−→v

)
=

−→n · −→v∣∣−→n ∣∣ ∣∣−→v ∣∣
ùp∠(−→n ,−→v ) ∈ [0, π], K

φ = ‖π

2
− ∠(−→n ,−→v )‖.
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���²¡��p'X

~~~1 XJ�^���3Ü�I²¡���©O�α, β, γ,
¦sin2 α + sin2 β + sin2 γ��"

555¿¿¿ XJ���3^�I¶����{u©O�l ,m, n, ùn�
ê¡���L¤3�����{u"¿�k

l2 + m2 + n2 = 1.

|^ù�(ØÒ��Ñ

sin2 α + sin2 β + sin2 γ = · · · = 1.
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ü²¡� �'Xkü«µ²1£�)­Ü¤§��"

�²¡π1��§�µ
−→n1 · (−→r −−→r1 ) = 0, ²¡π2��§

�µ−→n2 · (−→r −−→r2 ) = 0"

���äää (1) �−→n1 ‖ −→n2�§²¡π1�π2²1"XJÓ��

k−→n1 · (−→r2 −−→r1 ) = 0, K²¡π1�π2­Ü"

(2) XJ−→n1Ø²1u
−→n2, K²¡π1�π27��"XJq

k−→n1 · −→n2 = 0§Kü²¡R�"
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�ü²¡�Y��φ (0 ≤ φ ≤ π
2 )§K

ϕ =

{
∠

(−→n 1,
−→n 2

)
, if ∠

(−→n 1,
−→n 2

)
∈

[
0, π

2

]
;

π − ∠
(−→n 1,

−→n 2

)
, if ∠

(−→n 1,
−→n 2

)
∈

(
π
2 , π

]
.




cos ∠
(−→n 1,

−→n 2

)
=

−→n 1 · −→n 2∣∣−→n 1

∣∣ ∣∣−→n 2

∣∣
AO�ϕ = 0�§ü²¡²1"éu´Ä­Ü§��*	"
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XJü²¡��§

�µA1x + B1y + C1z + D1 = 0,A2x + B2y + C2z + D2 = 0, Kü
²¡­Ü

⇐⇒ A1

A2
=

B1

B2
=

C1

C2
=

D1

D2
.

XJ²¡π1�π2²1§�¦ü²1²¡m�ål"�±3Ù¥�

�²¡þ?¿�½�:£~Xπ2þ�:M0(
−→r0 )¤, ¦T:�,�

²¡£~Xπ2¤�ål"£Xã¤

�²¡π�§�−→n · (−→r −−→r0 ) = 0, ù
p−→n = (A,B,C ),−→r = (x , y , z),−→r0 = (x0, y0, z0),
=Ax + By + Cz + D = 0, Ù¥D = −(Ax0 + By0 + Cz0). �m�

:M1 = (x1, y1, z1),
−−−→
M0M1 = (x1 − x0, y1 − y0, z1 − z0).
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ü²¡��p'X

:M1�²¡π�ål=��þ
−−−→
M0M13�

þ−→nþ�ÝK�ýé�§=

d =
∣∣∣π−→n −−−→M0M1

∣∣∣ =

∣∣∣−→n ·
−−−→
M0M1

∣∣∣∣∣−→n ∣∣ .

du

−→n ·
−−−→
M0M1 = A (x1 − x0) + B (y1 − y0) + C (z1 − z0)

= Ax1 + By1 + Cz1 + D,

K

d =
|Ax1 + By1 + Cz1 + D|√

A2 + B2 + C 2
.
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ü²¡��p'X

~~~ ¦²¡Ax + By + Cz + D = 0�Ax + By + Cz + D1 = 0�m
�ål"

���YYY

d =
D − D1√

A2 + B2 + C 2
.
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��L�ÊÏ�§�{
A1x + B1y + C1z + D1 = 0,
A2x + B2y + C2z + D2 = 0

�½�éØ��"�¢êλ, µ, �§

λ(A1x +B1y +C1z +D1)+µ(A2x +B2y +C2z +D2) = 0 (1.2.51)

L«�ÜÏL��L�²¡"�Ø��"�¢êéλ, µCz�§
�§L«�xL��L�²¡"ùx²¡¡�ÏLL�²¡å�
§"
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,��¡§éuL��L�?�²¡§Ñ�±é�·��λ, µ§
¦�²¡�§L«�(1.2.51)�/ª"¯¢þ§�²¡πþØ3�
�Lþ��:P(x1, y1, z1). duPØ3Lþ§¤
±A1x1 + B1y1 + C1z1 + D1ÚA2x1 + B2y1 + C2z1 + D2Ø��""

