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NABCDS⇐⇒
�3���|�K¢êλ1, λ2, λ3, λ4, ¦�

−→x = λ1
−→a + λ2

−→
b + λ3

−→c + λ4
−→
d , λ1 + λ2 + λ3 + λ4 = 1. (1.1.6)

555µµµ 3£3¤¥§�±y²éu�m?�:X , �3���|¢
êλ1, λ2, λ3, λ4, ¦�

−→x = λ1
−→a + λ2

−→
b + λ3

−→c + λ4
−→
d .

(XUy²º)
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~~~1 (1) 3∆ABC¥§O´	%§G´­
%§H´R%§¦yµ

−→
OG =

1

3
(
−→
OA+

−→
OB+

−→
OC );

−→
OH =

−→
OA+

−→
OB+

−→
OC .

555µµµ 31���ª¥§O�±U��m?¿
�:§�ªE,¤á"£�y²º¤

y² �:�µéu1���ª§XJO´	%§�±|^²¡AÛ�

(Ø
−→
AG = 2

3

−→
AD. �:�µ|^²¡AÛ��£§��G3�

ãOHþ§¿�OG = 1
2GH. ù�:�±|^²¡AÛ��££�qn

�/!�u½n�¤?1y²"
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~~~1 (2) ∆ABC´��b�n�/§H�R
%§uAB©∆ABC�	���±�1:2�
üã�l§:N´��lÂB�¥:"¦
yµCN ⊥ OH.
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~~~2 ABCD´²¡S��ào>/§BC²
1uAD. M´CD�¥:§P´MA�¥
:§Q´MB�¥:"��DPÚCQ�u
:N.
¦yµ:NØ3∆ABM �	Ü�¿�^�
´1

3 ≤
AD
BC ≤ 3.

yyy²²²µµµ (1) ïá���IX§òÌ�:��IL«Ñ5"

(2) |^¥þ�{ò
−−→
MNL«�

−→
MAÚ

−−→
MB�|

Ü
−−→
MN = λ

−−→
MB + µ

−→
MA, 2¦Ñλ, µ.

(3) òλ, µL«¤AD, BC�L�ª§|^½n1£2¤�Ñ�ä"
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Homework

Homework: Page 33, 1, 2.

Thank you
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b ): òùü��þ�å

:£�Ó�:O, �þ−→a ,
−→
b¤3���kü�Y�§��

3[0, π]S§,��3(π, 2π]S"·�5½ùü��þ�Y

�∠(−→a ,
−→
b )´3[0, π]S���"dd�µ

∠(−→a ,
−→
b ) = ∠(

−→
b ,−→a ).
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F ||
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S ) =
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F ·

−→
S .

½Âµ��:P3�^��þ�ÝK,´��:P ′"�
þ
−→
AB3�^��£���

−→
l ¤þ�ÝK�þ�´���

þ
−−→
A′B ′§§´d:A,B3��þ�ÝKA′,B ′���"�5

¿µ½½½ÂÂÂeee¡¡¡���êêê

|
−→
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−→
AB,

−→
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AB333������l(������
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l 6= −→

0 )þþþ���ÝÝÝKKK, PPP���π−→
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−→
AB. �

þ
−→
AB3�^��£���

−→
l ¤þ�ÝK�

þ= (π−→
l

−→
AB)

−→
l /|

−→
l |.
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SÈ´��¢ê§ÏdSÈ�¡�êþÈ"SÈkXe5�µ

(1) −→a ·
−→
b =

−→
b · −→a

(2) −→a ·
−→
b = 0 k3«�Uµ−→a =

−→
0 , ½

−→
b =

−→
0 , ½−→a�

−→
bR

�;

(3) −→a · −→a = |−→a |2;
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(4)(λ−→a ) ·
−→
b = λ−→a ·

−→
b = −→a · (λ

−→
b ), ùpλ���?¿¢

ê"

(5) (−→a +
−→
b ) · −→c = −→a · −→c +

−→
b · −→c ; dd��

(λ−→a + µ
−→
b ) · −→c = λ(−→a · −→c ) + µ(

−→
b · −→c ).
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|−→a ·
−→
b | ≤ |−→a ||

−→
b |.

�Ò��=�−→a ‖
−→
b�¤á"
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%§H´∆ABC�R%"¯µ∆ABC÷v�o^��§âU
¦AH = OA?

)µ|^~1�(Ø

−→
OH =

−→
OA +

−→
OB +

−→
OC

~~~KKK4 3∆ABCS?��:O§©Oë�
−→
OA,

−→
OB,

−→
OC ,

q−→e1 ,−→e2 ,−→e3©O´§��ü �þ"¦yµ�

þ−→e1 +−→e2 +−→e3��Ý�u1"
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−→
b�	È−→a ×

−→
b´���

þ§Ù�Ý|−→a ×
−→
b | = |−→a ||

−→
b | sin ∠(−→a ,

−→
b ), Ù����

u−→aÚ
−→
b , ¿�−→a ,

−→
b , −→a ×

−→
b�¤mÃX"�−→a ,

−→
b¥k��´

"�þ�§½Â−→a ×
−→
b =

−→
0 .

|−→a ×
−→
b |�u±−→a ,

−→
b��>�²1o>/�¡È"

−→a ×
−→
b´���þ§	Èq¡��þÈ"
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b , AOk−→a ×−→a =
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−→
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−→
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b ×−→c .
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555���(5)���yyy²²² �n��þ¥k��´"�þ�§�ªw,¤

á"y3b�ùn��þÑØ´"�þ"¿�b½−→c ´ü �
þ§ÄK|^5�(3),Ò�±��"du−→a ×−→c �−→a ,−→c ÑR
�§3d−→a ,−→c û½�²¡S§−→a�±��©)�

−→a = λ1
−→c +

−→
a∗ .

ù�(|^	È�½Â§�ã§�wÑ)

−→a ×−→c =
−→
a∗ ×−→c .

Ón§3d
−→
b ,−→c û½�²¡S§

−→
b�±��

©)�
−→
b = λ2

−→c +
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b∗.

� −→
b ×−→c =
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b∗ ×−→c .
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(−→a +
−→
b )×−→c = [(λ1 + λ2)

−→c + (
−→
a∗ +

−→
b∗)]×−→c

= (
−→
a∗ +

−→
b∗)×−→c .

e¡·���y²

(
−→
a∗ +

−→
b∗)×−→c =

−→
a∗ ×−→c +

−→
b∗ ×−→c . (1.1.67)

Ù¥
−→
a∗ ,

−→
b∗Ñ�−→c R�§¿�−→c ´ü �þ"

±eÑ"
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(−→a +
−→
b )×−→c = −→a ×−→c +

−→
b ×−→c

Ù¥−→c ´ü �þ"
ÏL�þ−→a�−→c �ú�å:O�²¡πR�u−→c §g¥þ−→a�ª
:AÚAA1 ⊥ π, A1�Rv§dd�

−→a3πþ��K¥þ
−−→
OA1, 2

ò
−−→
OA13²¡πþ7O�^��^=900, ��

−−→
OA2§@

o
−−→
OA2 = −→a ×−→c .
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555���(5)���yyy²²²£££555¤¤¤ Xã�
−→
OA = −→a ,

−→
AB =

−→
b , @

o
−→
OB = −→a +

−→
b . ¿�

−−→
OA1,

−−−→
A1B1,

−−→
OB1©O�

−→
OA,

−→
AB,

−→
OB3²

¡πþ�ÝK¥þ"2ò
−−→
OA1,

−−−→
A1B1,

−−→
OB13²¡πS©O7O�^

��^=900��
−−→
OA2,

−−−→
A2B2,

−−→
OB2"
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−−→
OA2 = −→a ×−→c ,

−−−→
A2B2 =

−→
b ×−→c ,

−−→
OB2 = (−→a +

−→
b )×−→c


 −−→
OB2 =

−−→
OA2 +

−−−→
A2B2

¤±

(−→a +
−→
b )×−→c = −→a ×−→c +

−→
b ×−→c
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~~~KKK P15 ~6 £1¤®�ü �þ−→e R�
u�"�þ−→r §ò−→r 7−→e _��^=�
Ýθ���þ−→r1 , ^−→e §−→r ÚθL«−→r1 .

£2¤Xã§�½Ø��3:O,P,A, ò

:P7�þ
−→
OAU_��^=�Ýθ��

:P1, ^
−→
OA,

−→
OPÚθL«

−−→
OP1.
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���IX

���������IIIXXX���ïïïááá 3�m?¿�½�:O���:§±O�å
:§�3�p�R��ü �þ−→e1 ,−→e2 ,−→e3 , ¦�−→e3 = −→e1 ×−→e2 .
±−→e1���x¶���§−→e2���y¶���§−→e3���z¶��
�§ïá���IX"Kéu�m?¿�:P§k���©)ª

−→