Ï
��½�|

λ = −(A2x1 + B2y1 + C2z1 + D2), µ = A1x1 + B1y1 + C1z1 + D1

¦�π��¤(1.2.51)�/ª"
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|^²¡å�§§�±�~k�/)û���!²¡k'�¯

K"

~~~1 ¦²L²¡x + 5y + z = 0Úx − z + 2 = 0���§��²
¡x − 4y − 8z + 12 = 0¤π

4��²¡�§"

���YYY ¤¦�²¡�§�µ

x − z + 2 = 0,

Ú

x + 20y + 7z − 6 = 0.

��¬



²¡å

~~~2 ®���L3²¡πþ"L��§�{
3x + 2y − z + 1 = 0,

x − 2z = 0

π��§�4x + ay + 2 + b = 0§¦a, b.
)))µ�«�{´|^²¡å§,�«�{´|^��3²¡þ�

�ä"�)Ñµa = 4, b = 2.
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~~~3 ���L1��§�{
x − y + z − 1 = 0,

y + z = 0

��L2L:M(0, 0,−1), ²1u�þ−→u (2, 1,−2). ²¡π��§�

x + y + z = 0.

¦d�NuL1, L2Ñ��§�²1uπ���¤�¤�­¡S��
§"

)))µ£�{�¤ëê{µ�¤S�z�^��Ñ²1u²¡π§
l
3�Ü²1uπ�²¡

πt : x + y + z = t

þ§PT���Lt .
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¦ÑπtÚL2��:Mt��I(2t + 2, t + 1,−2t − 3), ^²¡å�
{¦ÑMt���L1¤û½�²¡�§µ

(t + 2)x − (2t + 5)y − z − t − 2 = 0.

u´Lt����§�{
x + y + z = t,

(t + 2)x − (2t + 5)y − z − t − 2 = 0

��ëêt, ��S��§�

x2 − 2y2 − xy + xz − 2yz + x − 6y − 2z − 2 = 0.
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(�{�);,{µ©ÛSþ:�AÛA5§¿r§=z�:��
I¤�÷v��§§=���S����§"
ØJwÑ§��L1, L2þ�:Ñ3Sþ"�:P(r , s, t)Ø
3L1, L2þ§KdPÚ��L1, L2�û½�Ü²¡§©OP

�π1, π2, §����P�l(P). u´

P ∈ S ⇐⇒ l(P) ‖ π.

^²¡å��{�¦Ñπ1��§�

(s + t)x + (−r − 2t + 1)y + (−r + 2s + 1)z − s − t = 0.

π2��§� ∣∣∣∣∣∣
x y z + 1
2 1 −2
r s t + 1

∣∣∣∣∣∣ = 0,

i. e.

(2s + t + 1) x − 2 (r + t + 1) y + (−r + 2s) z − r + 2s = 0
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²¡å

dl(P) ‖ π�∣∣∣∣∣∣
s + t −r − 2t + 1 −r + 2s + 1

2s + t + 1 −2 (r + t + 1) −r + 2s
1 1 1

∣∣∣∣∣∣ = 0

=

r2 − 2s2 − rs + rt − 2st + r − 6s − 2t − 2 = 0
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ggg���KKK ���L1, L2��§�

L1 :

{
A1x + B1y + C1z + D1 = 0,
A2x + B2y + C2z + D2 = 0,

L2 :

{
A3x + B3y + C3z + D3 = 0,
A4x + B4y + C4z + D4 = 0,

(1) y²µ

L1 ‖ L2 if and only if

∣∣∣∣∣∣
A1 B1 C1

A2 B2 C2

A3 B3 C3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
A1 B1 C1

A2 B2 C2

A4 B4 C4

∣∣∣∣∣∣ = 0

��¬
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(2) y²µXJL1ÚL2É¡§K∣∣∣∣∣∣∣∣
A1 B1 C1 D1

A2 B2 C2 D2

A3 B3 C3 D3

A4 B4 C4 D4

∣∣∣∣∣∣∣∣ 6= 0

(3)y²µL1ÚL2�¡§Ù¿©7�^��∣∣∣∣∣∣∣∣
A1 B1 C1 D1

A2 B2 C2 D2

A3 B3 C3 D3

A4 B4 C4 D4

∣∣∣∣∣∣∣∣ = 0.
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