OP = x1

−→e1 + x2
−→e2 + x3

−→e3 . (1.1.80)

¡(x1, x2, x3)�:P'u�IX{O,−→e1 ,−→e2 ,−→e3}��I§�
¡(x1, x2, x3)��þ

−→
OP��I½©þ"{P�

−→
OP = (x1, x2, x3). (1.1.81)

(1.1.80)�(1.1.81)¢�þ´Ó��úª"
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þ−→a = (a1, a2, a3),
−→
b = (b1, b2, b3), λ���¢ê§K

−→a ±
−→
b = (a1, a2, a3)± (b1, b2, b3)

= · · ·
= (a1 ± b1, a2 ± b2, a3 ± b3).

λ−→a = λ(a1, a2, a3) = · · · = (λa1, λa2, λa3).

|^

−→ei · −→ej = δij =

{
1, i = j ,

0, i 6= j ,

k

−→a ·
−→
b = (a1, a2, a3) · (b1, b2, b3) = · · · = a1b1 + a2b2 + a3b3.
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AO/§k

|−→a |2 = −→a · −→a = a2
1 + a2

2 + a2
3,

=

|−→a | =
√

a2
1 + a2

2 + a2
3.

XJ−→a ,
−→
bÑØ´"�þ§|^SÈ§�±O�Ñü�þ�Y�

cos ∠(−→a ,
−→
b ) =

−→a ·
−→
b

|−→a ||
−→
b |

=
a1b1 + a2b2 + a3b3√

a2
1 + a2

2 + a2
3

√
b2
1 + b2

2 + b2
3

.
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XJ�"�þ−→a�−→e1 ,−→e2 ,−→e3�Y�©O�α, β, γ, |
^−→e1 = (1, 0, 0),−→e2 = (0, 1, 0),−→e3 = (0, 0, 1), ��

cos α =
−→a · −→e1

|−→a ||−→e1 |
= a1/

√
a2
1 + a2

2 + a2
3,

cos β =
−→a · −→e2

|−→a ||−→e2 |
= a2/

√
a2
1 + a2

2 + a2
3,

cos γ =
−→a · −→e3

|−→a ||−→e3 |
= a3/

√
a2
1 + a2

2 + a2
3.

�þ(cos α, cos β, cos γ)´−→a�ü ¥þ−→a /|−→a |.
cos α, cos β, cos γ¡�−→a���{u§§�÷v

cos2 α + cos2 β + cos2 γ = 1.
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|^
−→e1 ×−→e2 = −→e3 ,−→e2 ×−→e3 = −→e1 ,−→e3 ×−→e1 = −→e2 ,

k
−→a ×

−→
b = (a1, a2, a3)× (b1, b2, b3)

= · · ·
= (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1).

·�P

−→a ×
−→
b , (

∣∣∣∣ a2, a3

b2, b3

∣∣∣∣ ,−
∣∣∣∣ a1, a3

b1, b3

∣∣∣∣ ,

∣∣∣∣ a1, a2

b1, b2

∣∣∣∣).
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��þ−→a§
−→
bÚ−→c §½Âùn��þ�·ÜÈ

(−→a ,
−→
b ,−→c ) = (−→a ×

−→
b ) · −→c .

ù´��¢ê§ù�¢ê�ýé�

|(−→a ,
−→
b ,−→c )| = |−→a ×

−→
b ||−→c || cos ∠(−→a ×

−→
b ,−→c )|

�u±−→a§
−→
bÚ−→c �c�²18¡N�NÈ, Xã¤«"
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y33���IXe§�−→a (a1, a2, a3)§
−→
b = (b1, b2, b3),−→c = (c1, c2, c3)§|^þ�!��£§k

(−→a ,
−→
b ,−→c ) =

∣∣∣∣ a2, a3

b2, b3

∣∣∣∣ c1 −
∣∣∣∣ a1, a3

b1, b3

∣∣∣∣ c2 +

∣∣∣∣ a1, a2

b1, b2

∣∣∣∣ c3

=

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ .

|^1�ª�5�§��

(−→a ,
−→
b ,−→c ) = (

−→
b ,−→c ,−→a ) = (−→c ,−→a ,

−→
b )

= −(
−→
b ,−→a ,−→c ) = −(−→a ,−→c ,

−→
b ) = −(−→c ,

−→
b ,−→a )
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|^·ÜÈýé��AÛ¿Â§�±wÑµ−→a§
−→
bÚ−→c n��

þ�¡⇐⇒ (−→a ,
−→
b ,−→c ) = 0.

~~~KKK ¦yµ(−→a ×
−→
b )×−→c = (−→a · −→c )

−→
b − (

−→
b · −→c )−→a . (V­	È

úª)

Proof £{¨¤|^�ê�{§=1�ª§y²"

£{�¤|^AÛ�{y²£­:ù)¤"
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